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Preface 


Quand fai voulu me restreindre, je suis tombe dam Vobscurite; 
fai prefere passer pour un peu bavard. 

H. PoiNCARfe, Analysis situs. Journal de I’Ecole Polytechnique, 
1895, pp. 1-121. 


This text is designed for the student who wants to learn the basic ideas and 
techniques of the theory of groups. We assume that the reader knows the rudi¬ 
ments of modern algebra, by which we mean that matrices and finite-dimensional 
vector spaces are friends, while groups, rings, fields, and homomorphisms are 
only acquaintances. A familiarity with elementary set theory is also assumed, 
but some appendices are at the back of the book so that the reader may see 
whether my notation is the same as his. 

No claims are made that this is an encyclopedia of elementary group 
theory. In fact, many important topics, e.g., representation theory, transfer, and 
topological groups, are not treated. The omission of representation theory, an 
indispensable tool of any group theorist, may seem to be a particularly serious 
omission, but I feel that a considerable amount of ring theory must be developed 
to present this subject properly, and limitations of space prevent such a develop¬ 
ment here. Moreover, an excellent exposition of representation theory already 
exists in Representation Theory of Finite Groups and Associative Algebras, by 
C. Curtis and I. Reiner. 

The table of contents gives an outline of what has not been omitted. Here 
are some comments on unusual aspects of each chapter. 1. Groups and Homo¬ 
morphisms; 2. The Isomorphism Theorems. Since I believe that categories are 
useful, I have tried to emphasize homomorphisms as well as groups whenever 
reasonable. 3. Permutation Groups. After proving the standard theorems (unique 
factorization into disjoint cycles, simplicity of A^, Cayley’s theorem), we give an 
elementary result (probably due to Burnside) which Polya has applied in solving 
some difficult counting problems. 4. Finite Direct Products. The proofs of the 
basis theorem and the fundamental theorem for finite abelian groups have been 
written so that the proofs of their analogs for modules over principal ideal 
domains are easily seen. These analogs are applied to prove existence and 
uniqueness of canonical forms for matrices. The chapter ends with the Remak- 
Krull-Schmidt theorem (I am indebted to M. Barr for suggesting an improvement 
in my original account of this theorem, as well as for suggesting Exercises 3.41, 
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3.45, and 4.3). 5. The Sylow Theorems, Sylow subgroups are defined as maximal 
/^-subgroups, so that existence and imbedding are immediate consequences of 
the definition. 6. Normal Series. A brief introduction to Galois theory is given, 
so that the reader may see the genesis of our subject. Although spelling re¬ 
formers may have good intentions, they should realize that they too often 
introduce a cure for a disease that is not really pernicious. Accordingly, I no 
longer write “subnormal series” when the rest of the world writes “normal 
series”. The chapter contains the usual first theorems on solvable and nilpotent 
groups, including P. Hall’s theorem that finite solvable groups have p-com~ 
plements, and ends with the classification of finite p-groups having a unique 
subgroup of order p. 7. Extensions. Several automorphism groups are computed, 
semidirect products with nonabelian kernels are discussed, and wreath product 
is introduced and used to compute sylow subgroups of symmetric groups. Only 
when nonsplit extensions are discussed do we insist that kernels be abelian, in 
which case we use Mac Lane’s “logarithmic” notation: if GjK ^ Q, then Q is 
written multiplicatively while G and its subgroup K are written additively. The 
theory is sufficiently developed to prove the Schur-Zassenhaus lemma. 8. Some 
Simple Groups. The groups PSL are proved, in the main, to be simple by geo¬ 
metric methods (after E. Artin; our treatment follows notes of F. D. Veldkamp). 
However, a matrix proof is given for the 2x2 case, for I think this is easier. 
Two nonisomorphic simple groups of the same order are exhibited in the 
chapter’s final section. 9. Infinite Abelian Groups. Since injectivity is more 
intuitive than projectivity, divisible groups are treated before free abelian 
groups. We give two proofs of the subgroup theorem, the first working only 
when the group is of finite rank, for any transfinite proof (which is needed, of 
course, in the general case) disguises the simple underlying idea. A new section 
on Grothendieck groups should serve as a gentle introduction to algebraic 
X-theory; more important, it formalizes the heuristic treatment of extensions as 
“products” by actually constructing a group whose elements are (classes of) 
groups and whose binary operation is extension. This leads to elegant descrip¬ 
tions of the Remak-Krull-Schmidt and Jordan-Holder theorems. 10. Homologi¬ 
cal Algebra. The basic properties of Ext^ are proved by considering both factor 
sets and classes of short exact sequences. Although the reader cannot appreciate 
the power of homological methods from this little chapter, my intention is to 
show that this subject does arise quite naturally out of group theory and, even 
in the beginning, does say something of interest. 11. Free Groups and Free 
Products. The notion of generators and relations motivates the definition of a 
free groups as a solution to a universal mapping problem. The Nielsen-Schreier 
subgroup theorem is proved by using edgepath groups of abstract simplicial 
complexes (so this proof is thus an algebraic adaptation of the “topological 
proof” of Baer and Levi). This takes a little longer than a direct assault using 
cancellation arguments, but it has the advantage of being better understood than 
the standard proofs. An added bonus is that the Kuros subgroup theorem may 
be proved with very little additional work. (I owe much to the account of the 
topological theory found in the beautiful book of Massey.) The proof we give 
of Theorem 11.37 is due to P. Schupp. The treatment of free product with 
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ix 


amalgamation is motivated by its analog with union; indeed, it is even possible 
to mention van Kampen’s theorem. We treat only the special case of free product 
of two groups with an amalgamation rather than the general case of many 
factors with amalgamation, for it is easier to describe and is the most useful such 
construction. 12. The Word Problem. This chapter is the most unusual section 
in the book. Aside from the customary license given to an author for his closing 
chapter, there are several reasons for discussing the word problem: It is an 
interesting problem related to groups and the solution of W. W. Boone and 
J, L. Britton has a group-theoretical flavor. I have taken the advice of many in 
rewriting the final chapter. A more complete proof of the Post-Markov theorem 
is given (the only gap being an appeal to Church’s thesis in the midst of giving a 
nonrecursive r.e. set). A modification, due to C. F. Miller, III, of Britton’s proof 
of the Novikov-Boone theorem shortens my original presentation (C. Jockusch 
and T. McLaughlin also made helpful comments on this material). We end with 
S. Aanderaa’s new proof of G. Higman’s characterization of the finitely 
generated subgroups of finitely presented groups (D. Collins and C. F. Miller, 
III, kindly provided me with excellent notes explicating Aanderaa’s proof). It is 
a pleasure to give special thanks to K. I. Appel, W, W. Boone, J. L. Britton, and 
P. Schupp for their patience and enthusiastic help with the last chapter. 

I am fortunate in having attended lectures on group theory given by I. 
Kaplansky, S. Mac Lane, and M. Suzuki. Their influence is evident throughout 
in many elegant ideas and proofs. C. R. B. Wright read my original manuscript 
and made many valuable comments. I wish to thank also my colleagues at the 
University of Illinois, especially G. Brown, J. Eagon, and H. Paley, for their 
helpful suggestions with the first edition. The National Science Foundation 
supported a part of this work and I gratefully acknowledge their aid. 

Finally, I thank Mrs. Divona Keel for a superb job of typing my manu¬ 
script. 


Urbana, 1971 


Joseph J. Rotman 


To the Reader 


Exercises in a text generally have two functions: to reinforce the reader’s 
grasp of the material; to provide puzzles whose solution gives a certain pleasure. 
In this text, the exercises have a third function: to enable the reader to discover 
important facts, examples, and counterexamples. The serious reader should 
attempt the exercises as they arise (many are not difficult), for subsequent proofs 
often depend on them. The casual reader should regard the exercises as part of 
the text proper. Those exercises preceded by * will be cited elsewhere in the book; 
those preceded by will be cited in a proof. 


CHAPTER 

1 


Groups and Homomorphisms 


Our study of groups begins with the consideration of a rather general 
setting. 

Definition If G is a nonempty set, a binary operation on G is a function 
//: G X G G. 

A binary operation assigns to each ordered pair a, b of elements of G 
a third element pia, h) of G. In practice, p is thought of as a multiplication 
of elements of G, and instead of p(a, b), more suggestive notations used are 
ab,a + b,a o b, and a * b. In this chapter, we shall use the latter notation. 

Two remarks must be made here. First, it is quite possible that a * b 
and ^ * ^7 are distinct elements of G. Second, the law of substitution—if 
a — a' and b = b\ then a ^ b = a' * b '—is just the statement that p is 
a well-defined (i.e., single-valued) function. 

One cannot develop a theory in this rarefied atmosphere; conditions 
on the binary operation are needed in order to obtain interesting results. 
If we are given elements a2, of G (not necessarily distinct), the 
notation a^* a2* is ambiguous. Since one can * only two elements of 
G at a time, there is a choice: form ♦ a2 first, and then * this new 
element of G with to get * ^2) * ^3 5 or form * (^2 * ^3). In 
general, these two elements are not the same. For example, if G is the set 
of all integers (positive, negative, and zero) and if the binary operation 
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is subtraction, i.e., a ^ b a — then almost any choice of integers 
a, by c yields an example in which (a — b) — c a — {b — c). 

Definition A binary operation ♦ on G is associative in case 
(a * Z?) * c = a * {b * c) 
for every three elements a, h, c of G, 

Associativity allows one to multiply every ordered triple of elements 
of G unambiguously; parentheses are unnecessary, and there is no con¬ 
fusion in writing a ^ b * c. If we are confronted by four elements of G or, 
more generally, by a finite number of elements of G, must we postulate 
more intricate associativity axioms in order to do without parentheses? 

Theorem 1.1 Let ♦ be an associative binary operation on G. Any two 
ways of multiplying the elements a^, a 2 ,''', a„ of G in this order 
yield the same element of G. 

Proof We prove the theorem by induction on n, where n > 3, If 
rt = 3, the theorem is true, for we are assuming that * is associative. 

Let n > 3. How does one multiply n elements? Since a binary 
operation allows multiplication of only two elements at a time, one 
first chooses a pair of adjacent tz’s and multiplies them; then, either he 
multiplies this new element by an a adjacent to it or he chooses two 
other adjacent d's and multiplies them. With each choice, the total 
number of factors decreases by one, so that eventually only two 
factors are left. Suppose now that 


* 

II 

ay) * (aj + i * 

• * a„) 

y = (ay * • 

• * ay) * (ay+i * • 



are elements of G obtained by two people multiplying the a’s together, 
each having made his own choices. The parentheses indicate the final 
multiplication each has just performed. For notational convenience, 
we assume that i < j. Since each of the final factors in X and in Y 
contains less than n of the a’s, the inductive hypothesis allows us to 
rearrange parentheses in them. Therefore, we may assume / < j (or 
we are done) and write 

A" = (fli * • • ■ ♦ a,.) * ([oj+1 * • • • * ay] ♦ [ay+ j ♦ • • • ♦ aj) 

and 


Y = ([oi * • • • ♦ a,] * [ai+1 * • • ■ * ay]) * (ay+, 


* • • • ♦ a„). 
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If we denote * • * • * by ^4, ^ * • • • ♦ by B, and aj+ ^ * * • * ♦ 

by C, then X = ^ * (5 * C) and Y = (A * B) * C. Since A, B, 
and C are unambiguously defined, by induction, and since * is asso¬ 
ciative, we have X = 7, as we wished. | 

As a result of this theorem, the notation * ^2 * * * * * ^« is unam¬ 
biguous when * is an associative multiplication. 

Definition A semigroup is a set G with an associative binary operation. 

A semigroup js a pair, but we shall usually say that G is a semigroup 
and tacitly assume that * is known. The reader must realize, however, that 
there are many possible operations on a set G that make it a semigroup. 
For example, the set of positive integers is a semigroup under either of 
the binary operations of ordinary addition or ordinary multiplication. 

Definition Let G be a semigroup and let a e G. Let = a; if n > 1, 
then cT = cf~^ * a. 

Corollary 1.2 Let G be a semigroup and let a e G, If m and n are 
positive integers^ cT * cf = 

Proof Both elements arise from a product of m + « factors equal to 
a\ they differ only in the arrangement of parentheses. | 

The most important semigroups are groups. 

Definition A group is a semigroup G containing an element e such that: 

(i) e * a a for all a e G; 

(ii) for every a e G, there is an element Z? in G with 

b * a = e. 

Lemma 1.3 If G is a group and a e Gy then a * a = a implies a = e. 
Proof There is an element b e G with b * a = e. Now 
b * (a * a) = b * a = e. 

On the other hand, 

(b * a) * a = e * a — a. 


Therefore, a = e. | 
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Theorem 1.4 In a group G^a * e = a for all a e G, and if b * a = e, 
then a* b — e. Furthermore^ there is only one element e satisfying 
(i), and given any a e G, there is only one b e G satisfying b * a e. 

Proof We first show that in this particular case, the order in which 
we multiply makes no difference. 

Suppose b * a — e. Then (a * b) * (a * b) = a * {b * a) * b = 
a * (e * b) = a * b. By Lemma 13, a * b = e. 

If a eG, then e* a ^ a. Choose b with b* a — e. Then a* e = 
a * {b ^ a) = {a ^ b) ^ a — e * a — a, by our calculation above. 
Therefore a * e = a. 

We now prove the uniqueness assertions. Suppose Oq * a ^ a 
for all a e G; in particular, Oq ^ Oq = Oq. By the lemma, Oq = e. 
Finally, suppose b * a — e and c * a — e. Then a * b = e and 
c = c*e = c*ia*b) = {c*a)*b = e*b = b. | 

As a result of the uniqueness assertions of the theorem, we may now 
give names to e and b. We call e the identity of G, and ifb*a = we call 
b the inverse of a and denote it a~‘ ^ 

Corollary 1.5 If G is a group and a e G, then 


= a. 

Proof (a" Ms that element b e G such that b * a~^ = e. But we 
have just seen that a * a~^ = e, so that the uniqueness of the inverse 
implies that b = a. | 

Definition Let G be a group and a e G, We define the powers of a as 
follows: If « is a positive integer, then cP has been defined above; define 
a^ = e’, finally, define as 


EXERCISES 

1.1. If G is a group and • • •, g G, then 

(Oi ♦ • • • * a„)"‘ = a~^ *■ ■ ■ * 

1.2. Let C be a group, a s G, and m, n possibly negative integers. 
The following formulas hold: 


{cf'f = cT”. 
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1.3. (Cancellation laws) In a group G, each of the equations a * b — 
a * c and b * a = c * a implies b = c, 

1.4. A semigroup is a group if and only if the equations a * x = 
b and y * a = b have solutions in G for every a and b in G. 
Moreover, when G is a group, these solutions are unique. 

**1.5. Let G be a group and let a e G. Define a function G G by 
Ta{x) == a * X (T^ is called left translation by a). Prove that rjs 
a one-to-one correspondence. 

1.6. Let Z denote the additive group of integers (we shall adhere to 

this notation from now on). What is the identity of Z? If 

a e Z, what is its inverse? State Corollary 1.5 for Z. 

1.7. For each fixed n > 0, prove that Z„, the set of integers modulo n, 

is a group if one defines a + B = a + b (a is the congruence 

class of a modulo «, i.e., 


a = {b e Z\ b = £z(mod n)} = {a + kn: k e Z}). 

Conclude that, for each « > 0, there exists a group having 
exactly n elements. 

1.8. Let G denote the multiplicative group of positive rationals. 
What is the identity of G? If a e G, what is its inverse? 

1.9. Let « be a positive integer, and let G be the multiplicative group 
of all nth roots of unity, i.e., all complex numbers of the form 
g( 2 nik)in^ where keZ. What is the identity of G? If a e G, what 
is its inverse? How many elements does G have? 

1.10. Let M be the multiplicative group of all 2 x 2 nonsingular 
matrices with rational entries. What is the identity of Af? If 
a 6 Af, what is its inverse? Exhibit elements a and b in M such 
that a * b b * a. 

*1.11. Prove that the following four matrices form a multiplicative 
group: 


* 1 . 12 . 


1 01 f-i [1 o1 f-i 

_o ij ’ L 0 1 J ’ [o - U ’ L 0 



Let be a nonempty set and let G be the set of all one-to-one 
correspondences of X onto itself. If/and g are in G, define/* g 
to be the composite of/ and g: 


if*g){x) =f{g{x)) 

for every x g X. Prove that G is a group. (If A' = {I, 2, • • •, «}, 
then G is denoted S„.) 
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When does one “know” a group G? One answer (but not the only 
answer, as we shall see) is that all the elements of G are known and all 
possible products can be computed. This answer can be made to look 
more sophisticated in the special case when G is finite. Let 
be a list with no repetitions of all the elements in G. A multiplication table 
of G is the n x n matrix whose ij entry is * aj: 


G 


02 




Oi * 02 

• • ai*o„ 

^2 

02 * Oi 

O 2 ^ O 2 



a„ * 

0„ *02 • 

• * o„* o„ 


Therefore, one “knows” a finite group if he can write a multiplication 
table for it. (We say “a” multiplication table rather than “the” multi¬ 
plication table, since the matrix depends on the particular listing of the 
elements of G.) One also speaks of a multiplication table of an infinite 
group, but in this case, of course, the matrix is infinite. 

Let us now consider two almost trivial examples of groups. Let G be 
the multiplicative group with elements {1, — 1}; let // = Z 2 , the additive 
group of integers modulo 2. Compare multiplication tables of these two 
groups : 


G 

1 

-1 

H 

0 

I 

1 

• 

-1 

0 

0 

T 

-1 

-1 j 

1 

T 

I 



It is quite clear that G and H are distinct groups; it is equally clear that 
there is no significant difference between them. We formalize this idea. 

Definition Let (G, *) and (//, o) be groups. A homomorphism f:G^H 
is a function for which 


f(a * b) = f(a) o f(b) for all a^beG. 

An isomorphism is a homomorphism that is also a one-to-one correspon¬ 
dence.^ Two groups G and H are isomorphic, denoted G ~ /f, if there is 
an isomorphism f:G^H. 

* Many authors use “isomorphism” to mean “homomorphism and one-to-one”; here, 
isomorphisms are always onto as well. 




SECTION 


GROUPS AND HOMOMORPHISMS 


7 


The groups G and //, whose multiplication tables are given above, 
are isomorphic: define f:G^H by /(I) = 0 and /(—I) = T. It is 
important to realize that a given group has many multiplication tables, 
one for each way of listing the elements of the group. In particular, a list 
Xi, JC 2 , • • • of the elements of a group G determines a multiplication table 
for G. lff:G^His3. one-to-one correspondence, then f(xi), /(X 2 ), * * * 
determines a multiplication table for //. To say that/is an isomorphism 
is to say that, upon superimposing the first multiplication table (for G) 
on the second table (for //), the tables “match”. In this sense, one abuses 
language and says that isomorphic groups have the same multiplication 
table. 


EXERCISES 

1.13. Write a multiplication table for (see Exercise 1.12). 

1.14. Isomorphic groups have the same number of elements. Prove that 
the converse is false by showing that Z 4 is not isomorphic to the 
group of four matrices in Exercise l. 11 . 

1.15. For each positive integer n, prove there are only finitely many 
distinct groups having exactly n elements (we regard isomorphic 
groups as being the same). 


Two basic problems occurring in mathematics are: (1) the classifica¬ 
tion of all systems of a given kind, e.g., all groups, all vector spaces, all 
topological spaces; and ( 2 ) the classification of all the transformations of 
one system into another. By a classification of systems, one usually means 
a scheme that distinguishes essentially different systems, or to say it another 
way, a scheme that tells when two systems are essentially the same. A 
classification of transformations is more subtle, and we needn’t discuss it 
further now. As an illustration, consider the collection of all finite¬ 
dimensional vector spaces over a field F. In this case, the first problem is 
answered by the theorem that two such spaces are isomorphic if and only 
if they have the same dimension. Even the second problem has been 
answered. The transformations of vector spaces are, of course, the linear 
transformations, which give rise to similarity classes of matrices, and these 
are classified by the canonical forms. The same problems arise in group 
theory: ( 1 ) when are two groups isomorphic; ( 2 ) how may one describe 
the homomorphisms from one group to another? In contrast to our 
illustration, both problems are exceedingly difficult (if not impossible) and 
are only partially solved. 
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The reader is advised that homomorphisms are pov^erful tools in the 
study of groups, and they should be used as much as possible. 

EXERCISES 


1.16. If /: G -> // and g: H K are homomorphisms, then so is 
gof:G K, 

1.17. If js/ is a collection of groups, then the relation G ^ ^ is an 
equivalence relation on 

*1.18. Let/: G -> // be a homomorphism, and let a e G. For every 
n e Z,f{cf) = /(a)". Note the special cases « = 0 and « = — 1. 

**1.19. Let G be a group and let A" be a set having the same number of 
elements as G. If/: G is a one-to-one correspondence, there 

is a unique binary operation that can be defined on X so that X is 
a group and/is an isomorphism. 

1.20. Let G be the multiplicative group of positive reals and let H be 
the additive group of all reals. Show that log: G is an 
isomorphism. (Hint: Exhibit a function inverse to log.) 

*1.21. Let G be the additive group of reals and let T be the circle group, 
i.e., the multiplicative group of all complex numbers of absolute 
value 1. For a fixed real number y, prove that/: G T defined 
t>y/(^) = is a homomorphism. Which real numbers x are 
such that f{x) = 1 ? (It can be proved that these / are the only 
continuous homomorphisms from G to T.) 

1.22. If G is the multiplicative group of all« x « nonsingular matrices 
with entries in a field F, and if F* is the multiplicative group of 
nonzero elements of F, then determinant is a homomorphism 
from G to F*. 

1.23. Let be a fixed element of a group G. Prove that /: G G 
defined by 

f{x) = a ^ X ^ 

is an isomorphism (/is called conjugation by a). We often write 
a ♦ X * a~^ = x“. 

1.24. Let G be the multiplicative group of all nt\v roots of unity; prove 
that G ^ Z„. 

1.25. Let G be the additive group of integers modulo 6. Describe all 
the homomorphisms from G to itself. Which of these are iso¬ 
morphisms? 
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*1.26. Let G be the additive group of Z\_x], all polynomials in x having 
coefficients in Z, and let H be the multiplicative group of positive 
rationals. Prove that G ^ H. (Hint: Use the fundamental 
theorem of arithmetic to construct an isomorphism.) 

Having solved Exercise 1.26, the reader may wish to reconsider his 
answer to the question: When does one “know” a group? Surely the 
reader could construct multiplication tables for the two groups G and H, 
but it was not obvious at the outset that these groups are essentially the 
same. As an alternative answer to the question of “knowing”, we suggest 
that one knows a group G when he can determine, given any other group 
H, whether G and H are isomorphic. 

Definition Two elements a and in a semigroup G commute in case 
a * b — b * a, A semigroup is abelian^ (or commutative) in case every 
two elements in G commute. 

EXERCISES 

1.27. Let ‘ t>e elements of an abelian semigroup G. If 

^25 ‘ ‘ S is a rearrangement of the a,., then 

^ a 2 * - ' * a„ = bi ^ b 2 * - ' * b„. 

1.28. Let a and b lie in a semigroup G. If a and b commute, then 
{a * by = cf * Z>" for every integer « > 0. If, further, G is a 
group, the equation holds for all ne Z. 

**1.29. Let G be a group in which the square of every element is the 
identity. Prove that G is abelian. 

1.30. A group G is abelian if and only if the function f:G-^G defined 
by/(-^) = is a homomorphism. 

Definition A semigroup G is a cancellation semigroup in case, for every 
a,b,cE G, each of the equations a * b = a * c and b * a — c * a implies 
b = c. 

EXERCISES 

1.31. Prove that every finite cancellation semigroup is a group. 

1.32. Prove that every abelian cancellation semigroup G can be im¬ 
bedded in a group. (Hint: As in the construction of the rationals 

In honor of N. H. Abel (1802-1829). 
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from the integers, consider all ordered pairs {a,b) e G x G under 
the equivalence relation: 

(a, b) = {a', b') if a ^ b' = a' * b.) 

Mal’cev has exhibited a cancellation semigroup that cannot 
be imbedded in a group (see P. M. Cohn, Universal Algebra, 
p. 269). 

1.33. (Kaplansky) An element x in a ring R has a left quasi-inverse in 
case there is an element y e R with x + y — yx = 0. Prove that a 
ring R in which every element but one has a left quasi-inverse is a 
division ring. (Hint: Let R' be the set R with the exceptional 
element deleted; consider the binary operation on R' defined by 
X o y = X + y - yx.) 

1.34. Let G be a finite abelian group containing no elements a ^ e 
with a^ = e. Evaluate a^ * • • * * where ^7^, • •, is a list with 
no repetitions of all the elements of G. 

1.35. Prove Wilson’s theorem: If /? is a prime, then 

(p — 1)1 = — 1 (mod p), 

(Hint: The nonzero elements of the integers modulo p form a 
group under multiplication.) 

*1.36. Let G be a finite group and/: G G an isomorphism. If/has no 
fixed points (i.e.,/(x) = x implies x = c) and if/o/is the identity 
function on G, then G is abelian. (Hint: Prove that every element 
in G has the form x~^ * 
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The Isomorphism Theorems 


SUBGROUPS 

From now on, we shall usually write ab instead of a * Z?, and 1 will 
denote the identity element instead of e. 

Definition A nonempty subset S' of a group G is a subgroup of G in case 
5 is a group under the binary operation of G, 

Let G be the additive group of reals and S the multiplicative group of 
positive rationals. S is a group contained in G, but S is not a subgroup, 
since the binary operations are not the same. Indeed, a group S contained 
in G is a subgroup if and only if the inclusion /: S -► G is a homomorphism. 
It follows from Exercise 1.18 that the identity elements of S and of G are 
the same. 

Theorem 2.1 If S is a subset of a group G, then S is a subgroup of G 
if and only if: 

(i) leS; 

(ii) a G S implies a ^ e 5; 

(iii) Qyb G S implies ab g S. 

Proof The verifications of the axioms are easy. | 
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Theorem 2.2 If S is a subset of a group G, then S is a subgroup of G 
if and only if S is nonempty^ and whenever a^b e S, then ab~^ e S. 

Proof We use Theorem 2.1. 

(i) Since S is nonempty, it contains an element a. Hence, aa~^ = 

1 6 5. 

(ii) Ifb e S, then lb~^ = b~^ e S. 

(iii) If a, b e 5, then a(b~^)~^ = ab e S, | 

Example 1 If G is a group, G itself and {1} are subgroups of G \ any other 
subgroup of G is called proper. 

Example 2 IfaeG, let <u> denote the set of all powers of a, <a> is a sub¬ 
group, the cyclic subgroup generated hy a ; a is called a generator of 
A cyclic subgroup may have several different generators, e.g., <a> = 

Definition A group G is cyclic if G = <«> for some a e G. 

Example 3 Let G and H be groups and let /: G H be a homomorph¬ 
ism. Define 

kernel/ = {x e G: fix) = 1}. 

We use Theorem 2.1 to show that kernel /is a subgroup of G. Kernel/ 
is nonempty because it contains 1; if fix) = 1, then fix~^) = fix)~^ = 1, 
so that X 6 kernel / implies g kernel /; if fix) = 1 = /(j), then 
fixy) = fix)fiy) = 1 • 1 = 1, so that x,ye kernel /implies xy e kernel/. 

Example 4 If /: G ^ ^ is a homomorphism, define 

image / = {y e H\ y — fix) for some x g G}. 

The reader may check that image / is a subgroup of ^H. 

Notation We will often write ker/ and im / instead of kernel / and 
image / 

We now consider several ways of manufacturing subgroups. 

Theorem 2.3 The intersection of any family of subgroups of G is 
again a subgroup of G. 

Proof Let {Si: i g /} be a family of subgroups of G and let S = fjSf. 
Since 1 g Si for every /, 1 g 5, and so S is nonempty. Suppose a,beS. 


SECTION 


SUBGROUPS 


13 


These elements got into S by being in every Since each Si is a sub¬ 
group, ab~^ e Si for every /, and so ab~^ e S, | 

Theorem 2,4 If X is a subset of a group G, there is a smallest sub¬ 
group H of G that contains X, i.e., if S is any other subgroup containing 
Z, then S ^ H. 

Proof There do exist subgroups of G containing X, e.g., G itself. 
Let H be the intersection of all the subgroups of G that contain X. 

By the preceding theorem, ^ is a subgroup and it clearly contains X. 
The fact that H is the smallest such subgroup follows from the obser¬ 
vation that the intersection is contained in each of the sets being 
intersected. | 

Definition If A" is a subset of a group G, the smallest subgroup of G 
containing X is denoted <Z> and is called the subgroup of G generated by X, 
We say that X generates <Z>. 


If Z is a finite set, then X = {a^, 02 ,''', a„}. For notational con¬ 
venience, we write <Z> = <^^ 1 , ^ 2 , * * *, «„> instead of <{^ 1 , ^ 2 . * * ’, ^n}>- 


EXERCISES 

*2.1. If X is empty, = {1}; if X is nonempty, <Z> is the set of 
all finite products of powers of elements in X, In particular, if 
X = {a}, then = <a> is a cyclic subgroup. 

2.2. The set-theoretical union of two subgroups is a subgroup if and 
only if one is contained in the other. Is this true if we replace 
“two subgroups” by “three subgroups”? 

2.3. If H and K are subgroups of G, we denote u Ky by H v K. 
Prove that H w K is the smallest subgroup of G containing H 
and K. 

2.4. Let S be a subgroup of G with S ^ G, If G — 5 is the comple¬ 
ment of S in G, then <G — *S> = G. 

2.5. The multiplicative group of positive rationals is generated by 
all rationals of the form 1/p, where p is prime. 

Definition Let S and T be nonempty subsets of a group G. 


ST = {st: s E S and t e T}. 
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In particular, if we write t for {t}, then 

St = {st: s e S}. 

Definition Let S be a subgroup of G. A right coset of S' in G is a subset 
St (a left coset is tS). We say that t is a representative of St (and also of tS). 

EXERCISES 

**2.6. The multiplication of nonempty subsets of G defined above is 
associative. 

**2.7. Let 5 be a subgroup of G. Prove that St = S if and only if t e S. 

2.8. If S' is a subgroup of G, then SS = S, 

2.9. If S is a finite nonempty subset of G and SS = S, then S is a 

subgroup of G. Is this true if S is infinite? 

**2.10. There is a one-to-one correspondence between S and St ; conclude 
that any two right cosets of S have the same number of elements. 
*2.11. (Product formula) If X, Y are nonempty subsets of G, then 

\XY\\Xn Y\ = \X\\Yl 

A right coset St has many representatives, namely, any element st, 
where .y e S'. The next lemma gives a criterion for determining whether 
two right cosets of S' are the same when a representative of each is known. 

Lemma 2.5 Let S be a subgroup of G. Then Sa = Sb if and only if 
ab~ ^ e S {aS = bS if and only if a~ ^b e S). 

Proof If Sa = Sb, then a e Sb and a = sb for some s e S. There¬ 
fore, ab~^ = s and ab~^ e S. Conversely, if ab~^ = s e S, then 
a = sb, so that Sa — Ssb = Sb, by Exercise 2.7, | 

Theorem 2.6 If S is a subgroup of G, then any two right cosets of S 
in G are either identical or disjoint. 

Proof We show that if there is an element x in Sa n Sb, then Sa = 

Sb, Such an element has the form x = Sia — S 2 b, where s^ and S 2 
lie in S'. Hence ab~^ = ^ ‘S', so that Lemma 2.5 gives Sa = 

Sb, I 

Theorem 2.6 may be paraphrased to say that a subgroup S induces a 
partition of the group G (into right cosets). This being true, there must 
be an equivalence relation on G lurking somewhere in the background. 
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EXERCISE 

2.12. If 5 is a subgroup of G, define a relation on G by a = in case 
ab~^ e S. Prove that this relation is an equivalence relation whose 
equivalence classes are the right cosets of S, Use this fact to give an 
alternative proof of Theorem 2.6. 

It is interesting to note that each of the three properties of a subgroup 
listed in Theorem 2.1 yields a corresponding property of the relation 
a = b. 

In Exercise 1.13, we asked the reader to give a multiplication table for 
the group G = S^. The six elements of 53 may be denoted {1, a, b, b^, 
ab, ab^}, where = \ = b^ and ba = ab^. If H = = {1, a), then 

the right cosets of H in ^3 are 

H = {1, a), Hb = {b, ab}, Hb^ = ab^}. 

Note that the left cosets of H in 5*3 are 

H = {1, a), bH = {b, ba} = {b, ab^}, b^H = ab). 

Thus, right cosets and left cosets need not coincide (for example, Hb ^ 
bH in this case). 

Theorem 2.7 If S is a subgroup of G, the number of right cosets of S 
in G equals the number of left cosets of S in G. 

Proof Let M denote the set of all right cosets of S in G, and let ^ 
denote the set of all left cosets. We exhibit a one-to-one correspon¬ 
dence f\0t^S£, If Sae your first guess is to define f{Sa) — aS, 
but this does not work. Your second guess,/(^Sa) = a~^S, is correct. 
Itmustbeverifiedthat/iswelldefined, i.e., ifiSa = thena'^^* = 
b~^S (this is why your first guess is wrong). We also leave to the 
reader the verification that /is a one-to-one correspondence. | 

Definition If S' is a subgroup of G, the index of S in G, denoted [GiiS], is 
the number of right cosets of S in G. 

Theorem 2.7 tells us that there is no need to define a “right index” and 
a “left index”, for the number of right cosets is the same as the number of 
left cosets. 


Definition The order of G, denoted |G|, is the number of elements in G. 
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Theorem 2.8 (Lagrange) If S is a subgroup of a finite group G, 
then [(7:5] = |G|/|5| (so that |5| divides |G|). 

Proof The right cosets of S partition G into [G:5] parts, each of 
which has precisely |5| elements, by Exercise 2.10. Therefore 
|G| = [G:5]|5|. I 

Corollary 2.9 If \G\ = p, where p is prime, then G is cyclic. 

Proof Since p is prime, Lagrange’s theorem says that G can have no 
proper subgroups. Choose a g G, a ^ 1. Then is a subgroup of 
G and <a> ^ {1}, so that << 2 > = G. | 

Definition If ^ e G, the order of a is Ka>|. (Thus, the order of a is either 
a positive integer or infinity.) 

Corollary 2.10 If G is a finite group and a e G, then the order of a 
divides |G|. 

The next exercise gives an important characterization of the order of 
an element. 

EXERCISES 

2.13. If ^2 e G has finite order n, then n is the least positive integer 
such that a" = 1. If n has infinite order, then a" # 1 for all 
« # 0. (Hint : If a has finite order, define n as the least positive 
integer such that is equal to some element on the list \,a, 

• • •, ; prove that a" = 1 and that <«> = {1, a,a^, - - , 

2.14. If |G| = 4, then G is either cyclic or isomorphic to the group of 
Exercise 1.11. Conclude that a group of order 4 must be abelian. 

**2.15. Let G be a finite group with subgroups H and K. K cz H cz G, 
then [G:/^] = \G\ H~][H: K']. 

**2.16. If = 1, then the order of a divides n. 

2.17. If G is a group of order In, then the number of elements in G of 
order 2 is odd. Conclude that G must contain an element of 
order 2. 

*2.18. If two elements a and b commute, and if a"” = 1 = then 
(abfi = 1, where k — lcm{m, n). (The order of ab may be less 
than k : for example, let b — a~^.) Conclude that if a and b have 
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finite order and if a and b commute, then their product ah also 
has finite order. 

*2.19. This exercise shows that a product of two elements of finite 
order may have infinite order; of course this cannot happen in a 
finite group. 

Let G be the multiplicative group of all 2 x 2 nonsingular 
matrices with rational entries. Let 



Show that = 1 and = 1, but that ah has infinite order. 

2.20. If H and K are (not necessarily distinct) subgroups of G, then a 
double coset of /f, A' is a subset of G of the form HtK, where 
/ e G. Prove that the family of all double cosets of H, K parti¬ 
tions G. (Hint: Define an equivalence relation on G by = t 
if t' = htk for some he H and k e K.) 

2.21. Suppose H, K are subgroups of a finite group G, and G is the 
disjoint union 

G = 0 HtiK. 

i=l 

Prove that [G:K^ = ZUi [H: H n (Note that 

Lagrange’s theorem is the special case of this when K = {1}.) 

**2.22. Let G = <a> have order n. Prove that is a generator of G if 
and only if (k, n) — 

Definition The Euler ^-function is defined as follows: If h = I, then 
(p{h) = 1; if h > 1, then (p(h) is the number of integers k such that 
I < k < h and {k, h) = 1. 

EXERCISES 

2.23. If h = p\ where p is prime, then 

cp{h) = -ly 

2.24. Let (r, ^) = L If x e G has order rs, then x = jz, where y has 
order r, z has order s, and y and z commute; the factors y and z 
are unique. Conclude that if h = rs, where (r, j-) = 1, then 

(p{rs) = (p(r)(p(s). 
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2.25. If the distinct prime divisors of /z are , • • •, then 

2.26. Let U{Zj) — {aEZ„:(a,n) = 1}. Prove that U(Z„) is a 
multiplicative group of order (p(n). 

2.27. Prove that every subgroup of a cyclic group is cyclic. (Hint: Use 
the division algorithm.) 

*2.28. Prove that two cyclic groups are isomorphic if and only if they 
have the same order. 

**2.29. Let aeG have finite order and let/: G -► // be a homomorphism. 
Prove that the order of f(a) divides the order of a. 

2.30. (Fermat) Let p be a prime; for any integer n, show that nF = 
n (mod p), (Hint: If denotes the integers modulop, then the 
nonzero elements of Zp form a multiplicative group of order 
p “ 1.) Generalize to obtain Euler’s theorem: If (w,«) = 1, 
then = 1 (mod m). 

2.31. (H. B. Mann) Let G be a finite group, and let S and T be (not 
necessarily distinct) nonempty subsets. Prove that either 
G = STov |G| > l^l + |r|. 

2.32. Using the result of Mann, prove that every element in a finite 
field F is a sum of two squares. 


NORMAL SUBGROUPS AND QUOTIENT GROUPS 

There is one kind of subgroup that is especially interesting, for it is 
intimately related to homomorphisms. 

Definition A subgroup 5 of G is a normal subgroup of G, denoted 
S <l G, in case aSa~^ a S for every a e G. 

The first properties of normal subgroups are contained in the following 
exercises. 

EXERCISES 

2.33. A subgroup iS of G is normal in G if and only if aSa~ ^ = S' for 
every a e G. 
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2.34. If G is abelian, then every subgroup of G is normal. The con¬ 
verse is false, as the group of quaternions shows (see Exercise 
5.35). 

2.35. A subgroup S is normal in G if and only if every right coset of S 
in G is also a left coset of S in G. 

2.36. Any subgroup 5 in G of index 2 is normal. 

**2.37. If S <l G, a e G, and s e S, then there exists an element .s' e S' 
with as = s'a (this is a partial commutativity). 

Definition Let x e G. A conjugate of x is an element of the form axa~^, 
where a e G. One often denotes axa~^ by jc". 

EXERCISES 

2.38. A subgroup S of G is normal if and only if, whenever x e S, all 
conjugates of x also lie in S. Conclude that S < G if and only 
if/(S) <= S for every conjugation / (see Exercise 1.23). 

2.39. Let G be the multiplicative group of all n x n nonsingular 
matrices over a field F, Prove that the set of all matrices of 
determinant 1 is a normal subgroup of G. 

2.40. Any intersection of normal subgroups of G is itself a normal 
subgroup of G. Conclude that if X is any subset of G, there is a 
smallest normal subgroup of G containing X; this subgroup is 
called the normal subgroup of G generated by X. 

2.41. If X is empty, the normal subgroup generated by A^is {!}. If X is 
nonempty, the normal subgroup generated by X is the subgroup 
generated by all conjugates of elements in X. 

**2.42. If H and K are normal subgroups of G, then so is v K. 

The construction of a quotient group in the following theorem is of 
fundamental importance. 

Theorem 2.11 If S <] G, then the cosets of S in G form a group, 
denoted GjS, of order [G:5]. 

Proof In order to define a group, we must present a set and a binary 
operation. The set is the collection of all cosets of *S in G; note that 
since 5 <J G, we need not bother with the adjectives “right” and 
“left”. As multiplication, we propose the multiplication of nonempty 
subsets that we defined earlier. Recall that we proved then (Exercise 
2.6) that this multiplication is associative. Now {Sa){Sb) = 
Saia~^Sa)b (because S is normal) = Siaa~^)Sab = SSab = Sab 
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(because S is a subgroup). Thus, we have proved that SaSb = Sab, 
so that a product of two cosets of S is itself a coset of S, We leave 
to the reader the proof that the identity is S and that the inverse of 
Sa is Sa~^, so that we have constructed a group (which is denoted 
GjS), Finally, the definition of index says that IG/Sj = [G. S]. | 

Example 1 Let m be a fixed positive integer. If k is an integer, recall that 
the congruence class of k modulo m is 

R = (A: + im: i = 0, ± 1, ±2, • • • }. 

The group of integers modulo m, denoted is the set of all these con¬ 
gruence classes under the binary operation 

Jc 1 = k L 

If Z is the additive group of integers, then the cyclic subgroup 
generated by m is Zm = {im: i = 0, ±1, ±2, * * • }. Thus Ic = A: + Zm 
is a coset of Zm in Z. Now Zm is a normal subgroup of Z, since Z is 
abelian, so that the quotient group Z/Zm is defined. Addition in Z/Zm 
is given by 

{k + ZfYi) “1“ (/ -f* Ztfi) = k I Zm, 

Thus, Z/Zm is precisely Z„. Because of this example, an arbitrary quotient 
group G/H is often called G modulo H, 

Example 2 Let G be the multiplicative group of all « x « nonsingular 
matrices over a field F, and let H be the normal subgroup of all matrices 
of determinant 1. We shall show that G/H = F*, the multiplicative 
group of all nonzero elements in F, 

If ae G, then det(a) e F*, since a is nonsingular. Define a function 
d: G/H F* by 

d(Ha) = det(a). 

This function is well defined, for if Hb = Ha, then b = ha for some 
he H\ therefore, det(/i) = 1 and 

dQ\(b) = det(Aa) = det(A)det(a) = det(a); 

is a homomorphism, for 

d{HaHb) — d{Hah) = det(ah) = det(fl)det(h) = d{Ha)d{Hby, 

is a one-to-one, for if d{Ha) = d{Hb), then det(a) = det(Z?). Therefore, 
<Xtt{ab~^) = 1 and ab~^ e H, so that Ha = Hb, Finally, d is onto, for 
if X e F*, then the diagonal matrix a that has x in the upper left corner 
and 1 elsewhere on the diagonal has determinant x and d{Ha) = x. Thus, 
d is an isomorphism. 
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THE ISOMORPHISM THEOREMS 

There are three theorems that describe the relationship among quotient 
groups, normal subgroups, and homomorphisms. The reader should be 
warned that the numbering of these theorems is not canonical, so that one 
man’s first isomorphism theorem may be another man’s second. A second 
remark is that a testimony to the elementary character of these theorems is 
that analogs of them are true for every type of algebraic system, e.g., 
groups, rings, and vector spaces. 

Theorem 2.12 (First Isomorphism Theorem) Let f: G H be a 

homomorphism with kernel K. Then K is a normal subgroup of G and 
GjK = image f 

Proof We have already seen that ^ is a subgroup of G, To see that 
A' is a normal subgroup, we must show aKa~ ^ c= AT for every a e G. 

If X = okaT^ E aKa~^, then f{x) = f{a)f{k)f{ay^ == 1 and x e K, 
as desired. 

The remainder of the proof is patterned after the example of 
determinants given above. Define F: GjK Hhy 

F(Ka) =f(a). 

Now Fis well defined, for if Ka = Kb, then ab~^ e K,f(ab~^) = 1, 
and so/(a) = f(b). Fis a homomorphism, for 

F(KaKb) = F(Kab) = f(ab) 

= f{a)f{b) = F(Ka)FiKb), 

Fis one-to-one, for if F(Ka) = F(Kb), then/( a) = f(b); therefore, 
f(ab~^) = 1, ab'^ e K, and so Ka = Kb. (That F is one-to-one is 
the converse of the statement that F is well defined.) Clearly, 
image F = image/. Therefore, Fis the desired isomorphism. | 

The first isomorphism theorem thus says that there is no significant 
difference between a quotient group and a homomorphic image. 


EXERCISES 


2.43. Let C be a cyclic group of order m. Use the first isomorphism 
theorem to prove G ^ Z^. Use this result to give a new proof of 
Exercise 2,28. 
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*2.44. Let K <\ G. The function tt: G -> defined by n{a) = ATa is a 
homomorphism onto GjK with kernel n = K (n is called the 

natural map). 

2.45. Let /: G be a homomorphism with kernel K. Prove that 
there exists a homomorphism g: GfK H with f = g ° n, 
where n is the natural map. 


/ 



G/K 


2.46. Let N <i G and let fiG-^Hhea, homomorphism whose kernel 
contains N. Then / induces a homomorphism : G/N 
namely,/#(iV«) =/(a). 

2.47. Let/: G Af be a homomorphism; /is one-to-one if and only if 
kernel / = {1}. 

**2.48. Let/: G ^ be a homomorphism and let 5 be a subgroup of H. 
Then f~^{S) is a subgroup of G and contains the kernel of/. 

Definition a,b e G, the commutator of a and b, denoted [a, b\ is the 
element a~^b~^ab. The commutator subgroup of G, denoted G', is the 
subgroup of G generated by all the commutators in G. 

We shall see in Chapter 3 that a product of commutators need not be 
a commutator. Hence, the set of all commutators need not form a sub¬ 
group. 

EXERCISES 

2.49. Prove that G' is a normal subgroup of G. (Hint: Use Exercise 
2.38.) 

**2.50. If H is any normal subgroup of G, then GjH is abelian if and only 
if G' c= H. 

2.51. Let G be a finite group of odd order, and let x be the product of 
all the elements of G in some order. Prove that x e G'. 

2.52. For any group G, 

G' = {a^a 2 ' * • \ QiE G and n > 2}. 

(Hint^ : {aba~^b~^){cdc~^d~^) 

= a{ba~ ^)b~ ^c(dc~ ^)d~^a' ^(ab~^)bc~\cd~^)d.) 
^ Communicated to me by P, M. Weichsel. 
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With Theorem 2.12 and Exercise 2.44 we have exhibited the relation¬ 
ship between normal subgroups and homomorphisms: Given any homo¬ 
morphism, there is a normal subgroup (its kernel); given any normal 
subgroup K, there is a homomorphism (the natural map) having K as its 
kernel. We point out that different homomorphisms can have the same 
kernel. For example, let/: Z Z be the identity map and let Z Z 
be defined by g{n) — —n. The kernel of each of these maps is {0}, but 
clearly f ^ 

Theorem 2.13 If S and T are subgroups of G and if one of them is 
normal, then ST = S v T = TS, 

Proof Recall that ST is just the set of products of the form st, where 
s e S and t e T\ hence, ST and TS are always subsets of 5 v Tthat 
contain S' and T. Thus, we need show only that ST and TS are them¬ 
selves subgroups in order to show that S v T is a subset of ST (and 
of TS). Let us suppose T <| G. If and S 2 t 2 e ST, then 

{sf^){S2t2)~^ = sftf2^S2^) = 

for some t^e T (this is the partial commutativity from the normality 
of T), and ^^^(^^ ^^a) = (siS2^)t2 e ST. A similar proof shows that 
TS is a subgroup. | 


EXERCISES 

**2.53. Let S and T be subgroups of G. Then ST is a subgroup of G 
if and only if ST = TS. 

2.54. (Modular Law) Let A, B, and C be normal subgroups of G with 
A B. If A n C ^ B n C and AC = BC, then A = B. 

*2.55. (Dedekind Law) Let H, K, and L be normal subgroups of G 
with H cz L. Then 


HK r\ L = H(K n L). 

Suppose T a H cz G arc subgroups with T <[ G. Then T <] H and 
the quotient group HjT is defined: It is the subgroup of G/Tconsisting of 
all cosets Th, where h e H. In particular, if T O G and S is any subgroup 
of G, then T cz TS a G, and TSjT is the subgroup of GjT consisting of 
all cosets Tts, where ts e TS. Since Tts = Ts, it follows that TSjT 
consists precisely of all the cosets of T having a representative in S. 
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It follows at once from Theorem 2.13 and the product formula 
(Exercise 2.11) that if S and T are subgroups of G, one of which is normal, 
then |r5'|/|r| = \S\/\S n T\. This suggests the following theorem. 

Theorem 2.14 (Second Isomorphism Theorem) Let S and T be 

subgroups of G with T normal. Then S n T is normal in S, and 
SI(S n T) ^ TS/T. 

REMARK The accompanying diagram is a mnemonic for this theorem. 


TS 



Proof Let n : G ^ G/Tbe the natural map and let ttq be the restric¬ 
tion of 7 C to S. Since tiq is a homomorphism whose kernel is S n J, 
Theorem 2.12 tells us that S n T <i S and that S/(S n T) = 
image tiq- By our remarks above, image tiq is just the collection of all 
cosets of T having representatives in 5; these are precisely the cosets 
in TS/T. I 

Theorem 2.15 (Third Isomorphism Theorem) Let K cz H cz G, 

where both H and K are normal subgroups of G. Then H/K is a normal 
subgroup of G/K and 

(G/K)/iH/K) ^ G/H. 

Proof Again we let the first isomorphism theorem do the dirty work. 
Define/: G/K ^ G/H by f{Ka) = Ha. The reader can check that/ 
is a well-defined homomorphism whose kernel is H/K and whose 
image is G/H. | 


THE CORRESPONDENCE THEOREM 

The main theorem of this section could justifiably be called the fourth 
isomorphism theorem. 

Let G and H be sets, and let f:G~^ // be a function. The reader is 
aware that / induces a “forward motion” and a “backward motion” 
between the subsets of G and the subsets of H. The forward motion assigns 



SECTION 


THE CORRESPONDENCE THEOREM 


25 


to every subset So^G its image f(S) in H; the backward motion assigns to 
every subset L of H its inverse image in G. Now, if/is onto, these 

motions define a one-to-one correspondence between all the subsets of H 
and some of the subsets of G. The following theorem is the group- 
theoretic translation of this observation. 

Theorem 2.16 (Correspondence Theorem) Let K <\ G and let 

n :G -► GjKbe the natural map; n defines a one-to-one correspondence 
between the set of those subgroups of G containing K and the set of all 
subgroups of GjK, 

If the subgroup of GjK corresponding to S a G is denoted 5*, 

then 

(i) 5* - SjK = n{Sy, 

(ii) T S if and only ifT^ c 5*, and then [-SrT] = [-S'*:!"*]; 

(iii) T <\ S if and only if T* < S*, and then SjT ^ 

REMARK A mnemonic diagram for this theorem is 

G 4 GjK 
SI K 
K^{\} 

Proof We first show that the correspondence is one-to-one. Suppose 
that S and T are subgroups of G containing K and that SjK = TjK; 
we must prove that S = T. If s e S, then Ks = Kt for some t e T, 
since K T, and so 5 cz r. A symmetric argument proves the 
reverse inclusion. 

We now prove that the correspondence is onto. If ^ is a sub¬ 
group of GjK, we must find a subgroup 5 of G containing K for which 
SjK = By Exercise 2.48, if we define S = 7i~^(Ay then 5 is a sub¬ 
group of G that contains K; furthermore, S/K ~ 7 i(S) = n(n''^(A)) ~ 

A, since n is onto. 

It is obvious that this correspondence preserves inclusions. In 
order to prove [-S’: T] = [5*: T*], we must show that the set of cosets 
Ts (where s e S) is in one-to-one correspondence with the set of cosets 
(where 5* e S'*). Such a correspondence is given by Ts 
r*7r(.y); the verification is left to the reader.^ 

If T <1 S', then we conclude from the third isomorphism theorem 
that TjK <3 SjKdind {SIK)I{TIK) ^ SjT, i.e., T* <] S* and S*/r* ^ 

^ If all groups are finite, we may prove that [S:T] = [5*: r*] as follows: [S* : T*] = 
|S*|/|7’*| = \S/K\/\T/K\ = (|5|/|/r|)/(|r|/|A|) = ISI/I/ = [SiTl 
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S/T. Suppose, conversely, that T* <| S'*. Let ^ 7 : S* ^ S*/T* be the 
natural map and let ttq = n\S. The reader may verify that T is the 
kernel of yitlq : S which implies that T < 5. | 

EXERCISES 

2.56. Let // be a subgroup of G which contains G', the commutator 
subgroup of G, Prove that H < G, 

**2.57. (Zassenhaus) Let G be a finite group such that, for some fixed 
integer n> I, (xyf = for all x,yeG. Let G„ = {z e G: z" = 1} 
and G" = {x": jc e G}. Show that both G„ and G" are normal 
subgroups of G and that |G"| = [G:G„]. (Note: The wise 
reader lets homomorphisms do most of the work.) 

2.58. Let G be a finite group with a normal subgroup H such that 
(|//|, [G://]) = 1. Show that H is the unique subgroup of G 
having order |/f|. (Hint: If K is another such subgroup, what 
happens to K in G/if ?) 

2.59. If <] G, need G contain a subgroup isomorphic to GjHl 

2.60. Prove that the circle group T is isomorphic to R/Z, where R is 
the additive group of real numbers. (Hint: Use Exercise 1.21.) 

*2.61. Prove that ^ is a maximal normal subgroup of G (i.e., H <\ G and 
there is no normal subgroup strictly between G and H) if and 
only if GjH has no proper normal subgroups. 
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Permutation Groups 


PERMUTATIONS 

The reader knows the formula giving the roots of a quadratic poly¬ 
nomial, and he is aware of similar formulas giving the roots of polynomials 
of degree 3 and degree 4. Many mathematicians put their faith in a faulty 
induction and tried to find a formula that would give the roots of an 
arbitrary polynomial of degree 5. In 1824, Abel proved, by studying 
permutations of the roots of quintic polynomials, that no such formula 
exists, and this result led Galois to his discovery of the intimate relation¬ 
ship between polynomials and certain groups of permutations of their 
roots. Influenced by the beauty of the work of Abel and Galois, most 
nineteenth-century mathematicians considered only those groups whose 
elements are permutations (we shall see presently that this is no restriction 
at all). We now proceed to develop this point of view. 

Definition If A" is a nonempty set, a permutation of A" is a function 
0 L \ X X that is a one-to-one correspondence. 

Definition If A" is a nonempty set, the symmetric group on A", denoted 
Sx^ is the group whose elements are the permutations of X and whose 
binary operation is composition of functions. 
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Of particular interest is the special case when X is finite. If A" = 
{1, 2, • ‘ we write instead of and we call S„ the symmetric 
group of degree «, or the symmetric group on n letters. Note that IS'^l = n!. 


EXERCISES 

3.1. Write a multiplication table for S^. 

**3.2. Let X and Y be two sets and let f: X y be a one-to-one cor¬ 
respondence. Prove that a f ° ol of defines an isomorphism 

between Sx and Sy. 

3.3. Suppose that Z cz y, where X is nonempty. Prove that Sx can be 
imbedded in Sy, i.e., Sx is isomorphic to a subgroup of Sy. 


Let X denote the set {1, 2, • • •, n}. One way of denoting a permuta¬ 
tion a of Z is by displaying its values : 


a 


1 2 
al Oil 



__ /I 2 3\ 

^ V 2 1 j 


Thus 

Their product is ajS = 


and = 

1 2 3 


1 2 3 


are permutations of {1, 2, 3}. 


2 1 3 


2 3 f 

(we compute this product by first 

( 1 2 3\ 

1 3 2 ) ’ ^ 

It follows that S 3 , and hence any larger symmetric group, is not abelian. 


CYCLES 

In this section, we shall consider some factorizations of permutations 
in S„ as products of simpler permutations, called cycles. 

Definition Let x e X and a 6 5;^; we say a fixes x if a(x) = x; otherwise 
a moves x. 

Definition Let /i, ^ 2 ^ ' ‘ ‘» 4 distinct integers between 1 and n. If 
a E S„ fixes the other integers and 

aO'i) = ^ a(4-i) = 4» a(iV) = 

then a is an r-cycle. We also say that a is a cycle of length r. 

^ Some authors compute the product ajff in the reverse order. 
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A way to denote an r-cycle a, other than the cumbersome two-rowed 
notation we introduced earlier, is a = (I’l /2 * * * example, 


and 



/I 2 3 4 5\ 
\5 I 4 2 3) 


(2 3 4 1), 

(1 5 3 4 2), 


/I 2 3 4 5\ 
V2 3 1 4 5 ; 


(2 3 1). 


All 1-cycles equal the identity permutation, which we thus denote (1). 


EXERCISES 

3.4. Prove that (1 2 3 • • • r) = (2 3 • • • rl) = (3 4 • r 1 2) = • • • = 
(r 1 2 • • • r — 1), Conclude that there are exactly r such notations 
for this cycle. 

3.5. The order of an r-cycle is r. 

3.6. Exhibit two 2-cycles whose product is a 3-cycle. This example 
shows that if a and p do not commute, nothing intelligent can be 
said about the order of aP in terms of the orders of the factors. 

*’*'3.7. Let a and P be r-cycles in Sx> If there is an Xq e X such that 
(i) both a and p move Xq and (ii) cc^Xq)' = PXxq) for all integers t, 
then cc = p. 

Definition Two permutations a and P in Sx are disjoint in case every x 
moved by one is fixed by the other. In symbols, if a(x) ¥= x,thQnp(x) = x, 
and if P(y) # y, then (x(y) = y. A set of permutations is disjoint if each 
pair of them is disjoint, 

EXERCISES 

3.8. Let a = (/’i 12 " • Q and P = (j\ 72 '' Vs)- Prove that a and P 
are disjoint if and only if {i ^, / 2 , * • •, ^ {j \, 7 * 2 »* * *, A) = 0- 

**3.9. If a and P are disjoint, then olP = pa. 

*3.10. A permutation a e S„ is regular if it is (1) or if it has no fixed 
points and is the product of disjoint cycles of the same length. 
Prove that a is regular if and only if a is a power of an «-cycle. 
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*3.11. Let a = ‘' Pm^ where the Pi are disjoint r^-cycles. Prove 

that the order of a is lcm{r^ , ^2 >'' ’ > ''ml- Conclude that each 
divides the order of a. Conclude further that if p is prime, then 
every power of a p-cycle is a p-cycle, or ( 1 ). 

*3.12. If a is an n-cycle, then is a product of (n, k) disjoint cycles, 
each of length «/(«, k). (Hint: Use Exercises 3.10 and 3.11.) 

Lemma 3.1 If ol e Sx, the relation on X defined by 

^ —a y = y for some integer k 

is an equivalence relation on X. 

Proof Left to the reader. | 

Definition The equivalence classes of X under the relation x =^y are 
called the orbits of a. 

If Xq e X, the orbit of a containing Xq is {y e Z: y = a*(xo) for some 
integer k ); in other words, the orbit consists of all those elements obtained 
from Xq by repeatedly applying a (or a“^). In order to provide examples, 
we now translate our earlier definitions into the language of orbits. First, 
“xo is fixed by a” means that Xq is the sole resident of its orbit under a. 
Cycles provide a more interesting example. If a = (i^ /2 ' ‘ ‘ then 
a(i\) = 7 * 2 , a^(if) = /a, • • *, = In so that a permutation # ( 1 ) is 

a cycle if and only if it has just one orbit with more than one element, i.e., 
just one nontrivial orbit. A cycle is an r-cycle if its nontrivial orbit con¬ 
tains exactly r elements. As a final example, a is a regular permutation 
(Exercise 3.10) in case all its orbits have the same size. 

Lemma 3.2 If X is a finite set and a e Sx’> then there is a partition of 
X into disjoint subsets , 72 , • * •, such that, for alii — 1 , 2, • • •, w, 
a(Yi) = Yi and a|7^ is a cycle. 

Proof Let 7 ^, 72 , • * •, 7^ be the orbits of a. The two properties 
follow immediately from the definition of x y. | 

Theorem 3.3 Every permutation a 7 ^ (1) m is the product of dis¬ 
joint cycles of length > 2; this factorization is unique except for the 
order in which the cycles are written. 

Proof Let 7^, 72 , • * *, 7^ be the orbits of a. Lemma 3.2 tells us that 
each a\ 7^ is a cycle. If we define piS S„ {i ^ 1, 2, • • ♦ , m) as that 
permutation which is a on 7( and which fixes everything else, then 
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Pi is a cycle in S„. Further, the Pi are pairwise disjoint and a = 
PiPi ’' ^ Pm (j^st evaluate both sides). We obtain the desired factor¬ 
ization if we delete all factors Pi equal to the identity. 

We now prove the uniqueness assertion. Suppose 

a = • /^m = Jill ■■■yk, 

where each of these is a factorization of a into pairwise disjoint 
cycles of length >2. If a moves x, then one of the P and one of the 
y must also move x. Since disjoint cycles commute, we may assume 
for notational convenience that Pi and move x. For any integer /, 

P\(x) = a\x) = y\{x). 

Since, by Exercise 3.7, a cycle is completely determined by the 
behavior of its powers on any element it moves, pi = We now 
cancel these factors, and the proof is completed by an induction on 
max {m, k), | 

EXERCISES 

3.13. Write the following permutation as a product of disjoint cycles 
and compute its order: 

/I 2 3 4 5 6 7 8 9\ 

V6 4 7 2 5 1 8 9 3^ 

**3.14. If;? is a prime, prove that the only elements of order p in are 
products of disjoint /^-cycles. 

Definition A 2-cycle is also called transposition. 

Of all the permutations, surely the transposition, which merely 
interchanges two points, is the simplest. 

Theorem 3.4 Every a e S„ is a product of transpositions. 

Proof By Theorem 3.3 it suffices to factor any r-cycle into a product 
of transpositions. This is done in the following way: 

(12 ••• r) - (1 r)(l r - 1)---(1 2). | 

Any permutation can thus be realized as a sequence of interchanges. 
This factorization, however, is not as nice as the factorization into disjoint 
cycles. First of all, the transpositions occurring need not commute; 
e.g., (123) = (13)(12) ^ (12)(13). Second, the factors are not uniquely 
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determined; e.g., (123) = (13)(12) = (23)(12) = (13)(42)(12)(14) = 
(13)(42)(12)(14)(23)(23). Is there any uniqueness in such a factorization? 
We shall prove that the number of factors is always even or always odd. 
Consider the polynomial in n variables: 

g{xi, X2,---,x„) = n - ^i)- 
j>i 

Notice that the condition j > i means that every pair of distinct integers 
between 1 and n occurs as subscripts in exactly one factor of g. If a e S„, 
we form a new polynomial in the n variables: 

^9 = n 

j>i 

Since a is a permutation, every pair of distinct integers between 1 and n 
occurs in exactly one factor of ag. Therefore, except for signs, the factors 
of g and ag are identical. Hence, ag = ±g. 

Definition A permutation a e is even if a is odd if ag — —g. 

If a, p e S„, then {ap)g = a{pg), for both are equal to 
Uj>i(^apa) 

It follows that if both a and P are even or if both a and p are odd, then 
ap is even, while if one factor is even and the other odd, then ap is odd. 

Definition The alternating group of degree n, denoted A„, is the set of 
all even permutations in S„. 

Define a function cp: S„G, where G is the multiplicative group 
-l},by(p(a) = 1 ifaisevenand(^(a) = -lifaisodd. Our preceding 
remarks prove that (p is sl homomorphism. Given a homomorphism, we 
ask the canonical questions: What is kernel <p? What is image (pi 

Theorem 3.5 A„ is a normal subgroup of S„ of order ^n\. 

Proof It follows from the definitions of A„ and the homomorphism 
(p that A„ = kernel cp. We claim that image (p = {\, -1}, i.e., that 
(p is onto. In order to prove this, it suffices to exhibit an odd permuta¬ 
tion. The transposition t = (12) is odd, for the only factor in 
g(Xi , ^ 2 , • • •, x„) that changes sign is X 2 - By the first isomor- 
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phism theorem, A„ < and SJA^ ^ {1, —1}. Therefore, \A„\ = 

I 

Theorem 3.6 cc e S„ is even if and only if a is a product of an even 
number of transpositions; a e S„ is odd if and only if ol is a product of 
an odd number of transpositions. 

Proof We first prove that every transposition t = (/ j) is odd. This 
could be proved by actually considering the action of t on 
gixy , ^ 2 , • * *, x„), but that would be tedious. Suppose, instead, that 
(/ j) is even, i.e., (/ j) e A„. Since A„ <] every conjugate of (/ j) is 
also in A„. But (1 2) is a conjugate of (ij): ify — (i l)(j 2), then 
y(^ j)y ^^ = 1)0’ 2)(/ J)(J 2)(i 1) = (1 2), contradicting the fact that 

(1 2) is odd.^ 

Suppose OL e S„ and a = TiT 2 • * * where each is a trans¬ 
position. Then (p(ot) = <p(rir 2 * * * tJ = (p(ri)(p(T 2 ) * • • (p(tJ = 

(— 1)”. Now a is even if and only if (p(oL) == 1, and a is odd if and only 
if (p((x) = — 1. Therefore, a is even if and only if m is even; and a is 
odd if and only if m is odd. | 

Corollary 3.7 If cc e S„, the number of factors occurring in any 
factorization of ol into transpositions is always even or always odd. 

Proof A permutation cannot be both even and odd. | 
EXERCISES 

**3.15. An n X n permutation matrix is a matrix obtained from the 
n X n identity matrix E by permuting its columns. If P„ is the 
set of n\\ n X n permutation matrices, prove that P^ is a multi¬ 
plicative group and that 0 : P^ an isomorphism, where 

6(a) is the matrix obtained from E by permuting its columns 
according to a. Prove that a is even (or odd) if and only if 
det6(a) is 1 (or — 1). 

3.16. An r-cycle is even if and only if r is odd. 

**3.17. If rt > 2, then A^ is generated by the 3-cycles. 

3.18. If a subgroup G of S„ contains an odd permutation, then \G\ is 
even and exactly half the elements of G are odd permutations. 

^ This computation is a special case of a theorem we shall soon prove which tells 
precisely when two permutations are conjugate in S„. We must also be a bit more careful: 
If / — 1, define y = (y 2); if j = 2, define y = (i 1). 
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3.19. Imbed S„ as a subgroup in A„+ 2 - Conclude that parity (being 
even or odd) is not preserved by homomorphisms. 

**3.20. Prove that S„ can be generated by (12), (13), • • •, (In); prove that 
S„ can also be generated by (1 2) and (12 • • • n). 


CONJUGATES 

In this section we study conjugates and conjugacy classes, first for 
arbitrary groups and then for the special case of symmetric groups. 

We begin by defining another equivalence relation. 

Definition If G is a group, the relation “x is a conjugate of y in G” is 
an equivalence relation on G; the equivalence classes are called conjugacy 
classes. 

As an example, if G is the multiplicative group of all n x w non¬ 
singular matrices over a field F, then two matrices lie in the same conjugacy 
class if and only if they are similar. 

Now ;c and y lie in the same conjugacy class if there is an element 
ae G with y = axa~^ = x“. There is thus an isomorphism f:G-^G 
(namely, conjugation by a) with y == f{x). It follows that all elements in 
the same conjugacy class have the same order. An amusing consequence 
is that, for any two elements a and b in G, ab and ba have the same order. 

An element x e G is the sole resident of its conjugacy class if x = 
axa~^ for all ae G, i.e., x commutes with- every element in G. In an 
abelian group, therefore, conjugacy classes are not of much interest. 

Definition The center of G, denoted Z(G), is the set of all x e G that 
commute with every element in G. 


EXERCISES 

3.21. Z(G) is a normal, abelian subgroup of G. 

**3.22. If G is a nonabelian group, then G/Z(G) is not cyclic. 

**3.23. A subgroup S' of G is a normal subgroup of G if and only if S is 
a (set theoretical) union of conjugacy classes of G. 

*3.24. Let G be a group containing an element of finite order n > 1 and 
exactly two conjugacy classes. Prove that G is a cyclic group of 
order 2. 
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It is very useful to count the number of elements in a conjugacy class. 
To this end, we introduce the following subgroup. 

Definition x eG, the centralizer of x in G, denoted Cq(x), is the set 
of all a e G that commute with x. 

It is immediate that Cq{x) is a subgroup of G. When the meaning is 
clear from the context, we shall abbreviate Cq{x) by C(x). 

Theorem 3.8 The number of conjugates of x in G is [G: Cg(x)], 
and hence this number is a divisor of\G\ when G is finite. 

Proof If a and b are elements of G, then the following statements are 
equivalent: 

axa~^ = bxb~^\ 
a~ ^b commutes with x; 
a~^b e C{x)\ 

a and b lie in the same left coset of C(x), i.e., aC(x) = bC{x). 

The function ij/, defined by \l/(axa~^) = aC(x), is thus a one-to-one 
correspondence between the set of distinct conjugates of x: and the 
left cosets of C{x). | 

We return to symmetric groups, and we ask when two permutations 
are conjugate in S„. 

Lemma 3.9 If a and f are in then aj5a“ ^ is the permutation that has 
the same cycle structure as f and that is obtained by applying (x to the 
symbols in jS. 

Example If - (13)(247) and a = (256)(143), then = 

(al a3)(a2 a4 a7) = (41)(537). 

Proof Let P = y^y 2 * (••• /y •••)•• y, be a factorization of p 
into disjoint cycles. In order to prove that two permutations are 
equal, we must show that they have the same effect on each symbol. 
We have pictured so that = J. Suppose a(0 = kandaO) = m. 
The instructions in the lemma say that we should send k into m. On 
the other hand, apa~^ sends A: ^ y m, so that both permuta¬ 
tions have the same effect on k. Since k = a(/) is a typical integer 
between 1 and n (a is onto), the two permutations are equal. | 
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Theorem 3.10 a and P in S„ are conjugate in S„ if and only if they 
have the same cycle structure. 

Proof Our lemma shows that conjugate permutations have the same 
cycle structure. 

Conversely, let a and p have the same cycle structure. Define 
y e follows: Place a over p so that the cycles of the same length 
correspond; let 7 : topbottom. By the lemma, = j5, so that 

a and P are conjugate. | 


For example, if 

a = (231)(45)(6) 

and 

P = (462)(31)(5), 

then = P, where 

/I 2 3 4 5 6\ (1 2 4 3 6 5) 

If 1 < k ^ n, then there are (1/A:)[n(n — 1) • • • (n — A: + 1)] distinct 
A:-cycles in S„. This formula may be used to compute the number of 
permutations a in S„ of a given cycle structure if one is careful about 
the case when several factors of a have the same length. For example, the 
number of permutations in of the form (ab){cd) is 


11^ 4 X 3 

'2V 2 


2 X 1\ 

■ 2 )’ 


the factor 1/2 occurring in order that we not count {ab){cd) = {cd){ab) 
twice. 

Let us now examine S 4 , in some detail, using the accompanying table. 


Cycle Structure 


Number 

Order 

Parity 

(1) 

1 


1 

Even 

(12) 

6 - 

(4 X 3)/2 

2 

Odd 

(123) 

8 = 

(4 X 3 X 2)/3 

3 

Even 

(1234) 

6 = 

4!/4 

4 

Odd 

(12)(34) 

3 = 

1/4x3 2 X 1\ 

2( 2 "" 2 ) 

2 

Even 


24 = 4! 
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Thus, the 12 elements of A 4 ^ are eight 3-cycles, three products of 
disjoint transpositions, and the identity. These elements are: (123), (132), 
(234), (243), (341), (314), (412), (421), (14)(23), (12)(34), (13)(24), and the 
identity ( 1 ). 

We now show that the converse of Lagrange’s theorem is false. 


Theorem 3.11 A 4 is a group of order 12 having no subgroup of 
order 6. 

Proof If//is such a subgroup, then [. 44 ://] = 2, so that//is a nor¬ 
mal subgroup. Thus, if a e //, // contains all conjugates of a by even 
permutations. 

Since 8 of the 12 elements of A 4 are 3-cycles, H must contain a 
3-cycle a. How many conjugates does a have in HI By Theorem 
3.10, a has 8 conjugates in S 4 , so that the centralizer of a in S 4 has 
index 8 and order 24/8 = 3. There are thus only 3 permutations in 
S 4 . (a fortiori, in the smaller A 4 ) that commute with a; these must be 
a, a" ^ and ( 1 ). Since these all lie in A 4, the centralizer of a in A 4 has 
order 3 and hence has index 12/3 = 4. Therefore, a has 4 conjugates 
in A 4 , and all lie in //, since H is normal. 

Now //must contain an element P of order 2, for if it contained a 
fifth 3-cycle, it would also contain its 4 conjugates, and there would be 
more than 6 elements in H. Since P is even, p — (ab){cd). We have 
discovered 6 elements in H: 4 3-cycles, p, and (1), and this is our 
quota. But we can exhibit another element in HI Since H <i A 4, 
yPy ^ 6 //, where y = (acb); but yPy~^ — {ca){bd) # p. This con¬ 
tradiction completes the proof. | 

It is now easy to give an example showing that strict inequality may 
hold in Exercise 2.11 when neither subgroup is normal. Let S and T be 
cyclic subgroups of A 4 of orders 2 and 3, respectively. Then |5||T| = 6 , 
but jiS n V T\ = jS v T\ = 12, since A 4 has no subgroup of 
order 6 . 


EXERCISES 

**3.25. Prove that A 4 is the only subgroup of 5*4 having order 12 . 
**3.26. Let G be a finite group with subgroup H of index 2. If jc e // 
has m conjugates in G, then x has either m or mfl conjugates in H. 
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3.27. (Carmichael) Let G be the subgroup of generated by the 
following eight elements: 

{ac){bdy, (egXfhy 
{mo){npy 

{ac){eg){iky (ab){cd){mo)\ 

{ef){gh){mn){opy {ij){kl). 

Prove that G' is generated by the first four elements listed above, 
and that |G'| = 16. Moreover, 

a == iik){jl){mo){np) e G\ 

but a is not a commutator. 


THE SIMPLICITY OF An 

Definition A group G is simple if G {1} and it contains no proper 
normal subgroups. 

EXERCISES 

3.28. If < G, prove that GjH is simple if and only if /T is a maximal 
normal subgroup of G (see Exercise 2.61). 

3.29. Prove that an abelian group is simple if and only if it is finite and of 
prime order. 

3.30. (Schur) Let/: G be a nontrivial homomorphism, i.e.,/does 
not send every element into L If G is simple, then /is one-to-one. 

3.31. Prove that no group of order 12 is simple. Conclude that A 4 . is not 
simple. 

Our immediate goal is to provide the reader with some examples of 
simple groups. The classification of all finite simple groups is still an 
unsolved problem, but there are many simple groups known other than 
the ones we shall exhibit. 

We shall prove that A„ is simple when n > 4. Now the subset of A 4 

V = {(1), (12)(34), (13)(24), (14)(23)} 

is easily seen to be a subgroup of A 4 , (which is called the Klein 4-group). 
Since V contains all the permutations in S 4 . of a given cycle structure, V is 
a normal subgroup of ^ 4 , a fortiori, V < A^. Therefore, A^ is not simple. 
Let us now examine and A^, 
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Cycle Structure 

■^5 

Number 

Order 

Parity 

(I) 

1 

1 

Even 

(12) 

10 = (5 X 4)/2 

2 

Odd 

(123) 

20 = (5 X 4 X 3)/3 

3 

Even 

(1234) 

30 = (5 X 4 X 3 X 2)/4 

4 

Odd 

(12345) 

24 = 5!/5 

5 

Even 

(12)(34) 

1/5x4 3 X 2\ 

^^ = 21 2 ^ 2 ) 

2 

Even 


5x4x3 2x1 



(123)(45) 

3 " 2 

6 

Odd 


120 = 5! 




As 



Cycle Structure 

Number 

Order 

Parity 

(1) 

1 

1 

Even 

(123) 

20 

3 

Even 

(12345) 

24 

5 

Even 

(12)(34) 

15 

2 

Even 


60 




Lemma 3.12 is simple. 

Proof 

(i) All 3~cycles are conjugate in A^. (We know this is true in 
but now we are only allowed to conjugate by even permuta¬ 
tions.) 

In 5*5 a 3-cycle a has 20 conjugates (for our table shows that there 
are 20 3-cycles). Hence, Cs(a) has index 20 and order 6 . We can 
exhibit those 6 elements that commute with a: if, for example, a = 
(1 2 3), then the elements of Q(a) are (1), (123), (132), (45), (123)(45), 
(132)(45). Now only the first three of these are even, so that C^(a) has 
order 3 and hence index 20 in ^4 5 . Therefore, a has 20 conjugates in 
. 45 , so that all 3-cycles are conjugate in ^ 45 . 

(ii) All products of disjoint transpositions are conjugate in A 

If, for example, a = (12)(34), then our table shows that a has 15 
conjugates in 55 . By Exercise 3.26, a has either 15 or 15/2 conjugates 
in A^, and the latter is clearly impossible. 
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(iii) There are two conjugacy classes of 5-cycles in A each of which 
has 12 elements. 

In 5*5, a = (12345) has 24 conjugates, so that Q(a) has 5 
elements, and these must be the powers of a. Therefore, |C^(a)| = 5, 
and so the number of conjugates in ^5 is 60/5 = 12 . 

We have now surveyed all the conjugacy classes occurring in A 
If H is a normal subgroup of A^ ^ {!}, then JT is a union of con¬ 
jugacy classes of ^ 5 . The order of H is thus a sum of certain of the 
numbers 1, 20, 15, 12, 12. Since H contains (1), it is easily checked 
that one never gets a proper divisor of 60. Therefore, \H\ = 60 and 
= ^ 5 ; it follows that ^5 is simple. | 

Lemma 3.13 Let H <] where n > 5. If H contains a 3-cycle, 
then H — A^. 

Proof We shall first show that (123) and (/ j k) are conjugate in A^ 
(and thus that all 3-cycles are conjugate in Af). If these cycles are not 
disjoint, at most 5 symbols are moved by them. Let T* c be the 
alternating group on these symbols (if the cycles move less than 5 
symbols, just supplement them to get 5 symbols). As in part (i) of the 
proof of Lemma 3.12, (123) and (/ j k) are conjugate in ; a fortiori, 
they are conjugate in A^. If the cycles are disjoint, then we have just 
seen that (123) is conjugate to (/ 2 3) and (/ 2 3) is conjugate to (/ jk); 
therefore, (123) is conjugate to (/ j k). 

Since H is normal in An, it must contain all 3-cycles once it 
contains one of them. But An is generated by the 3-cycles; therefore. 
An. I 

Theorem 3.14 An is simple for n > 5. 

Proof Let {1} be a normal subgroup of An, where n > 5. 
If P e H and p ^ ( 1 ), there is a symbol i moved by P: P{i) = j ^ i. 
If a is any 3-cycle that fixes i and moves j, then a and P do not 
commute: p(x(i) = P(i) = j and oip(i) = a(j) ^ j. Therefore the 
commutator ( 1 ); moreover, {aPa~^)p~^ lies in the 

normal subgroup H and is a product of two 3-cycles oc(Pol~^P~^). 
Thus, (x(P(x'~^p~^) moves at most 6 symbols. 

If 0 L(p(x~^p^^) moves at most 5 symbols, then 

oc(poc~^p~^) E H n A*, where A* is the subgroup of An fixing all 
symbols j ^ /i,* *, /‘s- Since ^5 ^ ^5 is a simple group and 
{1} ^ N n A* <1 A*, it follows that H n A* = A*, i.e., A* a H. 
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Therefore H contains a 3-cycle, so that H = by Lemma 3.13, 
and An is simple. 

To force a(j?a- V" to move at most 5 symbols, let us choose a 
more carefully. So far, a is any 3-cycle that fixes i and movesy, where 
^(/) = y # /. Assume j?(y) = k ^ i. Define a — {j k /), where 
/ # /. Then — {j I k) and 

a(i5a-^r') = (Jkimpipk) 

= Ukl)(k**l 

a permutation moving at most 5 symbols. Finally, assume )8(y) = /. 

By Theorem 3.3, P — (i y)y, where (iy) and y are disjoint permuta¬ 
tions. Moreover, y ^ (1), since p is an even permutation, so there is 
a symbol k # ij with P{k) = y{k) = I ^ k. Note that / ^ / since 
(/ y) and y are disjoint. If we define oc = (j I k), then a fixes / and 

aiPoi-^p-^) = iJklXPjpipk) 

= (jkl)(i*l), 

a permutation moving at most 5 symbols. | 

EXERCISES 

*3.32. If n 7 ^ 4, A„ is the only proper normal subgroup of S„. 

*3.33. Consider the chain of subgroups: 

=> :d V => W ^ {(1)}, 

where W = <(12)(34)>. We have already seen that V (the 
4-group) is normal in A^, Show that W is normal in K, but that 
W is not normal in A 4 ., Conclude that normality need not be 
transitive. 

**3.34. A group G is called centerless if Z(G) = {!}. Prove that S„ is 
centerless for n > 3 and that A„ is centerless for n > 4. 

3.35. Give an example of a group G with more than one element such 
that G = G' (G' is the commutator subgroup of G). 

3.36. The following is an example of an infinite simple group. Let X 
be the set of positive integers and let S be the group of all 
permutations of X; let Fbe the subgroup of S consisting of all a 
that move only finitely many elements of X. 

The subgroup of F generated by all 3-cycles, denoted A^, is 
the infinite alternating group. Prove that A^ is an infinite simple 
group. (Hint: Use the proof of Theorem 3.14.) 
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SOME REPRESENTATION THEOREMS 

A very useful technique in studying a group is to represent it in terms 
of something familiar and concrete. If, for example, the elements of a 
group happen to be permutations or matrices, we may be able to obtain 
results by using this extra information. In this section, we give some 
elementary theorems on representations, i.e., on homomorphisms into 
familiar groups. 

The following theorem shows that the study of groups of permuta¬ 
tions is no less general than the study of arbitrary groups. 

Theorem 3.15 (Cayley) Every group G is isomorphic to a sub- 
group of Sq. In particular, every finite group of order n is isomorphic 
to a subgroup of S„, 

Proof For each a e G, define T^: G ^ G by Tfx) = ax (T^ is left 
translation by a). In Exercise 1.5, we saw that is a one-to-one 
correspondence, so that e Sq, The function x sending a into 
is thus a function from G to Sq. 

We claim that x is one-to-one and a homomorphism. If a b 
are elements of G, then Tfl) = a b = Tj(l), so that ^ Tf, and 
T(a) ^ T(b) ; therefore, x is one-to-one. Finally, consider T(ab) = Ta, 
and x(a)T(Z?) = In order to show that these permutations are 

the same, we must show that they assign the same value to each 
X e G. But T^b(x) = (ab)x, and T^Tfx) = Tfbx) = a(bx), and these 
are the same by associativity. | 

EXERCISES 

3.37. Prove that contains an isomorphic copy of every finite group. 

3.38. If G is a finite group, each in the above proof is a regular 
permutation. (Hint: The orbits of are the right cosets of <a> 
in G.) For this reason, the homomorphism x is called the (left) 

regular representation of G. 

3.39. Why doesn’t the proof of Cayley’s theorem show that every 
cancellation semigroup can be imbedded in a group? 

**3.40. Prove that every finite group can be imbedded in a group that can 
be generated by two elements. 

3.41. Let G be a group of order T'k, where k is odd. If G contains an 
element of order 2"*, then the set of all elements in G having odd 
order is a (normal) subgroup of G. (Hint : Consider G as permu¬ 
tations via Cayley’s theorem and show that it contains an odd 
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permutation.) Conclude that a finite nonabelian simple group 
of even order must have order divisible by 4. 

Corollary 3.16 Let G be a finite group of order n and let F be a 
field. Then G can be imbedded in GL{n, F), the multiplicative group of 
all nonsingular n x n matrices with entries in F.^ 

Proof By Cayley’s theorem, there is an imbedding of G into S„. By 
Exercise 3.15, there is an isomorphism S„ ^ the multiplicative 
group of all « X « permutation matrices. Since the entries of a 
permutation matrix are only 0 and 1, and since it is only the multipli¬ 
cative properties of 0 and 1 that are needed in establishing the 
isomorphism of Exercise 3.15, we may regard 0 and 1 as lying in the 
field F. I 

Theorem 3.17 Let B be a subgroup of index n in a group G. There is 
a homomorphism p : G S„ whose kernel is contained in B. Indeed, 
kernel p = (^jcgG xBx~^. 

Proof Let X = {g^B, • * •, g^B) be the family of all left cosets of B 
in G. If a e G, define a function p^'. X Xhy gfi -► agfi, for all i. 

It is easy to check that each p^ is a permutation and that 
p : G ^ Sx = S„ defined by a is a homomorphism. 

If a G ker p, then p^ is the identity permutation, i.e., agfi = g^B 
for all i. Thus there are elements b ^, b\ in B with agfii = gfi'i for all i. 
Therefore, 

a = gib'ibr ‘ e gtBgi'’■ for all i, 

and so 

a 6 n diBgf^- 

i 

Since every subgroup xBx~^ = gfig^^ for some /, it follows that 
kernel p c fjjceG xBx~^. The reverse inclusion is easy to prove and 
is left to the reader. | 

It follows immediately that f]xeG xBx~^ is a normal subgroup of G, 
but this also follows easily from the definitions. 

Corollary 3.18 If an infinite group G contains a proper subgroup 
B of finite index, then G contains a proper normal subgroup of finite 
index. 

^ GL abbreviates “general linear”. There is also a “special linear” group that we shall 
discuss in Chapter 8. 
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Proof Let B have index n. By Theorem 3.17, there is a homomor¬ 
phism p: G ^ S„ whose kernel K is contained in B. Therefore, 

K <i G, and since G/K is isomorphic to a subgroup of the finite group 
S„, K has finite index in G. | 

Corollary 3.19 A simple group G containing a proper subgroup B 
of index n can be imbedded in 

Proof By Theorem 3.17, there is a homomorphism p:G ^ S„ whose 
kernel K is contained in B. Since G is simple, K = {1} or K = G; 
since ^ is proper, K B ^ G, Therefore, A' = {1} and p is one-to- 
one. I 

Corollary 3.19 provides a substantial improvement over Cayley’s 
theorem, at least for simple groups. For example, if G ^ then 
Cayley’s theorem asserts that G can be imbedded in *^60- On the other hand, 
G contains a subgroup B of order 12 (isomorphic to A^ and hence of 
index 5; therefore. Corollary 3.19 asserts that G can be imbedded in ^ 5 . 


EXERCISES 

3.42. (Poincare) If H and K are subgroups of G having finite index, 
then H r\ K has finite index in G. 

3.43. Let G be a finite group containing a subgroup ^ with [G:/f] = p, 
where p is the smallest prime divisor of | G |. Prove that H is normal 
in G. 

3.44. Let ^ be a proper subgroup of G. Prove there is a group K and 
distinct homomorphisms f, g\ G ^ K with f\H = g\H. (Hint: 
Let X be the family of all left cosets of 7/ in G together with an 
additional element denoted 00, and let K = Sx- Define/: G Sx 
as follows: If ^ e G, then /(oo) = 00 and fiaH) = taH. Define 
g\ G ^ Sx^y 9 = P ^f where p: Sx ^ 5’x is conjugation by the 
transposition that interchanges H and 00.) 

3.45. A homomorphism h: A -► G is onto if and only if for every group 
K and every pair of homomorphisms f g : G ^ K, f ° h ^ g o h 
implies f = g. 


COUNTING ORBITS 

Let G be a group of permutations acting on a set Z, i.e., G is a sub¬ 
group of Sx> Two elements x and y inX are G-equivalent in case there is 
some t e G with t{x) — y. 
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Definition The G-equivalence classes of X are called the orbits of G. 

If G = <a>, where a is a permutation, then this notion of equivalence 
and orbit is precisely our earlier one. If G is not cyclic, we have a general¬ 
ization of our previous definition, which allows us to translate several 
earlier definitions into the language of orbits. By the Cayley theorem, 
any subgroup 5 of G is a group of permutations on G: If .y g 5, .s acts on G 
by left translation. The orbits of S are just the right cosets of S in G, as the 
reader should verify. 

A second example is provided by a group G acting as a group of 
permutations on itself via conjugations. In this case, the orbits are just 
the conjugacy classes of G. 

Definition Let G be a group of permutations on a set X and let x e X, 
The stabilizer of x, is the subgroup of G 

{t e G: t fixes x}. 

Theorem 3,20 Let G be a group of permutations on a finite set X and 
let X e X. Then the size of the orbit of x is [G:/fJ. 

Proof Let • • •, t^H^^ be the distinct left cosets of in G. If 
t G tiH^, then t = tfi for some he and t{x) = tfh{x)) = tfx)', 
if i ^ y, then tfx) ^ t/x) lest tf^tj fix x and tf^tj e H^. The size 
of the orbit of x is thus r = \G:Hf\. | 

Corollary 3.21 If G is a group of permutations on a finite set X, 
then the size of every orbit of G divides |G|. 

Corollary 3.22 Assume G is finite and a: G is a homomor¬ 
phism, Then the size of every orbit of a(G) {considered as permutations 
on n letters) divides |G|. 


Theorem 3.23 Let X be a finite set and let G be a group of per¬ 
mutations on X. If N is the number of orbits of G, then 





where F{t) is the number of x in X that are fixed by t. 


Proof In the sum ^(0? each x e Xis counted \Hx\ times. If x 
and y lie in the same orbit, then Theorem 3.20 implies that = 
\Hy\, for [G:Hf\ = [Gr/fJ. Therefore, the \G:Hf\ elements consti¬ 
tuting the orbit of x are, in the above sum, collectively counted 
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[G\H^ = |G| times. Each orbit thus contributes IGI to the sum, 

sothatZ.eG^(0 = I 


EXERCISES 


3.46. 


3.47. 


3.48. 


3.49. 


Let G be a group of permutations on a set X and let x.ysX. If 
t{x) = y for some t g G, then and Hy are isomorphic. 

Use Theorem 3.23 to prove Lagrange’s theorem. 

In the case of G acting on itself by conjugation, prove that the 
stabilizer of x g G is Cq(x), the centralizer of jc. 

If G is a finite group and c is the number of conjugacy classes in G, 
then 


c 


|G1 




It is clear that we get more information about a permutation group G 
if we know it lies in a small S„ rather than in a larger one. One indication 
that the imbedding of G in S„ is best (i.e., that n is as small as possible) is 
that G is “dense” in in the sense of the following definition. 


Definition A permutation group G on X is transitive in case, for each 
X and y e X, there is a / g G with r(x) = y, 

(One also speaks of degrees of transitivity, which indicate that a 
group is even more densely imbedded in a symmetric group.) 


EXERCISES 

3.50. Let G be finite and let « < 1G|. G is isomorphic to a transitive 
subgroup of S„ if and only if G contains a subgroup H of index 
n such that neither H nor any proper subgroup of H is normal in 
G. (Hint: For sufficiency, use Theorem 3.17; for necessity, take 
for H the stabilizer of any symbol.) 

*3.51. If G is a transitive subgroup of then n divides |G|. 

We may now give a swift proof of Exercise 3.24, at least when G is 
finite. If G has only 2 conjugacy classes, then every two nonidentity 
elements of G are conjugate. Thus, G acts transitively (via conjugation) 
on G — {1}. Hence, Exercise 3.51 says |G| — 1 divides |G|, so that 
|G| = 2. 

Definition Let G be a group of permutations on a set X. G is doubly 
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transitive if, for every two ordered pairs and y 2 of distinct 

elements in X, there is an element t e G with t{xi) = y^ and t(x 2 ) = y 2 - 

EXERCISES 

3.52. If G is a doubly transitive subgroup of S„, then |G| is divisible by 
n(n - 1). 

3.53. Let V be the plane, i.e., a real vector space of dimension 2. Show 
that GL(2, R) is transitive on F — {0}. Let X be the semicircle 
consisting of all vectors a = where 0 < 0 < ;r. Show that 
GL(2, R) is doubly transitive on X. 

Theorem 3.23 was used by G. Polya to solve some interesting combi¬ 
natorial problems in chemistry; we illustrate his technique here. Given q 
distinct colors, how many striped neckties are there having n stripes (of 
equal width)? Clearly, the two neckties below are the same. 


qi 

qi 



qn 


qn 



qi 

qi 


If, then, X is the set of all ordered sets of n colored boxes, then the cyclic 
group G = operates on X, where t is the permutation 



and a necktie is just an orbit of G. In order to apply Theorem 3.33, we 
need only compute /’(I) and F{t). There are elements in X and each is 
fixed by the identity; hence F(l) = q^. To compute F{t)^ we first observe 
that, since t has order 2, Exercise 3.14 says that / is a product of disjoint 
transpositions. In fact, / is a product of k disjoint transpositions, where 
A: = [(« + l)/2], the greatest integer in (« + l)/2. If n = 2k, then 
t = (1 «)(2 n - 1 ) - ■ • {k A: + 1),- if n = 2 k + \, then t = 
(1 «)(2 n — V) ••• {k k + 2). An ordered set of« = 2A: colored boxes 
is thus fixed by t if and only if = q„, q^ = q„-i, ■ ■ ■, q„ = q^^ i; there 
is a similar statement '\f n = 2k 1. We conclude that 

F{t) = 

The number of neckties is thus 
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EXERCISES 

3.54. If there are q colors available, prove that there are 

+ ^[(n^ + i)/2]) 

distinct n x n colored tablecloths. (Hint : The group is a cyclic 
group of order 4 consisting of rotations of 0°, 90°, 180°, and 270°. 
The generator of the group is a permutation of ordered colored 
boxes and it is a product of disjoint 4-cycles.) 

*3.55. If there are q colors available, prove that there are 



colored roulette wheels having n compartments. In this formula, 
cp is the Euler (p-function, and the summation ranges over all 
divisors d of n. (Hint: The group is a cyclic group of order n 
operating by rotating by multiples of (360/«)°. Using Exercise 
3.12 for a = (1 2 • ••«), show that there are 

i E 

" 0<k<n 

roulette wheels. The desired formula arises from this one by 
collecting terms having the same exponent.) 

We recommend the books of Burnside and Wielandt (see 
Bibliography) to the reader who wishes to study these ideas further. 
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Finite Direct Products 


DIRECT PRODUCTS 

Definition If H and K are groups, the (external) direct product of H and 
K, denoted H x K/\s the set of all ordered pairs (/?, A:), where h e H and 
k E Ky with the binary operation 

{hy k)(h\ k') = (hh'y kky 

It is easy to check that /f x is a group containing isomorphic 
copies of H and AT, namely, H x {1} and {\} x K. 


EXERCISES 


4.1. The operation of direct product is commutative and associative: 
for any groups H, K, and L, 


H X K ^ K X H 

and 

(H X K) X L ^ H X (K X L). 

Conclude that the notations x • ■ • x and 11^=1 Hi are 
unambiguous. 

4.2. H X {l}and{l} x are normal subgroups of// x A"; these two 
subgroups generate H x K, their intersection is {(1, 1)}, and the 
elements (A, 1) and (1, k) commute. 
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4.3. Let /x: G X G G be the binary operation of a group G. If 
G X G is regarded as a group (the direct product), prove that fi is 
a homomorphism if and only if G is abelian. 

4.4. Let G = H X K and let TV be a normal subgroup of ^ x {1}. 
Then is a normal subgroup of G. 

4.5. Prove that Z(Y[T=i = nr=i Conclude that a direct 

product of groups is abelian if and only if each factor is abelian. 

*4.6. Let G be an abelian group and let /://-► G and g : K G be 
homomorphisms. Prove that there exists a unique homomorphism 
F: H X K G that extends both/and i.e., F(hy 1) = f{h) and 
F{\, k) = g{k). Show that this may be false if G is not abelian. 

Notation If « is a positive integer, then cr(«) will denote the cyclic group 
of order n. 

Such a notation is legitimate, for we have already proven in Exercise 
2.28 that any two cyclic groups of order n are isomorphic. 

EXERCISES 

**4.7. If (w,«) = 1, then a{mri} ^ (j{m) x G{n). 

4.8. If p is prime, prove that G{p^) ^ G{p) x (j{p). 

We now adopt another point of view. It is easy to multiply two 
polynomials together; it is harder to factor a given polynomial. We have 
just seen how to “multiply” two groups together; can we “factor” a given 
group? 

Theorem 4.1 Let G be a group with normal subgroups H and K\ if 
H nK ^ {\} and HK = G, then G ^ H x K. 

Proof Let a e G. Since HK = G, a = hk for some he H and 
k G K, and we claim that h and k are uniquely determined by a. If 
a = /ii/ci, then hk = h^k^ and h^^h^ — kk^^. This element is 
simultaneously in //and K, i.e., inH n K = {!}; hence, h — hi and 
k = ky. 

Define f:G^Hx K hy f{g) = (^, kf where a = hk. Is / a 
homomorphism? Ifa = /zA:anda' — hk\Xhtnaa' = te/r'A:',which 
is not in the proper form for evaluating/. Were it true that= h'k^ 
however, then we would be done. Indeed, we prove that for any 
he H and k e K, hk = kh. Consider the commutator h~^k~^hk. 
Now {h~^k~^h)k e K, since K is normal, and h'^{k~^hk) g H, since 



SECTION 


DIRECT PRODUCTS 


51 


H is normal. Therefore, this commutator is in // n A" = {1}, and so 
hk = kh. We let the reader prove that / is a one-to-one correspon¬ 
dence. I 

We pause to give an example that shows that all the hypotheses in 
Theorem 4.1 are necessary. Let G — H = A^, and K = <(12)>. It is 
easy to check that H n K = {1} and HK = G. Note that H is normal, 
but that K is not. Were = H x K, then = <t(3) x cr(2) which is 
abelian, a contradiction. 

Theorem 4.2 Let G = H x K, and let H^ <] H and K, <1 K. Then 
H^ X <\ G and 

GliH, X K,) ^ (H/H,) X (K/K,). 

Proof Let n : H HfH^ and p : K ^ be the natural maps. 

Define F: G -> {HjHf^ x {KIK^) by F{h, k) = {nh, pk). The kernel 
of F is Hi X ATj and the image of F is {HjHi) x {KjKi). | 

Corollary 4.3 ]fG = H x AT, then G/(// x {!}) ^ K. 

The elements of an external direct product are ordered pairs, a rather 
restrictive condition. We say that a group G is the (internal) direct product 
of H and K \^ H and K are normal subgroups of G with H n K — {1} and 
HK = G. The emphasis here is that the factors themselves, not merely 
isomorphic copies of them, lie in G. (If G = H x K is an external direct 
product, then it is also the internal direct product of H x {1} and {1} x AT, 
but it is not the internal direct product of H and AT.) The two versions of 
direct product, of course, yield isomorphic groups. In the future, we shall 
not distinguish between external and internal, and we shall use “direct 
product” without an adjective. In almost all cases, however, our point of 
view is internal. For example, we shall write Corollary 4.3 as 
(H X K)/H ^ K. 

It is possible that G — HxK=Hx L (internal direct products) 
with K ^ L (of course, K ^ L, by Corollary 4.3). For example, let 
G = <a> X <6>, where a^ = I — b^. Then it is easy to see that G has 
a second decomposition: G = {a} x {ab}. Now <^> ^ <a6>; in fact, 
<Z>> n {aby = {1}. Therefore, the only uniqueness one has any right to 
expect of the factors in a direct product decomposition is up to isomor¬ 
phism. We remark that there may be decompositions of a group in which 
the factors are not determined up to isomorphism, and, to end on a more 
optimistic note, there are some decompositions in which the factors are 
unique. 
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EXERCISES 

*4.9. Denote by 0 the trivial homomorphism that sends every element 
into the identity. Prove that G ^ H x K and only if there 
exist homomorphisms 

i p 

H G:^ K 

q j 

with qi = Ih (the identity function on H), pj =1/,:, pi = 0, 
qj = 0, and 

Kq{^))jipi^)) — ^ hDr all X e G. 

4.10. Let G be a group with normal subgroups H and K, Prove that 
G = H X K (internal direct product) if and only if each a e G 
has a unique expression a = hk, where he H and k e K, 

**4.11. If G is a group with normal subgroups - then 

G = nr=i (internal) if and only if G = <|Jr=i ^i) for 
= {!}. 

4.12. LetA^ <\ G = H X K. Prove that either is abelian or inter¬ 
sects one of the factors H or K nontrivially. 

4.13. Give an example of an abelian group H x K that contains a 
nontrivial subgroup N such that N r\ H — {1} and N n K = 
{!}. Conclude that iiN a H x K, then N ^ {N n H) x {N r\ K) 
is possible. 


THE BASIS THEOREM 

For the next three sections, we shall deal exclusively with abelian 
groups. As is the usual custom, we now shift from multiplicative notation 
to additive notation. The following dictionary should prove useful. 


ab . 

. a + b 

1. 

.0 

a-‘ . 

. —a 

<f . 


ab-^ . 

. a - b 

HK . 

. H + K 

aH . 

. a + H 

direct product . 

.direct sum 

H X K . 

. H® K 

m 

m 

!!«■ 

i= 1 

.E 

i= 1 
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If G = H X K, H i^ called a direct factor of G; in additive notation, 
His a direct summand of G. 

Two remarks that hold for abelian groups greatly simplify our study: 

1. If a, b e G and n e Z, then n{a + 6) = na + nb. 

2. If Z is a nonempty subset of G, then <Z> is the set of all (finite) linear 

combinations of elements of X with coefficients in Z (Exercise 2.1). 

Definition Let /? be a prime. A group G is /^primary (or is a /i-^group) in 
case every element in G has order a power of p. 

If one is working wholly in the context of abelian groups, he uses the 
term p-primary; otherwise, the usage of p~group is preferred. 

Theorem 4.4 (Primary Decomposition) Every finite abelian group 
G is a direct sum of p-primary groups. 

Proof For any prime p, let Gp be the set of all elements in G whose 
order is a power of p. Now 0 e G^, and since G is abelian, Gp is a 
subgroup of G. We claim that G = 2^ G^, where the indices range 
over all primes p dividing |G|; we use the criterion of Exercise 4.11. 

(i) Let X G G, X ^ 0, and let the order of x be «. By the funda¬ 
mental theorem of arithmetic, n = p\fi ^2 ' * * where the Pi are 
distinct primes and the exponents > 1. Set = nlp\\ and 
observe that («!, Wa? * * ’ > «fc) = 1 (for what prime could be a 
common divisor of the nft).^ Therefore, there exist integers 
such that Y = 1; hence, Y ('^i^i-^) = a'. Note that 
pVimpiiX) == minx = 0, so that w^w.-x g Gp.. We conclude that 
the collection of Gp generates G. 

(ii) Suppose x e G^ n Gf). On the one hand, p^x = 0 for 

some e; on the other hand, x = X where q^^x^ = 0 for 
exponents e^. If we set t = Yl then tx = 0. Clearly, 
(p^, t) = 1, so that there are integers a and b with ap^ bt =^\. 
Therefore, x = ap^x + btx = 0. | 

Definition The subgroups Gp of G are called the primary components 
ofG. 

^ A common divisor of a set of integers {«!,•••, rik) is a nonzero integer c that divides 
each ni\ the greatest common divisor (gcd), denoted (/ii, • • •, w*), is a positive common 
divisor that is divisible by every common divisor. It may be shown, in a manner analogous 
to the special case of a set of two integers, that the gcd exists and is a linear combination 
of /ii, • • •, Wfc (see Appendix V). 
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We plan to show that every finite abelian group is a direct sum of 
cyclic groups. Theorem 4.4 allows us to consider, without loss of generality, 
the special case of finite /^-primary abelian groups. 


EXERCISE 

**4.14. Let G be a /^-primary abelian group and let , * • •, be nonzero 
elements of G for which 

= <>^l> ©•••© <Jr>- 

(a) If Zj, • • •, are elements of G with pzi = yi, for all /, then 

<Zl,--*,Z,> = <Zi> ©•••© <z,>. 

(b) If , • • •, /:, are integers with kiy^ ^ 0, then 

‘ © • • • © ik,y,y. 

Definition Let G be an abelian group and m a positive integer. 

mG = {mx\ X g G). 


Lemma 4.5 An abelian group G with pG = {0} is a vector space over 
Zp, and it is a direct sum of cyclic groups of order p when G is finite. 

Proof Let k denote the congruence class of the integer k in Zp. 
Define a scalar multiplication on G by 

kx = kx, where x e G. 

This operation is well defined, for if /r = A:' mod(/?), then k — k' — 
mp for some integer w, so that 


hence, 


{k — k')x — mpx = 0; 


kx = k'x. 


It is easily checked that G is a vector space over Z^, and as such has a 
basis {xj, X 2 , • * *, xj when G is finite. We let the reader prove, 
using Exercise 4.11, that G is the direct sum of the (x,). | 


Theorem 4.6 (Basis Theorem) Every finite abelian group G is a 
direct sum of primary cyclic groups. 

Proof By Theorem 4.4, we may assume that G is /7-primary. We 
perform an induction on m, where m is an integer such that p'^G = 
{0}. If m = 1, the theorem is just Lemma 4.5. 



SECTION 


THE BASIS THEOREM 


55 


Suppose that — {0}, If // == pG, then p^H = {0}, so 

that induction gives 

H=^pG = ^ 

Since yi e pG, there are elements 2 ,- e G with pZi = If L is the sub¬ 
group of G generated by the then Exercise 4.14(a) shows that 

We interrupt the proof to understand the next step. Suppose 
the theorem were true, so that G = S where each Q is cyclic. 
In considering pG, we are neglecting all Q of order p (if any), for 
they were destroyed by multiplication by p. Now the construction of 
L has recaptured the Q of order bigger than p, but nothing has yet 
been done to revive those Cj. of order exactly p. Let us resume the 
proof. 

We claim that L is a direct summand of G, and so we produce a 
subgroup Af of G such that L ® M = G, 

If G[p] = {xe G: px = 0}, thenp(G[p]) = {0}, so that G[p] 
is a vector space over Z^, by Lemma 4.5. If is the order of yi, then 
k^Zi has order /?, and so 

kiZi 6 GIp]. 

By Exercise 4.14(b), the set of kiZ^ is an independent subset of the 
vector space G[/7]. Therefore, we can extend this set to a basis of 
G[p], i.e, there are elements , X 2 , * • •, x^} such that 

{the kiZi, xj, X 2 , * • •, xj 

is a basis of G[p]. Let M = (xj, X 2 , • * •, x^). Observe that, as in 
the proof of Lemma 4.5, 

(Of course, M is comprised of the resurrected summands of order p,) 
We now show that G — L ® M, which will complete the proof. 

(i) L n M = (0). If X e L n M, then x = Y. = S 

Now px = 0 (since x e A/), so that Y = 0? which implies 

0 = pbiZi = biyi, for all /. 

Hence, bi = b^k^ for some integers b\, by Exercise 2.16. There¬ 
fore, 

so that independence implies each term is 0; thus, x = 0. 
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(ii) G == L + M. Let x e G. Now 

px = T. Ctyt = £ pCiZt, 

SO that 

- x; CfZj) = 0, 

and 

X - E CiZi 6 G[p]. 

Therefore, 

^ E = Z + E 

i.e., 

•^ = E (^i + bik,)Zi + X! e L + M. I 

Corollary 4.7 Every finite abelian group G can be decomposed into 
a direct sum of cyclic groups 

G = <T(mi) © < 7 (^ 2 ) © • * • © 


where m^ | ^ for all i = 1, * * •, ^ — 1. 

Proof G has a primary decomposition 

G = Gpi © • * * © Gp^, 

where Pi,''', Pt are distinct primes. By the basis theorem, we may 
assume each primary component is a direct sum of cyclic groups. 
For each /, let (T(pf^) be a cyclic summand in the given decomposition 
of Gp. having largest order. Note that if (t(p{^) is any other cyclic 
summand in the decomposition,/^ < so that p{^ | Since direct 
sum is commutative and associative, we have 

G ^ H® (a(pl^) © • • • © (7(pf0), 

where H is the direct sum of the remaining cyclic summands. By 
Exercise 4.7, 

G = // © a(m), 

where m = Yl pV- Repeating this process on //, we may write H = 

Hi © (T(mi). Moreover, mj | m because we chose primary sum¬ 
mands of largest order. Clearly this process ends in a finite number 
of steps. I 

Call a decomposition of G as in Corollary 4.7 a canonical decomposi¬ 
tion. 
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EXERCISES 

4.15. Let G be a finite abelian group of order n. If m divides n, show 
that G contains a subgroup of order m. (Compare with Theorem 
3.11.) 

*4.16. A finite p-primary abelian group is generated by its elements of 
largest order. 

*4.17. Let F be a finite field and let G be the multiplicative group 
consisting of its nonzero elements. Prove that G is cyclic. 
(Hint : Suppose G is not cyclic; use Theorem 4.6 and the theorem 
stating that a polynomial of degree k over F has at most k roots 
in F,) Generalize to any finite multiplicative subgroup of the 
group of nonzero elements of a field. 

**4.18. If G = i:?=i H,, then mG = 

4.19. If G - ZUi Hi, then G[p] = Z?=i {Hip-]), 

4.20. Let G be a finite p-primary abelian group and let x e G have 
order maximal among the elements of G. Prove that <jc> is a 
direct summand of G. 

**4.21. Let G = (T{m^) @ * * • @ (j{m^ be a canonical decomposition. 
Show that |G| — Jl ^hd that is the least postive integer n 
for which nG — {0}. (The least n > 0 with nG = {0} is called 
the exponent of G; this terminology is also used for nonabelian 
groups.) 

*4.22. Let be a finite abelian group with pH = {0} for some prime p 
{H is called an elementary abelian group). Prove that any two 
decompositions of H into a direct sum of cyclic groups have the 
same number of summands. Denote this number d{H). (The 
astute reader will note that d{H) is the dimension of //considered 
as a vector space over Z^.) 

**4.23. Let G be a direct sum of b copies of cyclic groups of order p^. 
\in < k, then ^(p"G//7"^^G) = b. 

**4.24. If H and K are elementary p-primary abelian groups, then 
d{H @ K) = d(H) + d(K), 


THE FUNDAMENTAL THEOREM OF FINITE ABELIAN GROUPS 

We now have quite a bit of information about finite abelian groups, 
but we still have not answered the basic question: If G and H are finite 
abelian groups, when are they isomorphic? Since both G and H are direct 
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sums of cyclic groups, your first guess is that G ^ H ii they have the same 
number of summands of each kind. There are two things wrong with this 
guess. First of all, since, e.g., a{6) ^ a(3) © (t( 2), we had better require 
that G and H have the same number of primary summands of each kind. 
Our second objection is much more serious. How can we count summands 
at all? To do so would require a unique factorization theorem analogous 
to the fundamental theorem of arithmetic, where the analog of a prime 
number is a primary cyclic group. Such an analog does exist; it is called 
the fundamental theorem of finite abelian groups, and it is this theorem 
we now discuss. 

We have already seen, in Exercise 4.22, that the number of cyclic 
summands occurring in a decomposition of an elementary abelian group 
depends only on G and not on the particular decomposition; this number 
is denoted d{G). For any nonnegative integer n and any finite p-primary 
abelian group G, the quotient group p^'GIp^^^G is elementary, so that 
dip^'GIp'^^^G) is defined. 

Lemma 4.8 Let G = Y. Ci be a decomposition of a finite p-primary 
abelian group into a direct sum of cyclic groups. Then ^G) 

is the number of cyclic summands Ci having order > 

Proof Let denote the direct sum of all those in the decomposi¬ 

tion having order exactly p^, and let bj, be the number of Ci in 
(of course, bf^ may be zero). Thus 

Q =. Bi @ * * * © 

By Exercise 4.18, 

p”G = p”B„^^ © © * • * © 

and 

By Theorem 4.2, 

p-GIp-'^^G ^ p''B„^, © (p'‘B„^2lp''^^B„^2) © • • • © p'^B.Ipf^^B,. 

Hence ci(p”Glp"^^G) = b„+i + b „+2 + "' + b„ by Exercises 4.23 
and 4.24. | 

Definition If G is a finite p-primary abelian group, then 

[/(«, G) = d(p''Glp^^^G) - d{p-^^GIp”^^G). 

For each n, the integer U{n, G) depends only on G and not on any 
particular choice of decomposition of G into a direct sum of cyclic groups. 
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Theorem 4.9 Let G be a finite p-primary abelian group. Any two 
decompositions of G into a direct sum of cyclic groups have the same 
number of summands of each order. In fact, the number of cyclic sum¬ 
mands of order ^ is U («, G). 

Proof Choose a decomposition of G. It follows from Lemma 4.8 
that U(n,G) is the number of cyclic summands of order exactly 
The first statement now follows, because U(n, G) does not depend on 
the choice of decomposition. | 

Corollary 4.10 Let G and H be finite p-primary abelian groups. 
Then G ^ H if and only if U{n, G) = U{n, H) for all « > 0. 

Proof It is easy to check that an isomorphism between G and H 
induces isomorphisms p^^Gjp^'^^G = p^Hjp'^^^H for all n. Hence 
U(n, G) = U(n, H) for all n. 

Conversely, G ^ H because they have direct sum decomposi¬ 
tions into cyclic groups of the same type, by Theorem 4.9. | 

We have only to delete the adjective “/^-primary” in Theorems 4.9 
and 4.10 to finish our discussion. The hard work has already been done, 
and the following three theorems (whose proofs may be supplied by the 
reader) complete the picture. 

Lemma 4.11 Let G and H be finite abelian groups, and let f: G H 

be a homomorphism. For each p, 

KG,) cz H,. 

Theorem 4.12 Let G and H be finite abelian groups; G ^ H if and 
only if Gp ^ Up for all primes p. 

Theorem 4.13 (Fundamental Theorem of Finite Abelian Groups) 

Let G be a finite abelian group. Any two decompositions of G into 
direct sums of primary cyclic groups have the same number of sum¬ 
mands of each order. 

Corollary 4.14 Let G be a finite abelian group. If 
G = G{m^) @ • • • © a{m^ 

and 

G = C7(«i) © • * • © (T(«,) 

are canonical decompositions, then s t and mi = ni for all i. 
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Proof By Exercise 4.21, for both equal the exponent of G, 

The proof is completed by induction on msix{s, /}, for the comple¬ 
mentary summands are isomorphic, by the fundamental theorem. | 


EXERCISES 

4.25. Let G and H be finite /7-primary abelian groups. Then, for all 
n > 0, 

U(n, G © - U(n, G) -h U(n, H). 

4.26. Let G and H be finite abelian groups, li G @ G H @ H, prove 
that G ^ H. 

4.27. Suppose A, B, and C are finite abelian groups. If A @ B ^ 
A ® C, then B ^ C. 

4.28. How many nonisomorphic abelian groups are there of order 360? 
*4.29. Let be a subgroup of a finite abelian group G. Prove that G 

contains a subgroup isomorphic to GjH, 

4.30. Let G and H be finite abelian groups such that, for each k, both 
G and H have the same number of elements of order k. Then 
G ^ H, 


MODULES AND MATRICES 

We digress from our study of groups to apply Theorems 4.6 and 4.13 
to linear algebra; we shall prove the existence and uniqueness of the 
rational canonical form of a square matrix over an arbitrary field F. At 
this stage, this project is one of translation, so that we need only introduce 
a new vocabulary. Our exposition is complete, but since we are assuming 
that the reader is comfortable with linear algebra, our pace is not leisurely. 

Definition Let R be a commutative ring with unit. An ideal / in is a 
nonempty subset of R such that 

(i) a, b e I imply a — b el. 

(ii) ae I and r e R imply that ra e /. 

An important example of an ideal is the set of all multiples of a 
fixed r^e Rhy elements of R\ this ideal is denoted (ro) and is called the 

principal ideal generated by Tq. Thus, 

(ro) = {x E R: X = rrQ for some r e R}. 
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DejBmtion A principal ideal domain is a domain in which every ideal is a 
principal ideal (a domain is a commutative ring with unit that has no 
divisors of zero). 

Example 1 In Z, condition (ii) follows from (i); since every subgroup of 
Z is cyclic, every ideal in Z is principal. 

Example 2 If F is any field, then the only ideals in F are {0} and F itself; 
since {0} = (0) and F = (1), Fis a principal ideal domain. 

Example 3 Let F be a field and let F[.t] be the ring of polynomials in x 
with coefficients in F. The reader may prove that any nonzero ideal I in 
F[x] consists precisely of all the multiples (by polynomials) of the monic 
polynomial (i.e., leading coefficient is 1) of least degree which is in L 

Many properties of the ring of integers can be generalized to any 
principal ideal domain R, An element w e F is a unit if there is an element 
V G R with uv — In Z, the only units are +1; in F, every nonzero 
element is a unit; in F[x], the nonzero constants are the units. A nonzero 
element p e R is irreducible if p is not a unit, and in every factorization 
p — ah m R, either a or is a unit. In Z, the irreducibles are the primes 
(positive and negative); in F, there are no irreducibles; in F[jc], the 
irreducibles are the irreducible polynomials. 

A common divisor of , • • •, g F is an element c e R that divides 
each ai (i.e., cbi = ai for some biG R); a, greatest common divisor, gcd, of 
«!, • • •, is a common divisor that is divisible by every common divisor. 
The following two theorems are proved in Appendix V. 

Theorem A Every finite set of elements a^^ ^ a^ in a principal ideal 

domain R has a gcd; moreover, a gcd is a linear combination of 
, * • •, with coefficients in F. 

Theorem B If d and d' are gcd^s of a^, a„ in a principal ideal 
domain F, then d and d' are associates, that is, d' = ud for some unit 
ue R. 


Because of Theorem B, we may choose gcd’s in Z to be positive and 
gcd’s in F[x] to be monic polynomials. 

The fundamental theorem of arithmetic may be generalized to princi¬ 
pal ideal domains (a proof is in Appendix V): 
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Theorem F If R is a principal ideal domain, then 

(i) every nonzero ae R that is not a unit is a product of irreducible 
elements; 

(ii) this factorization is unique in the following sense: if Px’ ’’ Pm = 

9 ^here the p and q are irreducibles, then there is a 
one-to-one correspondence between the factors {m — n) with 
corresponding factors associate. 

We shall need a generalization of Z^, the integers modulo p. 

Theorem 4.15 (Construction of a Quotient Ring) Let R be a com¬ 
mutative ring with unit and let I be an ideal in R. There exists a ring S 
and a ring homomorphism n of R onto S whose kernel is /. 

Proof Under addition, R is an abelian group and / is a subgroup. 
Therefore, Rjl is an additive abelian group, and the natural map 
n : R ^ R/I is a group homomorphism of R onto R/I whose kernel 
is If 

In order that S = Rjl be a ring, we define 
(r + I){r' + /) = rr' + 1 . 

This is a well-defined multiplication, for if r + / = 5 + / and 
r' + I — s' I, then rr' — ss' = r{r' — s') + (r — e I; 
hence, rr' ~\- I = ss' I. The reader should verify that R//is a ring 
under the given operations. Finally, since 7 t{r) = r 4- /, tt is a ring 
homomorphism. | 

Definition The ring just constructed is denoted R/I and is called the 
quotient ring of R modulo I. 

EXERCISES 

4.31. If R = Z and / = (m), then the ring R/I is isomorphic to the ring 

z.. 

4.32. The first isomorphism theorem (Theorem 2.12) holds for commuta¬ 
tive rings: If/: R -> 5" in a ring homomorphism with kernel / then 
/is an ideal and R/I ^ image/ 

**4.33. The correspondence theorem (Theorem 2.16) holds for commuta¬ 
tive rings, if one replaces “normal subgroup” by “ideal”. 


The zero element in Rjl is thus 7 = 0 +/. 
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*♦4.34. If is a commutative ring with unit, then i? is a field if and only if 
R contains no proper ideals. 

Definition An ideal I in R is prime in case I ^ R and rr' e I implies 
either r or r' lies in L 


EXERCISE 

**4.35. If is a principal ideal domain, then the nonzero prime ideals 
are the ideals (/?), where p is irreducible. 

Theorem 4.16 Let R be a commutative ring with unit. An ideal I in R 
is a prime ideal if and only if Rjl is a domain. 

Proof If / is a prime ideal, we must show that Rjl contains no zero- 
divisors. Suppose (r H- /)(r' + /) = 0, i.e., rr' I = 1. Then 
rr' e I; since / is a prime ideal, one of these factors, say r, lies in /. 
Hence, r -h / = 0. 

Suppose Rjl is a domain. If rr' 6 /, then (r + /)(r' + /) = 0 
in Rjl, so that one of the factors is 0, i.e., either r or r' lies in /. Thus 
/ is a prime ideal. | 

Definition Let be a commutative ring with unit. An ideal / in R is a 
maximal ideal in case I ^ R and there is no larger proper ideal of R that 
contains I. 

Theorem 4.17 Let Rbe a commutative ring with unit. An ideal I in R 
is a maximal ideal if and only if Rjl is a field. 

Proof If / is a maximal ideal, then the correspondence theorem for 
rings (Exercise 4.33) implies that Rfl has no proper ideals. By 
Exercise 4.34, Rjl is a field. To prove the converse, just reverse this 
argument. | 

Corollary 4.18 Every maximal ideal in R is a prime ideal. 

In general, the converse of this corollary is false. For example, if 
R = Z[x], one may verify that (x) is a prime ideal that is contained in the 
proper ideal consisting of all polynomials in Z\x] having even constant 
term. However, the converse of the corollary is true when R is a principal 
ideal domain. 
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Theorem 4.19 If R is a principal ideal domain, every nonzero prime 
ideal I is a maximal ideal. 

Proof Let J be an ideal with I J. Since jR is a principal ideal 

domain, there are elements a and 6 in with / = {a) and J = {b). 
Now ae J = {b), so there is an r e 7? with a = rb. Since / is a prime 
ideal, either r e I or b s L Were b in /, then J cz I, di contradiction. 
Therefore, r e /, so that r — sa for some s e R. Hence, a = rb == 
sab, and 1 = sb. The ideal (b) thus contains 1, and so (b) = R. We 
conclude that / is a maximal ideal. | 


Corollary 4.20 If R is a principal ideal domain and p e Ris irreduc¬ 
ible, then Rj{p) is a field. 

Proof ip) is a prime ideal, by Exercise 4.35, which is maximal, by 
Theorem 4.19. | 


Definition An abelian group V is an /^-module in case a “scalar multi¬ 
plication” is defined, i.e., there is a function R x V ^ V (whose values 
we write in multiplicative notation) that satisfies: 


(i) 

(ii) 

(iii) 

(iv) 


(rs)oi = r(i'a); 

{r + .y)a = ra -h sot ’, 
r(a + jS) = ra + rf; 
la = a 


for every a, f e V and r,s,\ e R. 


Thus, an /^-module is just like a vector space except that the scalars 
are allowed to be in a ring R instead of a field. 


Example 4 If /? = Z, an /^-module is an abelian group, for axioms (i) 
to (iv) are always true for scalars in Z. 

Example 5 Jf R = F, an /^-module is a vector space over F, 

Example 6 Let K be a vector space over F, and let 7*: F -> F be a linear 
transformation. We make F into an /^[x]-module, denoted F^, by 
defining 

(^0 + cii^ + + • • • + a„A:”)a 

= ^oa + ^ZjTa + afF^^ + * * H- ^?„7”a 

(7" is the composite of 7 with itself n times). The reader should check 
that we have defined a scalar multiplication. 


Just as a principal ideal domain /? is a generalization of Z, so are 
/^-modules generalizations of abelian groups. Almost any theorem that 
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can be proved for abelian groups has a true analog for /^-modules; 
moreover, the proofs of the theorems for /^-modules are exact translations 
of the proofs for abelian groups. Here is the dictionary from the language 
of groups to that of modules. 

A submodule of an /^-module F is a subgroup W of V that is closed 
under scalar multiplication : if oc e W and r e R, then m e W, 

Let PFbe a submodule of V. Remember that modules are just abelian 
groups with added structure. If we forget the added structure for a 
moment, then IV is a subgroup of the abelian group F, and so V/W is an 
abelian group. Define the quotient module V/W to be the abelian group 
F/ W with scalar multiplication 

r (v V W) = rv + W. 


EXERCISES 

4,36. R itself is an R-module. Prove that the submodules of R are its 
ideals. 

**4.37, Let F be a vector space over F, let T: F ^ F be a linear trans¬ 
formation, and let F^ be the ^[xj-module of Example 6. Prove 
that W cz F is a submodule if and only if IF is a subspace of F 
with T(W) Cl W. (IFis called an invariant subspace.) 

4.38. If F is an R-module and a e F, then 

<a> = {ra: r e R} 

is a submodule of F. 

4.39. The intersection of any family of submodules of F is again a 
submodule of F. 

4.40. If is a subset of an R-module F, then there is a smallest 
submodule WofV containing X, which we denote <A">. Further, 
if X is nonempty, 

{Xy = (Xi riE R and Xi e X}. 

An R-module F is finitely generated in case it contains a finite number 
of elements , a 2 , * * •, such that every element in Fis a linear combi¬ 
nation of these a with coefficients in R. In particular, an R-module F is 
cyclic if it can be generated by one of its elements. 

If F and IF are R-modules, their direct sum F © IF is the usual direct 
sum made into an R-module by r{v, w) = (rv, rw). There is also an 
internal version: If Fis an R-module with submodules IF^ and IF 2 , then F 
is the (internal) direct sum if n W 2 = {0} and IFi -h IF 2 = F. 
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EXERCISES 

4.41. If V is an R-module with submodules • • •, W„, then V = 
2 (internal) if and only if K = + * * • + W„ and, for all j\ 

Wj = { 0 }- 

**4.42. An abelian group G is finite if and only if G is finitely generated 
and every element in G has finite order. 

Exercise 4.42 tells us how to translate “finite abelian group” once we 
can translate “order” of an element. Before doing this, we note that 
Exercise 4.42 is false if we do not assume that the group G is abelian. 
Burnside proved that if a finitely generated group G comprised of elements 
of finite order can be imbedded in GL(n, C), where C is the complex 
numbers, then G is finite. In 1964, Golod and Safarevic exhibited an 
infinite finitely generated /?-group; in 1970, Adjan and Novikov, together, 
and Britton, independently, exhibited an infinite finitely generated group of 
finite exponent (so this latter group has a uniform bound on the orders of 
its elements). 

Let a G V, where V is an R-module. The order ideal of a = 
{r e R: ra = 0}. It is quickly verified that the order ideal is an ideal of R. 
Because is a principal ideal domain, this order ideal consists of all the 
multiples of a fixed element in i?. In Z, we choose this fixed element to be 
positive (and we get the usual definition of order); in F\_x^, we choose this 
fixed element to be the monic polynomial of smallest degree in the ideal. 
Thus, if a G its order ideal is generated by the monic polynomial 
m(x) of least degree for which m(T)oL = 0. 

We say that a e Fhas finite order if its order ideal is nonzero. Finally, 
an i?-module is p-primary if the order ideal of each element is generated by 
some power of an irreducible element p. 

Theorem 4.21 LetJi he a principal ideal domain and let V be a finitely 
generated R-module in which every element has finite order. Then 

V = <ai> © - • @ <a,>. 

Moreover., the cyclic summands may be chosen to satisfy either of the 
following conditions. If the order ideal of oci is (r,), 

(i) each r^ is a power of an irreducible element in R; 
or 

(ii) Tj I for / = 1, • • •, •” 1. 
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Proof Our proofs of the corresponding group theorems were written 
so that translation into module language is mechanical. Thus, the 
cyclic decomposition as in (i) is Theorems 4.4, 4.5, and 4.6, while the 
cyclic decomposition as in (ii) is Corollary 4.7. | 

Call a decomposition of an /^-module V as in Theorem 4.21 (ii) a 
canonical decomposition of V. 

Theorem 4.22 Let V be a finite dimensional vector space over F and 
let T: V V be a linear transformation. Then 

K = ITi © • • • © 

where each = <af> is a cyclic invariant subspace. Moreover, the 
cyclic invariant spaces may be chosen to satisfy either of the following 
conditions. If the order ideal of cti is (fix)), 

(i) each fi(x) is a power of an irreducible polynomial: 
or 

(ii) fiix) I fi^iix) for / = 1, • • •, .y - 1. 

Proof Recall that we may regard V as an T’[x]-module V^. Since V 
is finite dimensional, it has a basis {fix > *' * ? Pn\y so that each vector 
y e V may be written 

y = CiSF. 

It follows that {i?!, • * *, generates as an F[x]-module, for now 
we are allowed to use as coefficients any polynomial over F, not 
merely constant ones (of course, we may not now need all the Pi to 
generate V^). Further, every y g Fis annihilated by some polynomial 
(this follows, for example, from the Cayley-Hamilton theorem); 
therefore, every y has finite order. 

We have verified that the hypotheses of Theorem 4.21 hold, so 
may be decomposed as a direct sum of cyclic submodules. Since 
a submodule of is just an invariant subspace (Exercise 4.37), the 
theorem is true. | 


EXERCISES 

**4.43. A subspace IF of F^ is a cyclic invariant subspace if and only if 
there is a vector ol e W such that {a, 7a, T^a, • • •, is a 

basis of W for some A: > 1. 
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4.44. If W has a basis of the form 

{a, T(x, rV---, 

then adjoining T^a to this set makes it dependent, and there is an 
equation 

k-l 

T’‘0L = 

/ = 0 

Prove that the order ideal of a is generated by the polynomial 
^ — b^. 

We remind the reader of the correspondence between linear transfor¬ 
mations on V and matrices. Let Lbe /w-dimensional and let {si, £2 > * * ’ ^ ^m) 
be an ordered basis of V, If T: V ^ V, then, for each /, 7e,. is a linear 
combination of the Sj: 

Tfif = E djiBj. 

The matrix of T relative to the original basis of the aj is A = (ciji)- There¬ 
fore, the coordinates of Ts^ form the first column of A, the coordinates of 
7a2 form the second column of A, and so forth. 

Definition Let c{x) = — • • • — ^o- The companion 

matrix of c(x) is the A: x A: matrix 

"0 0 0 ••• 0 

1 0 0 ••• 0 

0 1 0 ••• 0 

0 0 1 ••• 0 

666 ••• i 

EXERCISES 

**4.45. Let T: V V and let IP be a cyclic invariant subspace of V. 

If {a, 7a, T^oc , • • •, ^a} is a basis of the matrix of T on IP 

is the ^ X A: companion matrix of c(x), where c(x) generates the 
order ideal of a. 

4.46. Let A be the companion matrix of c(x). Prove that the charac¬ 
teristic polynomial of A is c(x). 
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Definition Let Ahtdik x k matrix and let i? be an m x m matrix. The 
direct sum of A and B is the (A: + m) x (A: + m) matrix 

[o ^]- 

The analogous definition for the direct sum of a finite number of 
matrices may be supplied by the reader. Note that the direct sum of A and 
B is similar to the direct sum of B and A, 

Theorem 4.23 Every n x n matrix A over a field F is similar to a 
direct sum of companion matrices , • • •, C^; iffi(x) is the character¬ 
istic polynomial of Ci, we may assume either 

(i) each fix) is a power of an irreducible polynomial; 
or 

(ii) fiix) I /i+i(x), / = 1,- * *, ^ ” L 

Proof Let V be an ^-dimensional vector space over F\ choose some 
ordered basis of V. The matrix A now defines a linear transformation 
T: F -> F, for its columns tell us how to transform the chosen basis 
of F. Given this T, we make F into an F[x]-module F^. Now Fis a 
direct sum of cyclic invariant subspaces by Theorem 4.22. If 
is a generator of then Exercise 4.43 says that a new basis of F is 

{ai, Tbci, r^ai, ■ • • ; a2, 

The matrix B o^ T with respect to this new basis is a direct sum of 
companion matrices, by Exercise 4.45. Finally, A and B are similar, 
for they represent the same linear transformation relative to different 
bases of F. | 

A matrix B that is a direct sum of companion matrices as in Theorem 
4.23(ii) is called a rational canonical form; the polynomials of the com¬ 
panion matrices are called the elementary divisors of B. More generally, 
if a matrix A is similar to a rational canonical form B, then the elementary 
divisors of A are defined to be the elementary divisors of B. (The question 
whether A can be similar to different rational canonical forms will be 
answered shortly.) 

Recall that the minimum polynomial of an « x n matrix A is the monic 
polynomial m{x) of least degree for which m{A) = 0. 
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EXERCISES 

4.47. Let A have elementary divisors/i(x), • • * ,fs(xX where/;(x) | 

i — 1, •••,*? — 1. Prove that the characteristic polynomial of A is 
IT fi(x) that the minimum polynomial of A is fXx). (Compar¬ 
ison with Exercise 4.21 shows that the characteristic polynomial is 
thus analogous to the order of a group whereas the minimum 
polynomial is analogous to the exponent.) 

4.48. If is a companion matrix, its minimum polynomial is its charac¬ 
teristic polynomial. 

In Chapter 8, we shall study certain groups whose elements are non¬ 
singular matrices. Since the order of an element is the same as the order 
of any of its conjugates, we can compute the order of a matrix by com¬ 
puting the order of its canonical form. Unfortunately, it is difficult to 
compute powers of companion matrices. If the field F is a large one, 
however, there is another canonical form whose powers are easily cal¬ 
culated. 

Definition A k x k Jordan block is a, k x k matrix of the form 

~a 0 0 0 0~ 

1 0 ••• 0 0 

0 1 ••• 0 0 

0 0 1 ••• 0 0 . 

• • a 0 

_0 0 0 ••• I a_ 

(A 1 X 1 Jordan block is a 1 x 1 matrix (a).) 

EXERCISES 

**4.49. Prove that for every positive integer k, 

\b 01"^ _\h^ 0“ 

[1 b\ ~ [kb^~^ b\ * 

**4.50. Prove that for every positive integer k, 


a 

0 

01‘ 


0 

1 

a 

0 = 


a* 

0 

1 

a\ ys{k)a!' ^ 

ka^-^ 


where = k{k — l)/2. 
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**4.51. Let TiW ^ W and let {a, 7a, •, r^"^a} be a basis of W, 

so that the matrix of T is the companion matrix of some poly¬ 
nomial f{x). Suppose f{x) = (x — af. If 

fio ^oi,p,=(T- aE)oir • •, = (r - aEf-^a, 

prove that {Po, Pir ‘, Pk-i) is a basis of W (E is the identity 
transformation). 

Theorem 4.24 Let A be an n x n matrix over F, where F is a field 
that contains all the characteristic roots of A. Then A is similar to a 
direct sum of Jordan blocks. 

Proof After looking at the primary decomposition in Theorem 
4.23(i), we see that it suffices to prove that a companion matrix C 
whose characteristic polynomial f(x) is a power of an irreducible 
polynomial is similar to a Jordan block. 

Our hypothesis on F tells us that f{x) = {x — of for some 
a e F. Now C determines a transformation T: W where W '\s 2 i 
vector space with a basis of the form {a, Ta, • • •, Let us 

compute the matrix of T relative to the basis {Pq, P^, • • •, of W 
that we examined in Exercise 4.51. 

If7 + \ <K 

Tp^ = T{T - aEfoi 
= (r - aEfToi 

= (r ~ aE)\{T - aE) + aE^ 

= (T - aEy^^a -h (T - aEyaoi 

= Pj+i + ^Pj’ 

Ify + 1 = then (T - aEf'^^ = (T - aEf = 0, by the Cayley- 
Hamilton theorem. Therefore, TP^-^ = aP^-^. 

The matrix of T is thus a Jordan block J, and so C and J are 
similar. | 

A direct sum of Jordan blocks is called a Jordan canonical form. Thus 
Theorem 4.24 says that if F contains enough elements, a square matrix is 
similar to a Jordan canonical form. For example, if F is the complex 
numbers (or any algebraically closed field), then every square matrix is 
similar to a Jordan canonical form. 

The uniqueness of the various canonical forms will follow from a 
translation of the fundamental theorem of finite abelian groups. 
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Definition If V and W are i?-modules, a function /: F -> IF is an 
/^-homomorphism in case 

f(v + rO =/(t^) +/(t^0 
and 

f{rv) = r/Cr) 

for 2 A\ v,v' e V and all r e R, An /^-homomorphism /: F -> IF is an 
/^-isomorphism if it is a one-one correspondence; in this case, we say F and 
IF are /^-isomorphic and write F ^ IF. 

Example 7 If /? = Z, then F and IF are merely abelian groups. Every 
homomorphism/; V ^ IF is a Z-homomorphism, for/(w?;) = mf{v) for 
every integer m. 

Example 8 If /? is a field, F and IF are vector spaces and /^-homomor- 
phisms are linear transformations. 

Example 9 If R = F[x], then an /^-homomorphism/: F ^ IF has the 
property that 

f(il/(x)v) = il/(x)f(v) 
for every polynomial il/(x) e F[x]. 


EXERCISES 

4.52. Prove the first isomorphism theorem for modules (quotient 
modules have been defined earlier). (Hint: Since modules are 
groups, the reader need only check that the group isomorphism 
in Theorem 2.12 is, in fact, an /^-isomorphism.) 

4.53. Every cyclic /^-module F is isomorphic to R/I, where / is the order 
ideal of a generator of F. Conclude that two cyclic modules are 
isomorphic if and only if they have generators with the same order 
ideal. 

4.54. Let R be a»principal ideal domain and let a,beR be relatively 
prime (gcd = 1). Then 

R/(a) © R/ib) ^ R/(ab). 

In words, a direct sum of cyclic modules of relatively prime orders 
is cyclic. 

Theorem 4.25 (Fundamental Theorem for Modules) Let R be a 

principal ideal domain and let V be a finitely generated R-module in 
which every element has finite order. 
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(i) Any two decompositions of V into direct sums of primary cyclic 
modules have the same number of summands of each order. 

(ii) Any two canonical decompositions of V have the same number of 
cyclic summands of each order. 

Proof Translation of Theorem 4.13 and Corollary 4.14. | 

In order to apply this fundamental theorem to matrices, we continue 
our examination of F[x]-modules. 

Lemma 4.26 Let V and W be vector spaces over F and let T: V V 
and S: W W be linear transforniations. A function f: 
is an F\x^-homomorphism if and only if: 

(i) / is a linear transformation of the vector spaces V and W\ 

(ii) f{T{v)) = S{f{v)) for all v e V. 

Proof If / is an /’[jcj-homomorphism, then f(il/(x)v) = il/(x)f(v) 
for dX\v e V and all polynomials \l/{x) e /’[x]. In particular, if ij/^x) 
is a constant polynomial, then we see that/is a linear transformation; 
if \l/(x) = X, then f(xv) = xf(v). But the definition of scalar multi¬ 
plication in is XV = T(v) and the definition of scalar multiplica¬ 
tion in is xf(v) = S(f{v)). 

For the converse, we are told that 

fmx)v) = H^)f(v) 

for all the polynomials ^(x) = constant and for the polynomial 
\l/{x) = X. It follows easily that the equation holds for all poly¬ 
nomials \l/(x). I 

Theorem 4.27 If A and B are n x n matrices over a field F, then A 
is similar to B if and only if the corresponding F\x^-modules they 
determine are F[pc\-isomorphic. 

Proof Let K be a vector space over F with basis {a^, • • •, a„} and 
let T and S be the linear transformations on V defined by A and B, 
respectively. We let denote V made into an F[x]-module by 

xoL = Tol and we let denote V made into an F[x]-module by 

xa = *Sa. 

If A is similar to there is a nonsingular matrix P with 
PAP~^ = B, and P defines a linear transformation f:V ^ V. We 
claim that/is even an F[x]-isomorphism between and V^. By 
Lemma 4.26, it suffices to prove that f(T{v)) = S{f{v)) for all veV, 
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i.e.,/r = Sf. In terms ofmatrices, this is the given equation = BP, 

Suppose, conversely, that/: is an P[x]-isoniorphism. 

By Lemma 4.26, Sf = /P, or, since/is an isomorphism, S — fTf~^, 
If P is the matrix corresponding to the linear transformation/; F F, 
then B = i.e., A and B are similar. | 

Theorem 4.28 Twon x n matrices A and B over a field Fare similar 
if and only if they have the same elementary divisors. An n x n 
matrix is similar to exactly one rational canonical form. 

Proof Only necessity needs proof By the preceding theorem, A and 
B are similar if and only if the modules they determine are P[;c]- 
isomorphic. It follows from part (ii) of the fundamental theorem 
for modules. Theorem 4.25, that the order ideals of cyclic summands 
in canonical decompositions are the same. But the monic generators 
/(x) of these ideals are by definition the elementary divisors. 

If A is similar to two rational canonical forms B^ and B 2 , then 
Pi and P 2 are similar, hence have the same elementary divisors, 
hence are comprised of the same companion matrices. Therefore, 
B, = B,. I 

Theorem 4.29 Let an n x n matrix A be fimilar to B^ and P 2 , each 
a direct sum of companion matrices whose polynomials are powers of 
irreducibles. Then B^ and P 2 are the same except for a permutation of 
the companion matrices. 

For example, we may have 



where Cj, C 2 are companion matrices. 

Proof Exactly as the proof of Theorem 4.28 except that we use part 
(i) of the fundamental theorem for modules instead of part (ii). | 


EXERCISES 


4.55. Prove that a Jordan canonical form associated with an « x n 
matrix A is unique within a permutation of its Jordan blocks. 


4.56. If b and F are nonzero elements of a field P, then 


a b' 
0 c 


a b' 
0 c 


and 


are similar. 
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4,57. Let A and Bhtnxn matrices with entries in a field F. Supposing 
that Fisa subfield of a field K and that A and B are similar over 
prove that A and B are similar over F 


THE REMAK-KRULL-SCHMIDT THEOREM 

If a nonabelian group G is a direct product of normal subgroups, each 
of which cannot be factored further, is this factorization unique? The 
affirmative answer for a large class of groups (which contains all finite 
groups) is the main result of this section. Since we shall consider nonabelian 
groups, we return to the multiplicative notation. 

Definition A group G is indecomposable if G ^ {1} and if G ^ H x K, 
then either // or AT = {!}. 

EXERCISES 

4.58. Which of the following groups are indecomposable? (a) Z; (b) the 

additive group of rationals; (c) (d) o{l\)\ (e) the multiplicative 

group of positive rationals; (f) where p is prime. 

4.59. Give necessary and sufficient conditions that a finite abelian group 
be indecomposable. 

Definition A homomorphism /: G -> G is called an endomorphism of G; 
an isomorphism /: G -> G is called an automorphism of G. 

There are certain endomorphisms of G that arise quite naturally in 
the consideration of direct products, as we saw in Exercise 4.9. 

Definition Let G = x • • • x The homomorphisms Si '. G Hi 
defined by ei(hih 2 * * * hj„) = hi are called projections. 

Throughout this section, direct products are internal. Thus, each 
Hi is a normal subgroup of G and there is an inclusion map Hi -> G. 
The composite XiSi is then an endomorphism of G. 

EXERCISES 

4.60. Let El be a projection and the inclusion (as in above paragraph). 
The endomorphism Xi^i is idempotent, i.e., Xi^i o XiEi = X^i, 




76 


FINITE DIRECT PRODUCTS 


CHAPTER 4 


4.61. An endomorphism p of G is normal in case 
a~^P(x)a = p{a~^xa) 

for every a and x in G. Prove that is normal, where is a 
projection, the corresponding inclusion. 

**4.62. The composite of normal endomorphisms is a normal endo¬ 
morphism. 

**4.63. If (x: GG is a normal endomorphism and H <i G, then 
a(H) < G. 

We now introduce a new way of combining endomorphisms; un¬ 
fortunately, the new function we get is not always a homomorphism. 

Definition If a and p are endomorphisms of G, then a -h G G is 
the function defined by 

(a -f- p)(x) = cc(x)p(x) for every x e G. 


EXERCISES 

4.64. If G is abelian and a and p are endomorphisms of G, then 
a -h is also an endomorphism of G. 

4.65. Let a and p be endomorphisms of ^3 defined as follows: a is 
conjugation by (123) and p is conjugation by (132). Show that 
a + P is not an endomorphism of 5 * 3 . 

**4.66. If G = X H 2 X • • • X has projections , £2 > “ *» and 
inclusions G, th^n the sum of any k distinct 2^8; is a 

normal endomorphism of G. Moreover, 

AiSi -!-••* + A„e„ = l(j. 

We now consider a condition on a group G that will ensure that it is 
a direct product of indecomposable groups (for there do exist groups with¬ 
out this property). 

Definition A group G has the ACC (ascending chain condition) in case 
every increasing chain of normal subgroups of G stops; i.e., if 

^1 c= ^2 ^ ^ A+i ^ 

is a chain of normal subgroups of G, then there is an integer t for which 

“ ^f+i ~ ^f + 2 = * ■ ■ • 
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A group G has the DCC (descending chain condition) in case every 
decreasing chain of normal subgroups of G 

ZD B 2 ^ ^ ^ B„+i => • 

stops. 

G has both chain conditions if it has both chain conditions! 

Every finite group has both chain conditions; Z has the ACC but not 
the DCC; in Chapter 9, we shall study a group that has the DCC but 
not the ACC. 

Lemma 4.30 If G has either chain condition, then G is a direct product 
of a finite number of indecomposable groups. 

Proof Let us call a group good if it satisfies the conclusion of 
Lemma 4.30; otherwise it is bad. Clearly, an indecomposable group 
is good. If A and B are good, so is ^4 x B. Thus, if a group is bad, it 
is not indecomposable and it has a proper, bad factor. 

Suppose now that G is bad. Set G = Aq. By induction, we may 
assume there exist bad subgroups Aq, - • • , A„ such that is a direct 
factor of for i = 1, • • •, «. Since A„ is bad, it has a proper, bad 
factor A„+i. By induction, we obtain a strictly decreasing infinite 
chain of normal subgroups of G : 

G = Aq > Ai > A2 > ' ’, 

If G has the DCC, we have reached a contradiction. 

Now assume G has the ACC. Since each Ai is a direct factor of 
Ai-i, we have normal subgroups B^ with A^^i = A^ x B^. There is 
thus an increasing chain of normal subgroups 

B^ < B^ X B2 < B^ X B2 X B3 < • • • 

and we have reached a contradiction in this case, too. | 

There do exist indecomposable groups having neither chain con¬ 
dition, e.g., the additive group of rationals. 

Lemma 4.31 Let G have both chain conditions and let a be a normal 
endomorphism of G. Then a is one-to-one if and only if cc is onto. (Thus, 
either property ensures that a is an automorphism?^ 

Proof Suppose a is one-to-one and g $ ol(G). We prove, by induc¬ 
tion, that 0 L\g) $ c^'^^(G). Otherwise there would be an element 
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heG with a\g) — so that a(a""^(^)) = a(a"(/ 2 )). Since a is 

one-to-one, = a”(/i) e a”(G), which contradicts the inductive 

hypothesis. Thus, we have a strictly descending chain of subgroups 

G =3 a(G) =3 ol^{G) id • • •. 

Since a is normal, each a”(G) is a normal subgroup of G, and so the 
DCC is violated. Therefore, a is onto. 

Suppose a is onto. Let = kernel a"; each is a normal 
subgroup of G because a" is a homomorphism (the normality of a 
is here irrelevant). Thus, we have the ascending chain of normal 
subgroups: 

{ 1 } = ^0 "= ^ -^2 ^ • 

Since G satisfies the ACC, this chain stops. Let t be the smallest in¬ 
teger for which = •' •. We claim that t = 0, which will 

prove our theorem. If r > 1, there is an ;v: g A^ with x $ Af_i, i.e., 
aXx) = 1 , but ^ 1 . Since a is onto, there io an element 

geG with a{g) = x. Hence, 1 = a^(x) = oL^'^^(g), so that ge 
Af^i = At. Therefore, = l;buta^(^) = a*“^(a(^)) = 
so that a*" = 1, which is a contradiction. Thus a is one-to-one. | 

Definition An endomorphism a of G is nilpotent if there is a positive 
integer k such that = 0, where 0 denotes the trivial endomorphism that 
sends every element of G into the identity. 

Theorem 4,32 (Fitting’s Lemma) Let G have both chain conditions 
and let a he a normal endomorphism of G. Then G = K x H, where 
H and K are each invariant under a, oi\K is nilpotent, and oi\H is onto. 

Proof Let = kernel a" and = image a”. As we observed 
above, there are two chains of normal subgroups; 

G ID =3 7/2 {1} c= (= ^2 

Since G has both chain conditions, each of these chains stops: the 
after r steps and the after steps. Let t be the larger of r and 5 ', 
so that Kt = ^t+i = • and //, = i = • • • ; define H Ht 

and K = Kt. It is easy to check that H and K are each invariant 
under a. 

Suppose X e H K. Now x e H implies oc\g) = x for some 
geG, and x e K implies a\x) — 1. Therefore, (x^Xg) = ct^x) = 1, 
so that g e K 2 t = K^ Hence, a^(^) = 1 and x = 1. 
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Let g e G. Then oi\g) e = H 2 t, so there is an x e G 
with oL^Xx) = ccXg). Applying to g(xXx~^) gives 1, so that 
gaXx~^) e = K. Hence, g = [^goL\x~ ^)']ol\x) e KH, so that G = 
K X H. 

Now oc(H) = a(H,) = a(a'((?)) = (x^^\G) = = H, = 

so that (x\H is onto. Finally, let x e K; then a^(x) e K n H — {1} 
so that ct\K is nilpotent. | 

Corollary 4.33 Let G be an indecomposhble group having both 
chain conditions. Any normal endomorphism ol of G is either nilpotent 
or an automorphism. 

Proof By Theorem 4.32, G = K x H with ai\K nilpotent and cl\H 
onto. Since G is indecomposable, either G = K ov G ^ H. In the 
first case, a is nilpotent; in the second case, a is onto and hence is an 
automorphism, by Lemma 4.31. | 

Theorem 4.34 Let G be an indecomposable group having both chain 
conditions and let and cl 2 be normal, nilpotent endomorphisms of G. 
If CL ^ + CL 2 is also an endomorphism of G, then it is nilpotent. 

Proof If + a 2 is an endomorphism of G, it is immediately seen 
to be normal, so that, by Corollary 4.33, it is either nilpotent or an 
automorphism. Suppose + CL 2 is an automorphism and y its in¬ 
verse; y is easily seen to be normal. Set = a^y and X 2 = a 2 y, so 
that 1 g = + X 2 , i.e., X^{x)X 2 {x) = x for all x e G. In particular, 

2 i(x~^) 22 (x“^) = If we take the inverse of both sides, we see 
that X 2 (x)Xi(x) = X, andsoAi +^2 = ^2 + X^. Now the equation 
^ 1(^1 + ^ 2 ) = (^1 + X 2 )Xi implies that X 1 X 2 = X 2 X 1 . It follows 
that the set of all endomorphisms of G obtained from X^ and X 2 by 
sums and products forms a commutative ring with unit. Hence, the 
binomial theorem applies: for any integer m > 0, 

(Ai + = AT + ('J'j AT-‘A2 + ^ 2 ) + • • ■ + AT. 

Since and CL 2 are nilpotent, X^ and X 2 are nilpotent (they cannot be 
automorphisms since they have nontrivial kernels). Therefore, there 
are positive integers r and 5 with X\ = 0 and X^ = 0. If we take m 
large enough (m = r + s - I will do), then we obtain (X^ + X 2 T = 
0. Since X^ X 2 = have 1 g = 0, which contradicts the fact 

that, as any indecomposable group, G ^ {!}, | 
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Corollary 4.35 Let G be an indecomposable group having both 
chain conditions; let cni, - -, oi„ be a set of normal, nilpotent endo- 
morphisms such that every sum of distinct cci is an endomorphism. Then 
Oil 4 - • • • + a„ w nilpotent. 

Proof Induction on n. | 

Theorem 4.36 (Remak-Krull-Schmidt)^ Let G be a group having 
both chain conditions. If 

G = X H 2 X - ^ X H, 

and 

G = X a:2 X • • • X 

are two decompositions of G into indecomposable groups, then s = t 
and there is a reindexing so that Hi = Kifor all i. Moreover, given 
any r between 1 and s, the reindexing may be chosen so that 

G — Hi X * * * X H^ X + j X • * * X Ki. 

REMARK Our conclusion is stronger than saying that the factors 
appearing in the two factorizations are determined up to isomorphism; 
we can even replace factors in one decomposition with factors of the other. 

Proof We shall give the proof for the case r = 1, leaving the rest 
of the proof for the reader to finish by induction. Given the first de¬ 
composition, we must find a renumbering of the K so that Hi = Ki 
for all i and 

G = H X K 2 X * * * X K {. 

Let £ 1 , ^2 > ‘ the projections on the H and let , ^2 j 

be the projections on the K. Let Aj*. Hi G and gj' Kj G be in¬ 
clusion maps. Then the maps and pjrij are endomorphisms of G. 

Now Exercise 4.66 says that every partial sum of i; is a nor¬ 

mal endomorphism of G. Hence any partial sum of 

is a normal endomorphism of Hi. Corollary 4.35 implies that not 
every eipjtjj^i is nilpotent. By Corollary 4.33, one of these maps must 
be an automorphism of Hi. We renumber so that is an 

automorphism; let y be its inverse. 

^ This theorem was first given by Wedderburn, and it has since been polished and 
generalized by Remak, Krull, Schmidt, Fitting, Ore, Kuros, Azumaya, Jonsson, Atiyah, 
and others. 
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We shall now show that the map is an isomor¬ 

phism. We do know that the following composite {j/ is the identity: 

Consider the normal composite 0: : 

G^ G^ Ki. 

Using the fact that the composite ij/ : above is the identity, 

it follows easily that 6 is idempotent :0 o Q = 0. Since is indecom¬ 
posable with both chain conditions, 0 is either nilpotent or an auto¬ 
morphism, by Corollary 4.33. Thus, either 6 = 0 or 6 = 1^^. But 
0^0 because 6 occurs in the composite ij/ o ijj — ij/ = There¬ 
fore 6 is the identity and -► is an isomorphism (with 

inverse It follows that e^jUi : is an isomorphism, 

for y is an isomorphism. 

Now sends K 2 x • • x into 1, but i/jAi is an isomorphism 
on Therefore, 

n (K2 X - ’ X K,) = {!). 

If we define G* = K 2 x • • • x then 

X K 2 X - X K,, 

If a: 6 G, then x = kxk 2 ' " k^, where each kj e Kj. Since is an 
isomorphism, the map G ^ G defined by P(x) = Si(ki)k 2 * * • 
is one-to-one and has image G*. By Lemma 4.31, P must be onto 
and so G* = G. Finally, 

K 2 X - X GIH^ ^ H 2 X - X 

so that the remainder of the theorem follows by induction on 
max{^, t}. I 

EXERCISES 

4.67. Use the Remak-Krull-Schmidt theorem to prove the fundamental 
theorem of finite abelian groups. 

4.68. If ^ < G and if both K and GjK have both chain conditions, 
prove that G has both chain conditions. Conclude that if K and 
/f each have both chain conditions, so does K x H. (Hint: Use 
the Dedekind law. Exercise 2.55). 

4.69. Let G have both chain conditions; if there is a group//with 
G X G H X H, then G H, 
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**4.70. Let G have both chain conditions, G ^ A x B and G ^ 
A X C, then B ^ C. 

4.71. Let G be the additive group of Z[x]. Prove that G x Z ^ 
G X Z X Z. Conclude that the “cancellation law” is not 
always valid. 

The Remak-Krull-Schmidt theorem holds for algebraic systems other 
than groups with both chain conditions; in particular, it holds for R- 
modules having both chain conditions (where the phrase “normal sub¬ 
group” is replaced by “submodule” in the definitions of ACC and DCC). 
The proof of the Remak-Krull-Schmidt theorem given above is also a 
proof for R-modules if one further replaces “homomorphism” by “R- 
homomorphism”, and “normal endomorphism” by “R-endomorphism”. 
As an illustration of the value of this translation, we state Fitting’s lemma 
for vector spaces (i.e., R-modules, where R is a field). 

Fitting’s Lemma for Vector Spaces If V is a finite-dimensional 
vector space and T\V ^ V is a linear transformation, then V — 
^l^ere and W 2 cire invariant under T, T\Wi is non¬ 
singular, and T\ W 2 is nilpotent. 

The matrix version of Fitting’s lemma thus says: Every n x n matrix 
over a field F is similar to a matrix of the form 

\A O' 

[0 b\ ’ 

where A is nilpotent and B is nonsingular. 

The proofs of generalizations of the Remak-Krull-Schmidt theorem 
to more general situations, e.g., to groups with operators or to lattices, 
are easily accessible in the literature; cf. A. G. Kurosh, The Theory of 
Groups, Vol. II (see Bibliography). 
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The Sylow Theorems 


/^-GROUPS 

We recall the following definition from the preceding chapter. 

Definition Ifis a prime, a group G is a /i-group in case every element 
X e G has order some power of p. 

We begin with a characterization of finite /^-groups (Corollary 5.3). 

Lemma 5.1 If G is a finite abelian group whose order is divisible by a 
prime /?, then G contains an element of order /?. 

Proofs Let X e G be distinct from 1. If the order of jc is pm, then the 
reader can easily check that is an element in G of order p. 

Suppose that x has order t, where {p,t) = 1. Since G is abelian, 
<x> is a normal subgroup and Gf^^x} is an abelian group of order 
\G\lt. Since |G|// is divisible by p and is less than |G|, an induction 
on |G| provides an element y g G/<x> of order p. Hence, if y g G 
goes into y under the natural map, the order of y is a multiple of p 
(Exercise 2.29). We have returned to the first case. | 

Theorem 5.2 (Cauchy) If G is a finite group whose order is divis-- 
ible by a prime p, then G contains an element of order p, 

^ This lemma follows immediately from the basis theorem (Theorem 4.6), but we give 
an argument from first principles so that its elementary character is not disguised. 
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Proof If a: e G, the number of conjugates of x is [G: C(x)], where 
C(x) is the bentralizer of x in G, Now if x ^ Z(G), then lC(x)| < |G |, 
so that if p divides |C(x)|, we are done, by induction. Therefore, we 
may assume that p does not divide |C(x)| for all x $ Z(G) ; better, 
since |G| = [G: C(x)]|C(x)|, we may assume that p does divide 
[G: C(x)] for all x ^ Z(G) (it is here we use the fact that p is prime). 
We partition G into its conjugacy classes and count: 

(*) |0| = |Z(G)| + Z [G: C(x)], 

where the summation ranges over a complete set of nonconjugate x 
not in Z(G). Now p divides both |G| and Y. [^* so that p 

divides |Z(G)|. Since Z(G) is an abelian group, it contains an element 
of order /?, by Lemma 5.1. | 

The equation (*) is called the class equation. 

Corollary 5.3 A finite group G is a p-group if and only if |G| is a 
power of p. 

Proof Suppose there is a prime q ^ dividing |G|. By Cauchy’s 
theorem, there is an element a e G of order q, contradicting the fact 
that G is a p-group. 

The converse follows immediately from Lagrange’s theorem 
(Theorem 2.8). | 

Theorem 5.4 If G is a finite p-group with more than one element, then 
the center of G, Z(G), has more than one element. 

Proof Partitioning G into its conjugacy classes gives the class 
equation : 

|G| = |Z(G)| + /ii + 

where the hi are the sizes of the distinct conjugacy classes of non¬ 
central elements of G. Suppose a e G is not in Z(G); then C{a) is a 
proper subgroup of G, and so, by Corollary 5.3, [G: C(a)] is a power 
of p. Thus, p divides each hi and, therefore, also |Z(G)|. | 

Corollary 5.5 Any group G of order p^ (p a prime) is abelian. 

Proof Suppose G is not abelian, i.e., G # Z(G). Then Z(G) has 
order p (for this order cannot be 1). Therefore, GIZ{G) has order p 
and so is cyclic, contradicting Exercise 3.22. | 
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EXERCISES 

**5.1. Let H <i G. If both H and GjH are /7-groups, then G is a /?-group. 

**5.2. Let \G\ = /?", where p is prime. If 0 < /: < «, prove that G 
contains a normal subgroup of order p^. 

5.3. Let G be a finite /7-group and let {1} ^ < G. Prove that 

HnZ(G) ^ {1}. 

5.4. Let G be a finite /7-group and let Hhc a proper subgroup of order 

p^. Then H can be imbedded in a subgroup of order Con¬ 

clude that every maximal subgroup of G has index p. 


THE SYLOW THEOREMS 

The major results in this section are basic for understanding the 
structure of a finite group. We shall prove the existence of largest possible 
/7-subgroups of a finite group G. Now several such subgroups may exist, 
and we can count the number of them (within a congruence). On the 
other hand, these subgroups are unique in the sense that any two are 
isomorphic via a conjugation of G. 

Definition Let /? be a prime. A subgroup P of G is a / 7 -sylow^ subgroup 
of G if it is a maximal /7-subgroup of G. 

Thus, if P is a /7-sylow subgroup of G and if 0 is a / 7 -subgroup of G 
such that 0 ^ P, then Q = P. Observe that every /7-subgroup of G is 
contained in a/7-sylow subgroup of G. (If G is infinite, this statement may 
be proved using Zorn’s lemma, Appendix IV.) 

We have seen the utility of the notion of conjugate and centralizer 
of an element; we now consider the analogs of these notions for a subgroup. 

Definition Let // be a subgroup of G. A subgroup of G is a conjugate 
of H in case there is an element a e G with S = aHa~^. One often writes 

Observe that conjugate subgroups are isomorphic. 

Definition Let // be a subgroup of G. The normalizer of H in G, denoted 
Nq{H)^ is the set 

^g(^) = e G: aHa-^ = H). 

^ After L. Sylow (1832-1918), 
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When the meaning is clear from the context, we shall abbreviate 
Ng(H) by N(H). It is easy to see that NdH) is a subgroup of G containing 
H, and it is the largest such subgroup in which H is normal. 

EXERCISES 

5.5. If either H is finite or a has finite order, then a e Nq{H) if and 
only if aHa~ ^ a H. (There exist infinite groups in which aHa~ ^ 
is a proper subgroup of H.) 

5.6. If X is the set of all subgroups of G, then G is a permutation 
group on X acting as conjugations. If ^ e A", then the orbit of H 
is the set of all subgroups conjugate to H, and the stabilizer of H 
is 

5.7. The number of distinct conjugates of ^ in G is [G: N{H)\ and 
so this number divides |G| if G is finite. 

5.8. Let G be a finite group with proper subgroup H. Prove that G 
is not the set-theoretical union of all the conjugates of H, Give 
an example in which H is not normal and this union is a subgroup. 

**5.9. Every conjugate of a p-sylow subgroup of G is itself a /7-sylow 
subgroup of G. Conclude that if, for some fixed prime p, G has 
only one p-sylow subgroup P, then P is normal in G. 

5.10. Find a 2-sylow subgroup of ^ 4 . (Hint: Consider the symmetries 
of a square.) 

Lemma 5.6 Let P be a p-sylow subgroup of G. Then N{P)IP has no 
elements ^ 1 whose order is a power of p. 

Proof Suppose 3c e N{P)IP has order a power of p. If *S* is the sub¬ 
group of N{P)jP generated by x, then 5* is a /7-group. By the 
correspondence theorem (Theorem 2.16), there is a subgroup *S of G 
containing P such that SjP = S*. By Exercise 5.1, is a/7-group 
containing P, so that the maximality of P implies S = P. Therefore, 

5* = {1} and x = 1. | 

Lemma 5.7 Let Pbeap-sylow subgroup of G and letaeG have order 
a power of p. If aPa~^ = P, then a e P. 

Proof Clearly, a e N{P). \^n \N{P) ^ N{P)IP is the natural map, 
then n{a) has order a power of p (since a has). By Lemma 5.6, n{a) = 

1, i.e., a G ker tt = P. | 

We recall the following fact about orbits. 
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Lemma 5.8 Let P be a p-group and let a: F ^ S„ be a homomor¬ 
phism, The size of each orbit of a{P) is a power of p {which may be 
= 1 ). 

Proof Since P is a p-gvoup, ol{P) is a finite /?-group and so has order 
a power ofp. By Corollary 3,22, the size of each orbit divides | a(P)|. | 

We are ready to prove the main theorems of this chapter. 

Theorem 5.9 (Sylow) Let G be a finite group with p-sylow sub¬ 
group P. All p-sylow subgroups of G are conjugate to P, and the 
number of these subgroups is a divisor of\G\ that is = 1 {mod p). 

Proof The basic idea is the realization (Exercise 5.9) that conjuga¬ 
tion by any element of G sends a /7-sylow subgroup into a /?-sylow 
subgroup. 

Let X be the set of all the conjugates of P: say, 

{P,.P2, -.Pr) 

(where our notation sets P = P^). For any g G, we define oc^iX^ X 
by 

ocfPi) = aP^a-K 

Now each is one-to-one, for if aP^a^^ = aPja~^, then P. = Pj. 
Since any function on a finite set that is one-to-one must be onto, 
each eta is a permutation of X, Even more is true: The function 
ct : G ^ Sx = given by a -> is a homomorphism: 

(^a^biPi) = otfbPfi-^) = abPf-^a-^ = {ab)Pfaby^ = a«b(Pi), 
so that 

Restrict the map a to a homomorphism P Sx- By Lemma 
5.8, the size of each orbit of ct{P) is a power of p. Now what does it 
mean to say that one of these sizes is 1 ? There would be an i with 
^a{Pd = Pi for all a^, i.e, ^ = P^ for all a e P. By Lemma 5.7, for 
d\\ae P = Pi, a e P^, so that P cz p.. Since P is a /7-sylow subgroup, 
we must have P = P^. Conclusion: Each orbit has size an “honest” 
power of/7 save {PJ, which has size 1. Therefore, r = 1 (mod p). 

Suppose now that Q is a /7-sylow subgroup of G which is not a 
conjugate of P, i.e., Q is not a Pi for any z. Restrict the map a to a 
homomorphism of g ^ Sx. Again Lemma 5.8 tells us that the size 
of each orbit of a{Q) is a power of /?, and again we ask if any of these 
have size 1. The same argument as before shows that if there were 
such an orbit (PJ, then Q = P^., and this is contrary to the choice of 
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Q. But now every orbit has size an honest power of p, so that p divides 
r, i.e., r = 0 (mod p). This contradicts our previous congruence, so 
that no such Q can exist. Therefore, every / 7 -sylow subgroup of G is 
conjugate to P. 

Finally, the number of conjugates of P is the index of its normalizer, 
and so it is a divisor of |G|. | 

It follows that the converse of Exercise 5.9 is true: If a group G has a 
normal p-sylow subgroup P^ then P is the unique / 7 -sylow subgroup of G, 

Theorem 5.10 (Sylow) Let G be a finite group of order p^m, 
where (/?, m) — \. Every p-sylow subgroup P of G had order 

Proof We first prove that [G: P] is prime to p. Since [G : P~\ = 

[G: A^(P)][A^(P): P], it suffices to prove that each of these factors is 
prime to p. Now [G: N(Py] is just the number of conjugates of P, 
which we have just seen is = 1 (mod/?). Also, [A(P):P] = 
|A(P)/P|, and N{P)/P has no elements of order /?; by Cauchy’s 
theorem, 1 A^(P)/P| is prime to p. It follows that [G: P] is prime top. 

By Lagrange’s theorem, |P| = /?" for n < k, so that |G|/|P| = 
mp^-\ But |G|/|P| = [G: P] is prime to/?, so that k = n. | 

Corollary 5.11 Let G be a finite group and let p be a prime. If p'' 
divides |G|, then G contains a subgroup of order p"". 

Proof If P is a /?-sylow subgroup of G, then /?” divides |P|, by the 
preceding theorem. By Exercise 5.2, P (hence G) contains a subgroup 
of order /?”. | 

We have now seen how much of the converse of Lagrange’s theorem 
can be salvaged. If m divides |G| and m is a power of a prime, then G 
contains a subgroup of order m\ if m has two distinct prime factors, 
however, we have exhibited a group G, namely /I 4 , such that m divides 
|G| and such that G contains no subgroup of order m. 


EXERCISES 

5.11. (Frattini Argument) Let // be a subgroup of A, where A < G. 
If, for every g ^ G^ there exists k e K with gHg ^ = kHk 
then 


G = KNoiH). 
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5.12. Let <1 G, where G is finite, and let P be a /?-sylow subgroup of 
K. Then 

G = KNaiP). 

(This result is often called the Frattini argument too.) 

**5.13. Let G be a finite group with a / 7 -sylow subgroup P. Prove that 
any subgroup of G that contains Nq(P) (inclusion not necessarily 
proper) is equal to its own normalizer. 

**5.14. Let G be a finite group, and suppose that, for every prime /?, 
every p-sylow subgroup of G is normal. Prove that G is the 
direct product of its sylow subgroups. (Compare with Theorem 
4.4.) 

5.15. Let G be a finite group with normal subgroup H, and let P be a 
p-sylow subgroup of G. Prove that H n P is a /?-sylow subgroup 
of H, and that HPjH is a /?-sylow subgroup of G/Ff. (Hint: 
Compare orders.) 

5.16. Prove that a 2-sylow subgroup of ^45 has exactly 5 conjugates. 
*5.17. Let GL( 3 ,/ 7 ) denote the multiplicative group of all 3 x 3 non¬ 
singular matrices with entries in Z^. Show that the set of all 
matrices of the form • 

\ a b~ 

0 1c, 

0 0 1 

where a^b^c e Z^, is a /?-sylow subgroup of GL(3,p). (Hint: 
Count.) 

SOME APPLICATIONS OF THE SYLOW THEOREMS 

We shall now illustrate the power of the Sylow theorems by classifying 
the groups of small order. 

Definition The dihedral group Z)„, « > 2, is a group of order In generated 
by two elements s and /, which satisfy the relations 

i"" = 1 , /^ = and tst = 

^A- 

^3 
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EXERCISES 


5.18. 


5.19. 


*5.20. 


5.21. 


5.22. 


5.23. 


5.24. 


5.25. 


5.26. 


5.27. 


Let be a regular polygon with vertices , 1^2 ?' “ > G 

be the set of all rigid motions of A that send vertices into vertices. 
In particular, let 5 be a clockwise rotation sending each vertex into 
the adjacent one, and let T be a reflection of A about the line 
joining Vi with the center of .4. As usual, multiply in G by first 
performing one motion and then the other. Prove that G = 

Prove that a 2-sylow subgroup of Ss is isomorphic to £> 4 . 

Show that a 2-sylow subgroup of is isomorphic to x <t( 2). 
Let CO = be a primitive nth root of unity. Prove that the 
matrices 


CO 0 

0 (o-^ 


and 


B = 


0 r 
1 0 


generate a subgroup of GL{2, C) isomorphic to D„. 
Show that the set of all matrices 


±1 a 

0 1 ’ 


aeZ„, 


is a multiplicative group isomorphic to D„. 

What is the center of £>„? (Hint: First show that every element in 
D„ has a factorization 

Let G be a finite group and let b e G be distinct elements of 
order 2. Prove that <a, b} = D„ for some n. 

£>4 is not generated by its elements of largest order (compare 
Exercise 4.16). 

Let G be a finite group with normal subgroups H and K. If 
G/H ^ GIK, is H ^ K1 

How many bracelets are there having n beads each of which may 
be painted any one of q colors? (Hint: See Exercise 3.55; the 
group £>„ is acting.) 


Theorem 5.12 Let p be an odd prime. Any group G of order 2p is 
either cyclic or dihedral. 

Proof By Cauchy’s theorem, G contains an element 5 - of order p and 
an element t of order 2. If if = <5^ then if <] G, since it has index 
2. Therefore, tst = .y* for some/. Now 5 = t^st^ = t{tst)t = ts^t = 
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Hence, = 1 (mod p), so that, since p is prime, / = +1 (mod p). 
Thus, tst = s ov tst = s~^. In the first case, s and t commute, G is 
abelian, and so G ^ a{p) x g(2) ^ (T(2p). In the second case, we 
have G ^ Dp. | 

Theorem 5.13 Let 1G| = pq, where p > q are primes. Then either 
G is cyclic or G is generated by two elements a and b satisfying the 
following relations: 

b^ — = 1; a~^ba = b^, 

where r ^ I (mod p) but = 1 (mod p). 

The second possibility can occur only if q divides p — I, 

Proof G contains an element b of order /?; let 5 = <6>. Since S' is a 
p-sylow subgroup of G, the number of its conjugates is 1 + wp for 
some M > 0. But 1 + «/? = [G:iV(S)] which divides |G| = pq. 
Since (1 -y up, p) = 1, 1 + up divides q. Since g < /?, m = 0 and 
S <\G. 

Now G contains an element a of order q\ let T = Tis a 
^-sylow subgroup of G, so that [G: N(T)'\ = 1 + A:^ for some A: > 0. 

As above, 1 + kq divides p, so that either k = Oov q divides p — 

If A: = 0, r < G so that G ^ S x T, by Exercise 5.14. Hence, 

G ^ g(p) X a(q) ^ G(pq). 

We now assume that T is not normal (and so q divides p — 1). 
Since S is normal, a~^ba = 6''; furthermore, we may assume r ^ 1 
(mod p) lest we return to the abelian case. By induction on j, the 
reader may prove that a~^ba^ = b''\ In particular, if j = q, we have 
b — b’^^ so that r^ = I (mod p). | 

Corollary 5.14 Let |G| = pq, where p > q are primes. If q does 
not dividep — I, then G is cyclic. 

Definition^ The quaternions, denoted Q, is a group of order 8 having 
two generators a and b that satisfy the relations 

of = \; b^ — a^; b~^ab = a~^. 

^ In this definition, as in the definition of D„, we describe a group by generators and 
relations. At this point, it is fair to ask whether there is any group fitting this description 
(this question will be answered when we deal with extensions and with free groups). 
Therefore, it is necessary here to exhibit particular groups (motions, matrices, etc.) that 
do satisfy the conditions. 
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EXERCISES 

5.28. Prove that contains no subgroup of order 15. 

5.29. Let G be the multiplicative group of all 2 x 2 nonsingular 
complex matrices, and let H be the subgroup of G generated by 



Prove that H = Q. 

5.30. Consider the set { +1, +/, ±j, ±k} with the multiplication rules: 

=f = k^= _l;y = k-Jk = i;ki = j;ji = -k\kj = 
ik = —j\ and the usual rules for multiplying by +1. Prove that 
we have described a group isomorphic to Q. 

5.31. What is the center of g? 

5.32. Q contains exactly one subgroup of order 2. 

5.33. QIZ(Q) is abelian; moreover, Q contains no subgroup isomorphic 
to QIZ(Q) (compare Exercise 4.29). 

5.34. Prove that Q is not isomorphic to D^. 

*5.35. Every subgroup of Q is normal. 

5.36. Let G ~ Q X A X where Q is the quaternions, y4 is a (neces¬ 
sarily abelian) group of exponent 2, and ^ is an abelian group 
in which every element has odd order. Prove that every subgroup 
of G is normal. (Nonabelian groups in which every subgroup is 
normal are called hamiltonian, after W. R. Hamilton, who dis¬ 
covered the quaternions; all hamiltonian groups are of the form 
described above.) 

Theorem 5.15 Q and are the only nonabelian groups of order 8. 

Proof If G is a nonabelian group of order 8, then G has no element 
of order 8 and not every element of G has order 2 (Exercise 1.29). 
Thus, G contains an element a of order 4. Suppose beG and b ^ (^a}. 
Since <a> < G (it has index 2) and G/ia} ^ (7(2), we must have 
b^ e <a>. lfb^ = a or b^ = a^, then b has order 8, a contradiction. 
Hence, 

b^ = a^ or b^ = L 

Furthermore, since is normal, b~^ab e <a>. Thus, 


b ^ab = a 


or b ^ab = a^ 
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(because has order 2). The first case is ruled out, for then a and b 
commute and G is abelian. The following possibilities remain: 

(i) = \yb^ = and b~^ab = a^. 

(ii) = \^b^ = and b~^ab = a^. 

Since (i) describes the quaternions Q and (ii) describes the 

dihedral group | 

Theorem 5.16 Every group G of order 12 that is not isomorphic to A ^ 
contains an element of order 6. 

Proof If ^ is a 3-sylow subgroup of G, then B = <Z?>, where b has 
order 3. Since B has index 4, Theorem 3.17 gives a homomorphism 
n \G ^ whose kernel Kisa. subgroup of B. Now B has no proper 
subgroups, so that K = {l}orA^ = B. l{K = {!}, then n is one-to- 
one and G is isomorphic to a subgroup of 5*4 of order 12, which 
must be by Exercise 3.25. Since G ^ A^,, K = B, and so B is 
normal in G. It follows from Exercise 5.9 that B is the unique 3-sylow 
subgroup of G. Therefore, there are only two elements in G of order 
3, namely, b and b^. 

Let C(b) be the centralizer of b in G. Now [G: C(^)] = 1 or 2, 
for a conjugate of b must have order 3. Therefore |C(Z7)| = 12 or 6; 
in either case, C{b) contains an element a of order 2. Since a com¬ 
mutes with b, the element ab has order 6. | 

Corollary 5.17 If G has order 12 and G ^ A^, then G has a normal 
3-sylow subgroup. 


EXERCISES 

5.37. Exhibit all the proper subgroups of ; there are allegedly 28 of 
them. How many isomorphism classes of subgroups are there? 

5.38. Prove that ^ 

5.39. Prove that ^ x a{2). 

*5.40. Prove that there are only two nonabelian groups of order 12 that 
contain a subgroup of order 6. One of these is ; the other shall 
be denoted T, and it has generators a and b satisfying the relations 
a^ = \ and b^ = a^ — (abf. (We shall examine the group T 
more carefully in Chapter 7.) 

*5.41. If G is a nonabelian group of order where /? is a prime, then 
Z(G) = G', the commutator subgroup of G. 
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*5.42. Let p be an odd prime. Prove that there are at most two nonabelian 
groups of order p^: One has generators a and b satisfying the 
relations aP^ = \^ = 1 , and b~^ab = the other has 

generators a, b, and c satisfying the relations c = aba~^b~^, 
ca = ac, cb = be, and = b^ — = 1 . 

*5.43. Let G be a / 7 -sylow subgroup of GL(3,p) (see Exercise 5.17). If p 
is an odd prime, then G has exponent p. (Hint: If A e G and E is 
the identity matrix, expand (A — EY by the binomial theorem.) 

*5.44. Let G be a finite group and let P be a p-sylow subgroup of G, If 
// is a normal subgroup of G containing P, then P <i H implies 
P <1 G. 

*5.45. If G is a nonabelian group of square-free order (more generally, 
if every sylow subgroup of G is cyclic), it is known that G is not 
simple (we know this in the special case when |G| is even, by 
Exercise 3.41). Use this fact to prove that if |G| = p^p 2 * •'Pt^ 
where Pi < p 2 < " ' < Pt primes, then G contains a normal 
/7j-sylow subgroup. 

5.46. Prove that there are no nonabelian simple groups of order less 
than 60. (Do not use the unproven assertion in Exercise 5.45.) 

*5.47. Prove that any simple group G of order 60 is isomorphic to ^ 5 . 
(Hint: Show that a 2-sylow subgroup of G has exactly 5 conju¬ 
gates so that G has a subgroup of index 5.) In Chapter 8 , we shall 
exhibit two nonisomorphic finite simple groups having the same 
order. 

Definition A generalized quaternion group (or dicyclic group) Q„, n > 3, 

is a group of order 2 " having generators a and b and relations: 

^ _ {aby. 


EXERCISES 

5.48. Let G be a group of order 2”, which is generated by elements a and 
b. If 

^ = 1 , bab~^ = a~^, and b^ — 
then G ^ 2„. 

*5.49. Prove that Q„ has a unique subgroup of order 2, which is Z(Q„), 
5.50. Prove that QJZ(Q„) ^ D 2 «-i. 
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Table of Groups of Small Order 


Order 

Number of 
Distinct 
Groups 

Groups 

4 

2 

cyclic and 4-group 

6 

2 

(t( 6 ) = a(2) X (t(3), ^3 

8 

5 

3 are abelian, Q 

9 

2 

abelian 

10 

2 

cyclic and dihedral 

12 

5 

2 are abelian, a(2) x S^, T 

14 

2 

cyclic and dihedral 

15 

1 

cyclic (Corollary 5.14) 


There are 14 nonisomorphic groups of order 16, so we end our list 
here. No one knows a formula giving, for each «, the number of non- 
isomorphic groups of order n. 
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SOME GALOIS THEORY 

We begin this chapter with a brief history of the study of polynomials. 
It was well known to mathematicians of the Middle Ages, even to the 
Babylonians, that the roots of a quadratic polynomial 

bx c 

are given by the formula 

^ = \\.-b ± {b^ - 
Now every cubic polynomial, 

4- ax^ + 6x + c, 

can be transformed [by sending x into x — (a/3)] into a cubic of the form 

x^ + <7X + r. 

In 1515, Scipio del Ferro and Tartaglia independently obtained the 
formula for these roots: 



where the cube roots are chosen so that their product is — (^/3). In 1545, 
L. Ferrari found a similar formula for the roots of the general quartic 
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polynomial. Abel’s proof (1824) of the nonexistence of a similar formula 
for the roots of the general quintic polynomial thus ended 280 years of 
searching for a generalization of the work of Scipio, Tartaglia, and Ferrari. 
Let 

f{x) = ao -f + • • • + aX 

be a polynomial over the complex numbers C;/(x) e C[x]. We say that 
there is a formula for a root r of /(x) in case r can be obtained from 
^0 > 5 ’ ’ ’ > by a finite number of applications of the operations of 

addition, subtraction, multiplication, division, multiplication by rationals, 
and extraction of roots. We shall now discuss fields in order to express this 
idea in a more convenient way. 

Definition Let F be a subfield of C and let a e C. F(a), the field obtained 
by adjoining a to F, is the set of all quotients /(a)/^(a), where /(a) and g{(x) 
are polynomials in a with coefficients in F, and g{oL) # 0. 

It is easy to check that Fipt) is a subfield of C containing F and a; 
indeed, it is the smallest such subfield. Note that F{ci) = F ‘l^ and only if 
OLE F. 

The process of adjoining a number to Fmay be iterated: If , a 2 , * * *, 
a„ are in C, define Fipa ^, a 2 , * * *, ««) = where K = F{oi ^, a 2 , * * *, 

EXERCISES 

6.1. Every subfield of C contains the rational numbers, Q. 

6.2. Let F be a subfield of C and let {aj, a 2 , * * *, ««} ^ Prove that 

’ * *, where tt is a permutation of 

{1, 2, • • •, ri), (Hint: Prove that F(ai, a2,* * S a„) is the intersection 
of all the subfields of C containing F and {a^, • • •, a„}.) 

If F is any field, a polynomial /(x) e F[x] of degree n has at most 
n roots in F. If F = C, the fundamental theorem of algebra says that there 
are complex numbers , a 2 , * * •, a„ (not necessarily distinct) such that 

/(x) = (x - ai)(x - a 2 ) • • * (x - a„). 

For the remainder of this discussion, all fields are assumed to be sub¬ 
fields of the complex numbers C. 

Definition Let F be a subfield of C and let/(x) e F[x]. The root field 
of/(x) over F, R{f F), is the field F(ai, a 2 , * • •, a„), where {a^, a 2 , ■ * *, 
a„} is the set of all roots of /(x). 
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Note that a polynomial has many root fields: If f{x) has roots 
ai, • • •, and if the coefficients of f{x) lie in fields Fand K, then F(/, F) = 

, * •;, O and F(/, K) = K{(x ^, • • •, aj. 

Definition Let/(x) g F[:c] and R = R{f, F) ; f(x) is solvable by radicals 
in case there are fields 


with 


F ^ Ko ^ ^ - K, 

R ^ Kn 


where each A'f+i is obtained from Ki by adjoining a root of an element 
in Ki, 


When we say that there is a formula for the roots of f(x), we really 
mean that f{x) is solvable by radicals. Let us illustrate this by considering 
the quadratic and cubic formulas. 

If f(x) = x^ bx + c, set F = Q(^>, c), where Q is the rationals; 
observe that — 4c e F. Let oc = (b^ — and set = F(a). 

The quadratic formula says that is the root field of f(x) over F, 

If f(x) = x^ + qx + r, set F = Qiq, r); observe that r^/4 + 
q^llleF, Let 



and set = F(a). Observe further that —rjl + cue Let 

and set K 2 = KiiPX Note that y = -ql^P is a cube root of ~(r/2) - a, 
so that the cubic formula shows that K 2 is the root field off{x) over F. 

Definition If F is a field, an automorphism of F' is a one-to-one cor¬ 
respondence X : K ^ K such that 

X{x 4- y) = X{x) -h X(y) 

and 

X(xy) = X(x)X(y) 

for every x and y in K. If F is a subfield of K, we say that X fixes F in case 
X(a) = a for every ae F. 
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Lemma 6.1 Let F be a subfield of K, The set of all automorphisms of 
K that fix Fforms a group {in which the binary operation is composition 
offunctions). 

Proof Trivial. | 

Definition Let f{x) e F[x] and let R = R(f, F), The Galois group of 
f{x) over F, denoted G{R/F\ is the group of all automorphisms of R 
fixing F, 

Theorem 6.2 Let X = {a^, • • •, a^} a// the roots of a polynomial 

f{x) G F[x] and let R = F(ai, • • •, the root field off{x) over F. 

Then the map X X\X is an imbedding G(F/F) Sx = S^, 

Proof Suppose /(a:) = Oq + a^x + • • • + where each g F, 

If ^ G F, then 


^f(P) = flo + + • • • + G F 

and 

Hf(P)) = aM + • • • + ajifir = f{X(P)X 

since X fixes F, In particular, if is a root of f{x), so is X{P). There¬ 
fore, X\X: X ^ X; indeed, X\X e Sx because X is one-one and X is 
finite. 

It is easy to show this function G{R/F) Sx is a, homomorphism. 

To see it is one-one, observe that if X fixes F and , • • •, a^, then X 
fixes R = F(ocj j * * * j I 

We now present some field theory to establish a connection between 
the solvability of a polynomial by radicals and its Galois group. 

Let A' be a field with subfield F. Clearly K satisfies the axioms for a 
vector space over F if we take as scalar multiplication the given multiplica¬ 
tion between elements of F and K, In particular, one may ask about the 
dimension of K over F, denoted [A^: F]. 


EXERCISES 

**6.3. Let p{x) e F[x] be an irreducible polynomial of degree n. If 
a G C is a root of p{x\ prove that {1, a, a^, • • •, a""^} is a basis 
of F(a) viewed as a vector space over F. Conclude that 
[F(a): F] = 
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**6.4. Let F c: X <= i? be fields, where \_K: F~\ and \_R: K~\ are finite. 
Then 

[R: FJ = [R: A:][R: F]. 

(Hint : If {a^, • • •, a^} is a basis of X over F and , * * *, is a 
basis of R over X, then the set of rs elements of the form cciPj is a 
basis of R over F.) 

**6.5. Let F cz X a R, where R and X are each root fields over F. Let 
A be an automorphism of R fixing F; prove that k\Xe G{XjF). 

Lemma 6.3 Let k : F ^ F' be an isomorphism of fields, and let 
pipe) e F[x] be irreducible with root a e C. Then there is an irreducible 
polynomial q{x) s F'[x] with root p e C and an isomorphism 

2*: F(a) ^ FfP) 

with A*|F = k and l*(a) = p. 

Proof The map (p: F[x] F'[a:] defined by 

+ • • • F b^x^ ^ k{b^) + k{b^)x + • + k{bjx^ 

is an isomorphism of rings. Define ^(x) = (^(/7(x)), which is irreduc¬ 
ible since p{x) is; let ^ e C be any root of q{x). 

Since p{x) is irreducible. Exercise 6.3 says {1, a, • * *, a"~^} is a 
basis of F(a) over F, where n = degree p{x). Define 2*: F(a) F'{P) 
by 

= k{bo) + k(b,)p + ^ + k{b^.f)P^-K 

It is easy to check that A* is a homomorphism with 2*|F = k and 
A*(a) = p. To see that A* is an isomorphism, construct its inverse 
in the same manner, beginning with 2“^: F' -> F. | 

Lemma 6.4 Let fix) e A^[x], where X is a subfield of F and of F' ; 
let R = Rif F) and R' = Rif F'). If k: F F' is an isomorphism 
fixing X, then there is an isomorphism A*: F F' with A*|F = L 


R--*>R' 


F—►F' 
\ / 
X 
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Proof The proof is by induction on F]. If = 1, then 

R = Fand R' = F\ and there is nothing to prove. If ^ > 1, then 
R ^ F, so there is some root a of f(x) not lying in F(of course a e F, 
by definition of root field). Now a is a root of some irreducible factor 
p(x) off(x); since (x ^ F, if k = degree p(x), then k > 1. By Lemma 
6.3, there is g C and an isomorphism : F(a) F'(P) that extends 
A. In particular, ^ifixesF, sothatJ?isarootof/(x)andF'(j^) cz R\ 

By Exercise 6.4, [F: F(a)] = djk < d. Furthermore, F arises from 
F(a) by adjoining all the roots of/(x), so that F is the root field of 
/(x) over F(a); similarly, F' is the root field of/(x) over F\P). With 
all the inductive hypotheses being verified, Aj, a fortiori A, can be 
extended to an isomorphism A*: F F'. | 

Lemma 6.5 Let F K a R^ where R and K are each root fields over 
F. Then (7(F/F) <3 (7(F/F) and 

G(F/F)/G(F/F) ^ (7(F/F). 

Proof Define O: G(F/F) ^ G(F/F) by 

a)(A) = A|F. 

By Exercise 6.5, O is a well-defined function that is easily seen to be a 
homomorphism. The kernel of is the set of all automorphisms of 
F that fix F, i.e., G(F/F). We claim that O is onto. Suppose 
A G G(F/F), i.e., A is an automorphism of K that fixes F. Since F is a 
root field of F, Lemma 6.4 says A can be extended to an automor¬ 
phism A* of F. Therefore, A* e (7(F/F) and 

a)(A*) = A*|F = A. 

The first isomorphism theorem completes the proof. | 

From this point, F is not only assumed to be a subfield of C, it is also 
assumed to contain all roots of unity. 


EXERCISES 

** 6 . 6 . Let F = F(a), where a is a root of x^ — a,aG F. Prove that there 
exist intermediate fields 

F = Kq a c= • • • cz F, = F, 

where F^^ ^ = F;(a,.), is a root of x"^'^ - a^, a^ e F„ and n{i) is 
prime. 
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6.7. If /? is a prime and ae F, then -- a either has a root in F or is 
irreducible over F. 

[Note; If f(x) has a root a e F, then f(x) is not irreducible, 
for it is divisible hy x — a. The converse is false: If f{x) factors, 
it need not have a root in F. For example, if F is the reals, then 
f{x) = {x^ -h l)(jc^ H- 1) factors, but it has no real roots.] 

**6.8. Let a be a root of x^ — a, a e F, and be a prime. Prove that 
G(F(a)/F) is a cyclic group of order /? or 1. 

We summarize this investigation in the next theorem. 

Theorem 6.6 Assume F is a subfield of C that contains all roots of 
unity and R is the root field of f{x) e F[x]. If f{x) is solvable by 
radicals^ then there exists subgroups of G = G(i?/F) such that : 

(i) = = 

(ii) Gf+i < Gi,for all i. 

(iii) GilGi+i is cyclic of prime order. 

Proof Define Gj == G(F/A^i), where the are as in Exercise 6.6. We 
only remind the reader of previous work: (i) follows immediately 
from the definition of Galois group; (ii) follows from Lemma 6.5; 
(iii) follows from Exercises 6.6 and 6.8 and Lemma 6.5. | 

The converse of this theorem is also true, but we shall not prove it here. 
We have been led to the following concept. 

Definition A normal series of G is a chain of subgroups 

n G = Go ^ Gi =>•••=. G„ = {1} 

in which G\ + i <1 G^ for all /. The factor groups of (*) are the groups 
GJGi+i for / = 0, 1, • • •, « — 1; the length of the series (*) is the number 
of strict inclusions. 

Alternatively, the length of the series is the number of factor groups 
with more than one element. Note that the factor groups are the only 
quotient groups we can always form, for we have seen (Exercise 3.33) that 
normality need not be transitive. 

Definition A finite group G is solvable in case it has a normal series 
whose factor groups are cyclic of prime order. 
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In this terminology, Theorem 6.6 and its converse say that a poly¬ 
nomial f{x) is solvable by radicals if and only if its Galois group G{RIF) 
is a solvable group. Now Abel proved that there exists a polynomial f{x) 
of degree 5 whose Galois groups is S^. Since Ss is not a solvable group (as 
we shall soon see), this polynomial is not solvable by radicals. Thus, the 
classical problem of the determination of the roots of a polynomial led 
inevitably to groups and to normal series, and there its solution (or non¬ 
solution) lies. (We refer the interested reader to E. Artin’s monograph, 
Galois Theory, and B. L. van der Waerden’s Modern Algebra, Vol. I (see 
Bibliography), for a more thorough discussion.) 

The work of Abel and Galois has not only enriched the study of 
polynomials and fields, it has also contributed a new point of view to the 
study of groups. Let us give a brief review of what we have learned so far. 
Our first results arose from examining properties of a single subgroup via 
Lagrange’s theorem. The second, deeper set of results arose from examin¬ 
ing properties of a family of subgroups via the Sylow theorems (Theorems 
5.9 and 5.10); this family of subgroups consists of the conjugates of a 
single subgroup, and so each member has the same order. Normal series 
will give results by allowing us to examine a family of subgroups of 
distinct orders, thus providing an opening wedge for an inductive proof. 


THE JORDAN-HOLDER THEOREM 


Definition Let 

(*) C = Go => =•••= G„ = {1} 

and 

r*) G = i/o 3 //, ^ = {1} 

be normal series of G; (**) is a refinement of (*) in case (**) = (*) or (**) 
is obtained from C^) by the insertion of subgroups. 

The length of a refinement is thus at least as great as the length of the 
original series. 

Definition A normal series 

G = Go => Gi => • • • ^ G„ = {1} 


^ Galois outlined Galois theory in 1830 (six years after Abel proved the unsolvability of 
the quintic), when he was only 19; he was killed in a duel two years later. 
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is a composition series in case each + ^ is a maximal normal subgroup of 

EXERCISES 

6.9. A normal series is a composition series if and only if each of its 
factor groups is simple or {!}. 

6.10. A composition series is a normal series of maximal length. 

6.11. Every finite group has a composition series. 

6.12. An abelian group has a composition series if and only if it is finite. 

6.13. If G is a finite group having a normal series with factor groups 

//i,- thenIGI = n i^,|. 

6.14. Give an example of an infinite group with a composition series. 

6.15. A subgroup H is subnormal in G in case there is a normal series 
from G to H. Prove that a group G has a composition series if and 
only if G has both chain conditions on subnormal subgroups. 

Consider the group G = cr(30) with generator x; we write two com¬ 
position series for G (normality is automatic, since G is abelian) : 

(*) G =) <x^> 3 ^ {!}; 

(**) G =5 =) <x^) 3 {1}. 

The factor groups of (*) are G/<x^>, <x^>/<x^®>, and <x^®>, i.e., <t( 5), 
a(2), and (7(3). The factor groups of (**) are G/<x^>, <x^>/<x^>, and <x^>, 
i.e., a{2), (t(3), (t( 5). In this case, these two composition series of G have 
the same length, and the factor groups can be “paired isomorphically” 
after rearranging them. We give a name to this phenomenon. 

Definition Two normal series (*) and (**) of G are equivalent if there is 
a one-to-one correspondence between the factor groups of ('^) and (**) 
such that corresponding factor groups are isomorphic. 

Observe that equivalent normal series have the same length. 

The two composition series for a(30) exhibited above are equivalent; 
the amazing fact is that this is true for every (possibly infinite) group that 
has a composition series! 

The next result, a generalization of the second isomorphism theorem, 
will be used in the proof of equivalence of composition series. 
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Theorem 6.7 (Zassenhaus Lemma) Let A, A'\ B and 5* be four 
subgroups of a group G with A <[ A'^ and B <] B^. 



A B 


Then 


A{A^ B)<\ A(A'^ n B% 
B(A n B*) <] B(A^^ n B% 


and there is an isomorphism 

A{A* nB*) ^ B(A* n B^) 

A{A* n B) ^ B(A n B*) * 

Proof Let D be the subset (>1* n B){A n B'^). Now B <i B"^ 
implies BS = SB for any nonempty subset 5* of It follows from 
Exercise 2.53 that B{A'^ n is a subgroup of and that 



B < B{A'^ n (for B is normal in the larger group B'^). By the 
second isomorphism theorem, n ^ n B’\ In a similar 

manner, one sees that A B'^' <\ A'^ r\ B'^. Therefore Theorem 
2.13 and Exercise 2.42 show that the subset D = (^4* n B){A n B'^) 
is a normal subgroup of A"^' n 5*. 

If X G ^(y4* n i5*), then x = for Z> 6 ^ and c e A'^ n B'^'; 
define/: B{A^ n B^) {A^ n B*)//) by/(x) = Dc. It is straight¬ 

forward to check that / is a well-defined homomorphism of 
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n B^) onto(v4* n 5 *)/Z) with kernel ^(^4 n By the first 
isomorphism theorem, B{A n B'^) <\ B{A'^ n B'*) and 

B(A* n B*) _ A* nB* 

B{A n B*) D 

If we interchange the letters A and B, then the symmetry of the 
hypothesis gives a homomorphism ^(^4* n B*) (^* n B*)/Z); 

hence n B) <1 ^1(^4’*' n B*) and the quotient is also isomor¬ 
phic to (A^ n B'^)ID. Therefore the two quotient groups of the 
theorem are isomorphic. | 

We remark that the Zassenhaus lemma generalizes the second iso¬ 
morphism theorem: set A == T, A* = G, B = S n T, and B^^ = S, 
where S and T are subgroups of G with T <] G. 

Theorem 6.8 (Schreier) Any two normal series of an arbitrary 
group G have refinements that are equivalent. 


Proof Let 



(*) 

G = Go 3 Gi 3 • 

• G„ = {1} 

and 




II 

u 

u 



be normal series. In the first series, between each Gi and i insert 
the groups n where 0 < j < m. These are the 

“numerators” of the groups in the Zassenhaus lemma. The normality 
assertions of that lemma say that this is a normal series with mn (not 
necessarily strict) inclusions. In the second series, between each Hj 
and //j + i insert the groups n G;), where 0 < i < n; this is 

also a normal series with mn inclusions. We now have normal series 

(i) • • • 3 G,^i(G, n Hj) =. G,^,(G, n Hj^,) ^ • 

and 

(ii) • • • 3 n G,) 3 n G,^0 3 • • • 

These are common refinements: Series (i) visibly refines series (*) 
(take J = m); series (i) also refines series (**), because, given y, there 
is an index i with G^ 3 Hj 3 G^+i, so that Hj = G,+i(Gi n Hfi. 
Similarly, series (ii) refines both (*) and (**). The isomorphism of 
Theorem 6.7 with the four subgroups G; + 1 , G,-, j, Hj is precisely 
what is needed to complete the proof. | 



SECTION 


THE JORDAN-HOLDER THEOREM 


107 


Theorem 6.9 (Jordan-Holder)^ Any two composition series of a 
group G are equivalent. 

Proof Since composition series are normal series, any two com¬ 
position series of G have equivalent refinements. But a composition 
series is a normal series of maximal length, so it admits no nontrivial 
refinement (i.e., a refinement merely repeats some of the terms). Thus, 
two composition series are already equivalent. | 

Definition The factor groups of a composition series of G are called the 

composition factors of G. 

The Jordan-Holder theorem may be regarded as a kind of unique 
factorization theorem. In a sense to be made explicit in the next chapter, 
a group G is a “product” of its composition factors. Let us support this 
viewpoint by using the Jordan-Holder theorem to prove the fundamental 
theorem of arithmetic (Appendix V): Every integer n > 1 has a unique 
factorization into primes. Let n = PiP 2 '“Pm^ where the pi are (not 
necessarily distinct) primes. If G = cr(/t) has generator x, then 

G = <x> =3 r) • • • ID ID {1} 

is a normal series. Since the factor groups (7(pi), (r(p 2 ),' * ‘l^^ve 
prime order, this is a composition series. The Jordan-Holder theorem 
says that these factor groups, hence their orders, depend only on G = <t(«) 
and not on the choice of composition series. 

The proof given above is valid, mutatis mutandis., for /^-modules. In 
particular, if i? is a field, the Jordan-Holder theorem gives another proof 
that any two bases of a finite dimensional vector space have the same size, 
i.e., that dimension is well defined, for R itself is the only simple i?-module. 
Generalizations of Jordan-Holder to more general situations, e.g., 
operator-groups, lattices, can be found in the book of Zassenhaus. 

EXERCISES 

**6.16. Let G and H be groups having composition series. If there are 
normal series of G and H having the same set of factor groups, 
then G and H have the same composition factors. 

6.17. The normal series of displayed in Exercise 3.33 is a composi¬ 
tion series. 

6.18. is solvable for « < 4. 

^ Jordan proved that the orders of the factor groups of a composition series of G depend 
only on G; Holder proved that the factor groups depend only on G. 
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A finite group G is called solvable if it has a normal series with factor 
groups of prime order. Clearly such a series is a composition series. To 
test whether a particular group G is solvable, choose a composition series 
and check its factor groups. It is conceivable, without Jordan-Holder, 
that one might have to look at all composition series of a group G before 
concluding G is not solvable. 

Theorem 6.10 S„ is not solvable for n > 5. 

Proof A normal series for is 

{!}. 

Since the factor groups are a{2) and and since is simple for 
n > 5, =3 {1} is a composition series. By the Jordan-Holder 

theorem, is not solvable. | 

We confess that we really don’t need Jordan-Holder to prove Theorem 
6.10, for it is easy to prove that for n > 5, has a unique composition 
series (see Exercise 3.32). 


SOLVABLE GROUPS - 

Solvable groups have been defined in connection with Galois theory. 
Since these groups form a large class of groups of purely group-theoretical 
interest as well, we give another definition of solvability which is more 
convenient to work with and which is equivalent to our earlier definition 
when G is finite. 

Definition A group G is solvable if it has a normal series with abelian 
factor groups. Such a normal series is called a solvable series of G. 

EXERCISES 

**6.19. Any refinement of a solvable series is a solvable series. 

6.20. A finite group is solvable (definition just given) if and only if it 
has a composition series with cyclic factor groups of prime order 
(earlier definition). 

6.21. A solvable group with a composition series is finite. 

6.22. Let H <\ G^ where G has a composition series. Prove that G has 
a composition series one of whose terms is H, 
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Let us see how to manufacture solvable groups. 

Theorem 6.11 Any subgroup H of a solvable group G is solvable. 

Proof Let G = Gq => => • • • =3 G„ = {1} be a solvable series 

for G; we claim that 

H = Ho ^ {H Gf) ^ {H n G„) {1} 

is a solvable series for H. By the second isomorphism theorem, 

H n G|+i = (// n G,-) n Gi^^ <3 o G„ 
so that we do have a normal series. Moreover, we have the diagram 



where ? = Gi+fH n G,). Therefore, 

H n Gi+i G(+i Gj+i 

Since G,/G(+, is abelian, so is its subgroup ?/Gi+,, as desired. | 

Theorem 6.12 If G is solvable and // <1 G, then GjH is solvable. 

Proof Let G = Gq G^ =)•••=) G„ = {1} be a solvable series. 
Now G =) 7/ ZD {1} is a normal series, so that, by Theorem 6.8, these 
two series have equivalent refinements. Therefore (Exercise 6.19), 
there is a solvable series 

G = Ko ^ =>---=d//=d---=) {!}. 

Consider the series 


GjH => KJH => K 2 IH r) • • ID HIH = {1}. 
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By the third isomorphism theorem, this is a normal series and 
{KilH)l{KiJ^JH) ^ KijKi+i, which is abelian. Hence, GjH is 
solvable. | 

(Another proof of this theorem, to be described shortly, does not use 
Theorem 6.8). 

Theorem 6.13 Let H G. If both H and GjH are solvable, then G 
is solvable. 

Proof Let 

GjH ^ KX ^ Kl ZD 

be a solvable series. By the correspondence theorem, we can con¬ 
struct the beginning of a solvable series from G to there are 

subgroups Ki with <] Ki, abelian, and 

G = Gq ^ Ki ZD K 2 'Di ‘ ZD H. 

Since is solvable, it has a solvable series. If we hook these two series 
together at H, we obtain a solvable series for G. | 

Corollary 6.14 IJ H and K are solvable, then H x K is solvable. 

Proof G = H X K, then i/ <J G and GjH ^ K, so that G is 
solvable, by Theorem 6.13. | 

Corollary 6.15 Every finite p-group G is solvable. 

Proof We perform an induction on |G|. By Theorem 5.4, |Z(G)| # 

1. Therefore, GjZiG) is a p-group of order < |G|, and so is solvable, 
by induction. Because every abelian group is solvable, Z(G) is solv¬ 
able. By Theorem 6.13, G is solvable. | 

EXERCISES 

6.23. If S' and T are solvable subgroups of G with S <\ G, then ST is a 
solvable subgroup of G. 

6.24. Any group of order p^q is solvable, where p and q are primes. 
(Burnside has proved, using representation theory, i.e., the study 
of homomorphisms of groups into groups of matrices, that any 
group of order is solvable, where p and q are primes.) 

6.25. Any group of square-free order is solvable. (Hint: Use Exercise 
5.45.) 
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6.26. The dihedral groups D„ are solvable. 

*6.27. The following two statements are equivalent: (1) Every group of 
odd order is solvable; (2) every finite nonabelian simple group 
has even order. (In a deep paper in 1963, W. Feit and J. Thompson 
proved the truth of these statements.) 

Another approach to solvable groups is with commutator subgroups: 
That we are dealing with abelian quotient groups suggests this approach 
at once. 

Definition Define the higher commutator subgroups of G inductively: 

= G; 

i.e., G<'+'> is the commutator subgroup of G^'\ The series of higher 
commutator subgroups is called the derived series of G. 

We also want the following terminology. 

Definition A subgroup H of G is characteristic in G in case /(//) <= H 
for every isomorphism/: G G; // is fully invariant in G in case/ {H) a H 
for every homomorphism f:G~^G. 

Every fully invariant subgroup is characteristic, and every charac¬ 
teristic subgroup is normal. 


EXERCISES 

6.28. Let G ^ {1} be a finite group. If G is solvable, then G contains 
a normal abelian subgroup H {1}; if G is not solvable, then 
G contains a normal subgroup H ^ {\} such that H == H'. 

**6.29. If H cz N <i G and H is characteristic in A, then H <\ G. 
(Compare Exercise 5.44.) 

6.30. For any group G, Z(G) is characteristic (it need not be a fully 
invariant subgroup). 

**6.31. If G is an abelian p-group, then G[/7], the set of all elements in 
G of order < /?, is fully invariant in G. 

**6.32. Every normal /?-sylow subgroup of a finite group G is fully 
invariant in G. 

6.33. Every G^'^ is a fully invariant subgroup of G. 
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Lemma 6,16 If G — Gq ^ G^ ^ ••• =:> G„={1} is a solvable series, 
then Gi =? G^^^ for all i. 

Proof We prove the lemma by induction on i. If i == 0, (7^ = = 

G. Suppose now that G^*^ then G\ => G^*^' = Since 

Gf/Gf+i is abelian, Gi+i => G'^, by Exercise 2.50. Therefore, G^ + i => 
as desired. | 

Theorem 6.17 A group G is solvable if and only (f G^”^ = {1} for some 
integer n. 

Proof Let G = Go =5 G^ • 3 G„ = {1} be a solvable series. 

By the lemma, G„ 3 G^"\ and so G^"^ = {!}• 

If G^"^ = {1} for some n, then the series 

G = G^^^ 3 G' 3 • • • 3 G^"> = {1} 

is a solvable series for G. | 

The reader should supply alternative proofs of Theorems 6.11 and 
6.12 using this new characterization of solvability. 


A THEOREM OF P. HALL 


The main result of this section is a generalization of the Sylow 
theorems that holds for (and, in fact, characterizes) finite solvable groups. 

Definition A minimal normal subgroup A of G is a normal subgroup 
{1} that contains no proper subgroup that is normal in G. 

Lemma 6.18 Every minimal normal subgroup N of a finite solvable 
group G is an elementary abelian group. 

Proof JV' is a fully invariant subgroup of N so that A' <| G, by 
Exercise 6.29. Since A is a minimal normal subgroup of G, either 
N' = A or TV' = {1}. Since A is a subgroup of a solvable group, A 
is itself solvable. Therefore, A ^ A'and A' = {1}, i.e., A is abelian. 

Because A is finite, it is the direct product of its sylow subgroups. 

By Exercises 6.32 and 6.29, A is a /?-group. Finally, Exercises 6.31 
and 6.29 imply that A is elementary. | 
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This lemma is a special case of a more general result: A minimal 
normal subgroup of a (not necessarily solvable) finite group is a direct 
product of isomorphic simple groups. 

Theorem 6.19 (P. Hall) Let G be a solvable group of order ab, 
where (a, Z?) = 1. Then G contains at least one subgroup of order a, 
and any two such are conjugate. 

Proof The proof proceeds by induction on |G |, the theorem holding 
when |G| = 1. 

CASE (i) G contains a normal subgroup H of order a^b^., where a^ 
divides a, b^ divides Z>, and b^ < b. 

GjH is a solvable group of order {ajaf) • {bjbf) and so contains a 
subgroup AjH of order aja^. The subgroup ^ of G has order ab^ < 
ab. Since A is also solvable, it contains a subgroup of order a, as 
desired. 

Suppose A and A ^ are subgroups of G of order a. Let us compute 
k = \AH\. By Lagrange’s theorem, k\ab |G| while a^b^ \ k and 
a\k. By the second isomorphism theorem (actually, by the product 
formula), k | aaib^ = \A\ \H\. Since {a, b) = 1, it follows that k = 
\AH\ = aby. In a similar manner, \AyH\ = aby also. Thus AHjH 
and AyHjH are subgroups of GjH of order ajay ; by induction, these 
subgroups are conjugate (say, by 3c g GjH). H x e G goes into 3c 
under the natural map, it is quickly checked that xAHx~^ = AyH. 
Therefore, xAx~ ^ and Ay are subgroups of AyH of order a and so are 
conjugate, by induction. This completes case (i). 


G 



If there is some proper normal subgroup of G whose order is not 
divisible by Z?, the theorem is proved. We may therefore assume that 
b divides |Lr| for every proper normal subgroup H. If // is a minimal 
normal subgroup, however, \H\ — p'” for some prime /?, by Lemma 
6.18. We conclude that b = p"^. Thus, i/is a/?-sylow subgroup of G; 
that H is normal implies that H is the unique such subgroup. The 
problem has now been reduced to the following case. 
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CASE (ii) G has a unique minimal normal subgroup H (and H is an 
abelian group of order and index prime to p). 

We finish the proof now, but note that this case follows immediately 
from the Schur-Zassenhaus lemma, which will be proved in the next 
chapter. 

Observe that since G is finite, every normal subgroup of G 
contains a minimal normal subgroup of G; in the present case, every 
proper normal subgroup of G must contain H, 

Let KjH be a minimal normal subgroup of GjH, By Lemma 
6.18, \KIH\ - so that |iir| = Let *S be a (^-sylow subgroup of 
K and let iV* be the normalizer of S in G. We shall show that 
\N^\ = a. 


G 



Observe that HS c: and since Lf n S' = {1}, |/f5| = \K\\ 

therefore, K ^ HS. 

Since K <\ G, every conjugate of S in G lies in K, so that all these 
subgroups are already conjugate in K. Thus, if TV is the normalizer of 
S in K and c is th'e number of conjugates of S in G, we have 

[G : TV^] = c = : TV]. 

Now ^ = //TV (for 5 c TV cz TCand ^ = HS), so that 

c = [G : = [//TV : TV] = [//:// n TV]. 

If we can show that // n TV = {1}, then c == \H\ — and so 
|7V*| = a. We do this in two stages: (1) // n TV cz Z{K)\ (2) 
Z{K) = {1}. 
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Let X e H n N. If k e K, then k = hs, where h e H and s e S. 
Since x e H, x commutes with /?, for H is abelian. Hence, we need 
show only that x commutes with s. Now e S, since 

xeN = Nj^(S); x~'\s~^xs) E N, since H is normal. Therefore, 
x~^s~^xs E S n H = {1}, and x commutes with s, as desired. 

Finally, Z(K) is a characteristic subgroup of K and K <] G, so 
that Z(K) <1 G. If Z(K) ^ {!}, then Z(K) contains a minimal 
normal subgroup of G; thus H c: Z{K). This, together with K — 
HS, tells us that S <] K. By Exercise 6.38, 5 < G and so S, too, 
contains H, a contradiction. 

Suppose is another subgroup of G of order a. Since \AiK\ is 
divisible by a and by [A^l = = \G\ = ab 2 ind A^K = G. 


G 



Therefore, 

GjK = A^KjK ^ AJA^ n K 

implies 1^1 n = q”. By the Sylow theorem, ^4^ n is conjugate 
to S'. Since conjugate subgroups have conjugate normalizers, = 
Nq(S) is conjugate to N^iA^ n K). Therefore, a = |A^*| = 

^ K)\. Since n AT <] we have A^ c Nq{A^ n K). 

It follows that A^ = Nq{Ai n AT), for both have order a. Hence 
is conjugate to . | 

Let us compare Hall’s theorem to the Sylow theorems. Suppose 
|G| = where (/;”*, a) = \. The Sylow theorems say that G has at least 
one subgroup of order p"* and that any two such are conjugate; Hall’s 
theorem says that if G is solvable, G contains at least one subgroup of 
order a, and any two such are conjugate. Subgroups whose order and 
index are relatively prime are thus called Hall subgroups. 

Definition Let G be a group of order where (p"*, a) = 1. A sub¬ 
group of G of order a is a p-complement of G. 



116 


normal series 


CHAPTER 6 


Hall’s theorem tells us that every finite solvable group has a p- 
complement, for every p. The converse of this statement is also true : If 
(j is a finite group containing a p-complement for every p, then G is solv¬ 
able. Notice that this converse gives an immediate proof of Burnside’s 
theorem: If |G| = p"*^”, then G is solvable. In this case, the p- and q- 
complements are just q- and p-sylow subgroups. Unfortunately, the proof 
of the converse (also due to P. Hall) makes use of Burnside’s theorem, 
which we cannot prove here. 


CENTRAL SERIES AND NILPOTENT GROUPS 

The Sylow theorems show that knowledge of p-groups gives informa¬ 
tion about arbitrary finite groups. Moreover, p-groups have a rich supply 
of normal subgroups, and hence admit many homomorphisms; this 
suggests that normal series might be a powerful tool in their study. 

Definition Let H and K be subgroups of G. Then 

[//, K'] = {h-^k-^hk: he H,ke K}. 


EXERCISES 

6.34. For every two subgroups H and K of G, 

[//, ^ IK, HI 

6.35. G' = [G, G] and, for all /, G^'+'> - [G^''>, G^'>]. 

**6.36. A subgroup K cz Nq(H) if and only if \_H, a H. One says 
that K normalizes H in this case. 

6.37. [//, AT] = {1} if and only if each k e K commutes with every 

element of H. One says that K centralizes H \n this case. 

Definition If H is a subgroup of G, the centralizer of // in G is 
Cc(H) = {aeG:la, //] = 1 for all h e H}. 


EXERCISES 

**6.38. Let <3 G and a: Cl // cz G. Then [//, G] cz /T if and only if 
HjK c: Z{GIK), 

**6.39. Let /: G be a homomorphism onto. \f A a Z(G), then 
f(A) cz Z{H). 
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Definition Define a chain of subgroups yi(G) inductively: yi(G) = G; 
Ji+iiG) = [yi(G), G]. 

It is easy to see that yi+iiG) c y^CG). Since [y/(G), G] = yi+^iG), 
Exercise 6.36 says that y, + i(G) is a normal subgroup of G for all /. Thus, 
if X E G and y e yi(G), then x and y commute modulo 7 ,+ i(G). 

Definition The descending central series of G is the normal series 
G = 7i(G) 72 (G) =>•••. 

Definition We define a chain of subgroups inductively: Z^(G) = {!]; 
Z'‘^^(G) is the subgroup of G corresponding to the center of G/Z'(G): 

G ^ G/Z'(G) 
center = 

Z'(G) ^ {1} 

Z\G) is the /th higher center of G. 

By the correspondence theorem, each Z'(G) c Z'^^(G), and Z*(G) 
is a normal subgroup of G. 

Definition The ascending central series of G is 

{1} = Z®(G) cz zHG) (=•••. 


When no confusion can occur, we shall abbreviate Z'(G) by Z' and 
7 i(G) by 7 ^. 

Theorem 6.20 For any group G, Z'^CG) - Gif and only if 7 ^+ ^(G) = 
{1}. Moreover, 

7 ,-+i(G) c: Z"’-'(G) for alii. 

Proof Assuming Z” = G, we shall prove the inclusion holds by an 
induction on i. Both terms equal G when / = 0, so the induction 
begins. If 7 , + ! <= Z^~^, then 

7,^2 = [7.-+i,G] cz [Z--'',G] cz 

the last inclusion following from Exercise 6.38. Since the inclusion 
holds for all /, it holds for / = m. Therefore, 

7^+1 c: Z^ = {!}. 

Assuming that 7^+1 = {!}, we shall prove by induction on j 
that 7 ^+i_y <= Z^ (this is the same inclusion as in the statement of the 
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theorem, for the sum of the indices is w + 1 ). Both terms equal {1} 
when j = 0 , so the induction begins. If 1 _y c: Z\ then there is a 
homomorphism 

-- GjZ^ 

which is onto. Nowy„_y}>„+i_j c Z(G/y„+, _j), since G] <= 

and Exercise 6.38 holds. By Exercise 6.39, 

y^-jZ^lZ^' c: Z(G/Z0 = Z^'+VZ^ 

Therefore, Z^^^ =3 7 m-jZ^ => Ym-j^ desired. Since the inclusion 
holds for all j\ it holds f^or j = m. Therefore, 

G = Cl Z^, I 

Definition A group G is nilpotent^ if there is some integer m such that 
= W' The least such integer m is the class of G, 

A group G is {1} if it has class 0; it is abelian and ^ {1} if it has 
class 1. A group G of class 2 is also called metabelian"^ and, by Theorem 
6.20, is described by yziO) = G' a Z(G). Thus, Exercise 5.41 says that 
every nonabelian group of order is metabelian. 

A group G is nilpotent if the descending central series reaches {1} or, 
equivalently, if the ascending central series reaches G. The nilpotent 
groups form a class of groups lying strictly between the abelian groups and 
the solvable groups, and should be regarded as generalizations of p- 
groups. 

It is easy to prove by induction that G^*^ c= 7 ,(G) for all /; it follows 
that if y^(G) = {1} for some m, then G^"*^ = {!}, i.e., if G is nilpotent, 
then G is solvable. The group ^3 is a solvable group; we claim that it is not 
nilpotent. Every nilpotent group G has a nontrivial center: if m is the first 
integer for which y,„+i(G) = {1}, then {1} ^ y,„(G) c Z^G) = Z(G). 
Therefore, ^3 is not nilpotent, for it is centerless. 

Theorem 6.21 Every subgroup of a nilpotent group G is nilpotent. 

Proof It is easily proved by induction that if // c G, then yfH) a 
yfG) for all /. Therefore, y^CG) = {1} implies y^(/f) = {!}. | 

Theorem 6.22 If G is nilpotent and H <\ G, then GjH is nilpotent. 

^ This terminology is borrowed from the theory of Lie algebras. 

Many authors define a group G to be metabelian if G' is abelian. 
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Proof IfG L is a homomorphism onto, then it is easily proved 
by induction that c /(^^(G)) for all/. The theorem follows if we 
take / to be the natural map of G onto GjH. | 

We have just proved the analogs for nilpotent groups of Theorems 
6.11 and 6.12. Is the analog of Theorem 6.13 true? If H <\ G and both 
H and GjH are nilpotent, is G nilpotent? Again, is a counterexample; 
both A 2 , and S^jA^ are abelian and hence nilpotent, but we have already 
seen that is not nilpotent. The analog of Corollary 6.14, however, is 
true. 

Theorem 6.23 A direct product G of a finite number of nilpotent 
groups is nilpotent. 

Proof An induction on the number of direct factors allows us to 
assume that G = H x K. Another induction proves that 

yi(H X K) c: y^H) X y^{K) for all /. 

Let M = max{w, «}, where = {1} = Then yj^{H x K) 

= {!}, so that 7/ X AT is nilpotent. | 

Lemma 6.24 Every finite p~group G is nilpotent. 

Proof We know, by Theorem 5.4, that G and all its nontrivial 
quotients have nontrivial centers. Therefore, if Z' ^ G for some /, 
then Z' ^ Z'"^ ^ Since G is finite, we cannot have this inequality for 
all /. It follows that Z' = G for some /, i.e., G is nilpotent. | 

This lemma is false without the finiteness assumption, for there exist 
infinite /?-groups that are centerless. 

Lemma 6.25 Let G be nilpotent and let Hbe a proper subgroup. Then 
H ^ No{H). 

Proof There exists an / such that H z) yi+i(G) but H yb y,.(G) 
(this is true for any chain of subgroups starting at G and ending at 
{!}). Now 

[y,-. ■W] <= [y.-, c] <= y,+ i >= H, 

SO that y^ c: Nq(H), by Exercise 6.36. There is thus some element in 
Nq(H) not in H. | 

Theorem 6.26 If G is nilpotent, then every subgroup H of prime 
index is normal. 
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Proof Since p = [G : = [G : Ng(H)^[Ng(H): //], one of the 

factors is 1. By Lemma 6.25, Ng(H) i=^ H. Therefore Nq{H) = G 
and H <\ G. | 

The following theorem is a very satisfying characterization of finite 
nilpotent groups that indicates they are not too far from /?-groups. 

Theorem 6.27 A finite group G is nilpotent if and only if it is the 
direct product of its sylow subgroups. 

Proof If G is the direct product of its sylow subgroups, then 
Theorem 6.23 and Lemma 6.24 show G is nilpotent. 

To prove the converse, take a sylow subgroup P of G and let 
N = A'g(P). In Exercise 5.13, we saw that N is its own normalizer. 

By Lemma 6.25, N cannot be a proper subgroup of G; thus Nq^P) = 

G and P <] G. Since all sylow subgroups of G are normal, it follows 
from Exercise 5.14 that G is the direct product of its sylow 
subgroups. I 

EXERCISES 

6.40. If G is metabelian and a e G, then the function [a, ]: G G, 
defined by ^ ^ [a, b\ is a homomorphism. 

6.41. The group of triangular matrices in Exercise 5.17 is metabelian. 
*6.42. G is nilpotent if and only if there is a normal series 

G = Go ^ Gi =>•••=) G„ = {1} 

in which each G,- <\ G and such that Gj/G^+i Z{GIGi+i) for 
all /. (Such a series is called a central series.) 

*6.43. ]f H cz Z{G) and G/H is nilpotent, then G is nilpotent. 

6.44. The dihedral group D„ is nilpotent if and only if « is a power of 2. 

6.45. Let G be a finite nilpotent group of order n, and suppose m | n. 
Prove that G contains a subgroup of order m. 

6.46. If H, K are normal nilpotent subgroups of a group G, then HK is 
also a normal nilpotent subgroup of G. 

6.47. A finite abelian p-group has a unique subgroup of order p if and 
only if it is cyclic. 

There are many “commutator identities” that are quite useful even 
though they are quite simple, e.g., [x, = \_y, xf We will need two 

slightly more complicated identities. 
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Lemma 6.28 Let y e G and suppose [x, y] commutes with both 
X and y. Then, for all n, 

(i) lx,yf = lx^,y']; 

(ii) (xyf = 

Proof To prove (i) for « > 0, note that 

{_x,yY\x,y'] = x~\x,yYy~^xy, by hypothesis 

= inductive hypothesis 

= x~^(x~'*y~^x”y)y~^xy 
= 

We claim [x“\y] = [_x,y]~^. By hypothesis, x[y, x] = [y,x]x, 
which implies x>'“^x"V = y^^x~^yx, i.e., [x“^,>^] = [j, x]. 
But we always have \_y, x] = [x, y]“ ^ The rest is easy. 

To prove the second identity for n > 0, observe that, by induc¬ 
tion, 

(xyfixy) = 


Using the first identity. 


[x,y-"] = [y'",x]-^ = ly,x-]\ 

Therefore 


(xy)"'^^ = x]"x”^ 


We let the reader prove the identity for negative n, | 

Theorem 6.29 Let G be a p-group with a unique subgroup of order p 
and more than one cyclic subgroup of index p. Then G ^ Q, the 
quaternions. 

Proof If i/ is a subgroup of G having index p, then H <] G, by 
Theorem 6.26. Thus, if x e G, then xH e GjH, a group of order p. 
Therefore, x^ e H. 

Let A = <a> and B = (by be distinct cyclic subgroups of index 
p, and let Z) = n D <] G, being the intersection of normal sub¬ 
groups. We collect facts about D. First of all, our initial remarks 
show the subset 


G^ = {xP : X G G} c= D. 
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Now A and B being distinct maximal normal subgroups implies 
G = AB. The product formula gives 

[_G.D^= p\ 

It follows that GjD is abelian, so that 

G" c D, 

by Exercise 2.50. Further, G = ^4 ^means that each x e Gisaproduct 
of powers of a and b. Thus, an element d e D is simultaneously a 
power of a and a power of b, so d commutes with x. Therefore 

D c= Z(G). 

(Indeed, D — Z(G), for == [G : 2)] = [G : Z(G)][Z(G) : Z)], 
and [G : Z(G)] p, by Exercise 3.22.) 

Now G' cz D d Z(G), so the hypotheses of Lemma 6.28 hold. 
Hence, for every x.yeG 

[y, xy = [y", x] = 1, 

because e D a Z{G), and so 

(xyY = [;;, 

Ifp is odd, we have (x;;)^ = x^y^, i.e., x ^ x^ is a homomorphism. 
Setting Gp = {x e G: x^ = 1}*, Exercise 2.57 says Gp and G^ (defined 
above) are subgroups and [G : GJ = 1G^|. Thus 

|Gp| = [G : GP] = [G : Z)][Z) : G^] ^ p\ 

But now Gp, being an elementary abelian subgroup with at least p^ 
elements, has more than one subgroup of order p, a contradiction. 
Therefore, p = 2. 

Now G/D = GIZ(G) is the 4-group (it cannot be cyclic) with 
generators aD and bD. Of course, we may replace a and b by other 
generators of ^ = <a> and B = <6>, respectively. In particular, 
ab~”^ ^ D whenever m is odd. Also, since D — n is cyclic 
and of index 2 in ^ and in B, we have = Z) = <6^>, so that 
sQjQg yyi Finally, note that Z> = <(«h“'")^>, for 
is another subgroup of G of index 2. 

As in the first part of the proof, \^y, x]^ = 1 for all x, j g G so 

that 

(xyY = [y, xYx'^y'^ = xV^. 

In particular, 

(ab-^f = a^b~^^ = 1 . 
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Since {ab~”'Y generates Z), we have proved |Z)| = 2, whence |G| = 8. 
To complete the proof, one need only look at the list of groups of 
order 8. One easily eliminates the abelian groups and and only Q 
survives. | 

Before stating the next theorem, we do a little exercise in congruences. 

Lemma 6.30 Let be the multiplicative group 
= {a e Z 2 m \ a is odd}. 

If m > then 

= <-T,5> ^ G{1) X a(2--^). 

Proof First note that, by Exercise 2.22, |//^| = (p{2^) = 2"*~\ 
Induction shows that 

= (1 + = 1 + 2"'~Hmod2"‘). 

Since is a 2-group, 5 has order 2\ where s > m — 2 (for 

1 +2"*-^ ^_\ (mod 2"*)). 

Now — T has order 2. We claim <-~T> n <5> = {!}. For any 
v,S^=\ (mod 4). If 5" e <-T> n <5>, then 5" = -1 (mod 4); 
but —1=3 (mod 4), It follows that these two cyclic subgroups 
generate their direct product, which is a subgroup of order 2 • 2® > 

2 • 2"*“^ = 2"*“^ = (p{2*^). This subgroup is thus all of | 

Consider the following group-theoretic situation: G is a group con¬ 
taining elements a and P such that a has order 2"*, = a^ 

What can be said about t and w? 

First of all, 

a- = p^ p-\P^)P = p-\(x^)p = 

Therefore, 

' w ~ tw (mod 2'”). 

Second, since p^ commutes with a, we have 
a = p-^ap^ = P~\ot^)P = 

so that t^ = 1 (mod 2"*). Thus, i is an element of order 2 in If 
m > 3, Lemma 6.30 says that there are four such elements: 

/ = ±1 and ^ = ±1 + 2^~K 

Note that if a and p do not commute, / = 1 is ruled out. 
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Theorem 6.31 A finite p-group G having a unique subgroup of order p 
is either cyclic or generalized quaternion. 

Proof The proof is by induction on n, where \G\ = /?”; of course the 
theorem is true when n = 0. 

Assume first that p is odd. If « > 0, then G has a subgroup H 
of index p, by Exercise 5.2, which must be cyclic, by induction. There 
can be no other subgroup of index p lest it, too, be cyclic and G be the 
quaternions. Therefore, H is the unique maximal subgroup of G and 
so it contains every proper subgroup of G. Suppose G is not cyclic. 
Then, for every x e G, <x> is a proper subgroup. Hence <jc> c H 
and G c. H, a, contradiction. 

Assume that p = 2. We wish to show that G contains a cyclic 
subgroup of index 2, but first let us show it contains a normal cyclic 
subgroup of index 4. IflGI = 16, then G contains a normal subgroup 
N of index 4 (Exercise 5.2), and thus of order 4; A is cyclic, for the 
4-group has 3 elements of order 2. If|G| = 2" > 16, then a subgroup 
H of G having index 2 is either cyclic or generalized quaternion, by 
induction. In either case, //contains a unique (Theorem 6.29) cyclic 
subgroup {a} of order 2"“^. Therefore is a characteristic sub¬ 
group of H, and hence is a normal cyclic subgroup of G of index 4. 

We may assume |G| = 2" where n > 4. Now Gj^^a} is a group 
of order 4, so there exist elements b, c e G with b ^ <a>, c ^ <a>, 
b~ ^c ^ <[ay, and with <a, b} and <a, c> having order 2”~ ^ If one of 
<a, by, (^a, c> is cyclic, good; otherwise, both are generalized quater¬ 
nion, by induction. We may assume there are equations 

£ 3 ( 2 " ^ b~^ab = a~'^ = c~^ac, b^ = ^ 

The middle equation b~^ab — c~^ac shows that b~^c e € 0 ( 0 ); since 
b~ ^c ^ <a>, the subgroup {a, b~ is abelian, of order at least 2"" 
and hence cyclic. 

We have shown that G must contain a cyclic subgroup <a> of 
index 2, Choose f e G, f ^ <a>. Since [G:<a>] = 2, we have 
e <a>. Changing generator of <a> if necessary, we have 

Note that r < n — 2 (if r > n — 2, then p is a second element of 
order 2). Furthermore, we may suppose a and P do not commute, 
otherwise G is abelian, and hence cyclic. The little exercise in con¬ 
gruences gives 


p-^ap = a^ 
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where either t = -1, -1 + 2"~^, or 1 + 2"“^ (since a has order 
2"“*). We eliminate the last two possible values of t. 

Suppose t = 1 + 2"“^. For any integer m, 

(pTpf- = 

where j = 2''“^ + m(\ + 2”"^). Since 1 + is odd (n > 4), 
we may solve the congruence 

2^"^ 4- m(l + 2"-^) = 0 mod 2""^ 

For this choice of m, we have = a^” ^ = 1. Thus, 

^ <a> is a new element of order 2. 

Suppose r = — 1 +2”“^. The little exercise says 

2'- = 2*'(-l 4- 2""^)(mod 2”''^) 

so that 

2" = 0 (mod 2"-2) 
and r = n — 2. But now 

(aj3)^ = oiP\r'oiP) = 

= a a =1, 

so a second element of order 2 has been exhibited. 

Therefore, G = <a, jS>, where 

^ = 1, P~^oiP = a“\ = a^^ 

We need only show r = w — 2 to complete the proof. This follows 
from the little exercise: since t = — 1, we have 2'' = —2'' (mod ) 
so that 2''^^ = 0 (mod 2"“^), and r = n — 2. | 

EXERCISES 

6.48. Every subgroup of Q„ is either cyclic or generalized quaternion. 

6.49. (Wielandt) A finite group G is nilpotent if and only if every 
maximal subgroup is normal. (Hint: Use Exercise 5.13.) Conclude 
that in this case every maximal subgroup has prime index. 

6.50. Let d)(G) be the intersection of all the maximal subgroups of G 
(0(G) is called the Frattini subgroup of G). Prove that ^(G) < G 
(indeed, <I>(G) is even a characteristic subgroup of G). 

6.51. If G is finite, prove that <I>(G) is nilpotent. 
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6.52. An element x e G is called a nongenerator if, whenever a set 
Y u {x} generates a subgroup H, then already Y generates H. 
Prove that 0(G) is the set of all nongenerators of G. 

6.53. If G is a finite p-group, then ^(G) = G'G^, where G' is the com¬ 
mutator subgroup of G and G^ = x g Gy. Conclude that 
G/^(G) is a vector space over Z^. 

6.54. (Burnside Basis Theorem) If G is a finite p-group, any two minimal 
generating sets of G have the same number of elements. Moreover, 
if X ^ ^(G), then {x} can be extended to a minimal set of generators 
of G. (Hint: Elements jCj, • • •, comprise a minimal generating 
set of G if and only if their cosets modulo 0(G) comprise a basis of 
G/0(G).) 

The hypothesis that G is a p-group is necessary. If G = <x> ^ (t( 6), 
then two minimal generating sets of G are {x} and {x^, x^}. 

The reader familiar with ring theory will note the analogy of the 
Frattini subgroup with the Jacobson radical. He will also note the 
similarity of the Burnside basis theorem with the notion of the rank of a 
noetherian local ring. 

For further results on solvable and nilpotent groups, we refer the 
reader to the books of Burnside, Hall, Huppert, Kurosh, and Zassenhaus 
(see Bibliography). 
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THE EXTENSION PROBLEM 

If G is a group having a normal subgroup K, then we can “factor” G 
into the two groups K and GjK. The study of extensions involves the 
inverse question: Given K and GjK, to what extent may one recapture G? 

Definition If K and Q are groups, an extension of A" by g is a group G 
such that: 

(i) G contains as a normal subgroup; 

(ii) GjK ^ Q, 

(As a mnemonic, K denotes kernel and Q denotes quotient.) 

In a heuristic sense, an extension G is a “product” of K and Q. 

Example 1 Both (t(6) and ^3 are extensions of (j(3) by ( 7 ( 2 ). 

Example 2 For any two groups A: and 0 , Ti: x Q is an extension of K by 
Q (and also of Q by K). 

Example 3 Every extension of a solvable group by a solvable group is 
itself solvable; an extension of a nilpotent group by a nilpotent group 
need not be nilpotent (but see Exercise 6.43). 
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The extension problem formulated by Holder is, given K and 0, to 
determine all extensions of Khy Q, We can better understand the Jordan- 
Holder theorem in the light of this problem. Let G be a group with com¬ 
position series 

G = /sTo = ATi = K„-2 ^ K„= {1} 

and corresponding factor groups 

^o/^i = = Q„. 

NowA„_] = g„, since jK„ = {!}, but something more interesting happens 
at the next stage: K„- 2 lK„-i = so that K „^2 is an extension of 

K„-ihy Q„- 1 . If we could solve the extension problem, we could recapture 
K „^2 from and from Q„ and 2„_i. Once we have K„^ 2 , 

we can attack in a similar manner, for K„. 3 lK „-2 = Q«- 2 - Thus, a 
solution of the extension problem allows us to recapture K „-3 from 
Q„, Q„-i, and Q„- 2 - We continue climbing up the composition series 
until we reach ATq = G; to do this, we need extensions and the factor 
groups The group G is thus a “product” of the Qi, and the 

Jordan-Hdlder theorem says that the simple groups occurring as factors in 
this “factorization” of G are uniquely determined by G. We could thus 
survey all finite groups if we knew all finite simple groups and if we could 
solve the extension problem. In particular, we could survey all finite 
solvable groups if we could solve the extension problem. 

A solution of the extension problem consists of determining all 
groups G with G/K ^ Q. But what does “determining” a group G mean? 
We gave two answers to this question in Chapter 1 when we considered 
“knowing” a group G. One answer is that a multiplication table for G can 
be constructed; a second answer is that the isomorphism class of G can be 
characterized. Schreier solved the extension problem in the first sense; 
given K and Q, all multiplication tables of extensions G of AT by g can be 
constructed. On the other hand, no solution is known in the second sense. 
For example, given K and Q, Schreier’s solution does not allow us to 
calculate the number of nonisomorphic extensions of K by Q. 

We shall see that, in essence, the extensions of A^ by 0 themselves 
form an abelian group! The computation of one of these groups is the 
Schur-Zassenhaus lemma (Theorem 7.19). More general techniques for 
computing groups of extensions will be considered in Chapter 10, where we 
discuss homological algebra. 

EXERCISES 

7.1. Any two extensions of A by Q have the same number of elements, 
namely, 1A| \Q\. 
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7.2. There are exactly two nonisomorphic extensions of a(3) by (t( 2); 
there is exactly one extension of C7(2) by 

7.3. Every nonabelian group of order p prime, is an extension of 
G{p) by <t(p) X a{p), 

lA. If G is an extension of K by Q, must G contain a subgroup isomorphic 

toe? 

7.5. If (a, b) = 1 and if K and Q are abelian groups of orders a and b, 
respectively, prove that there is only one abelian extension of K 
by 0. 


AUTOMORPHISM GROUPS 

The coming construction is essential for a discussion of extensions; it 
is also of great intrinsic interest. 

Definition The automorphism group of a group G, denoted Aut((7), is the 
set of all automorphisms of G under the binary operation of composition. 

It is easy to check that Aut(G) is a group; indeed, Aut(G) is a subgroup 
of Sq. 

Definition An automorphism a of G is inner if it is conjugation by an 
element of G, i.e., a(x:) = fj^x) = axa~^ for some ae G; otherwise, a is 

outer. 

Theorem 7.1 The set of all inner automorphisms of G, denoted 
Inn(G), is a normal subgroup of Aui(G); furthermore, 

GIZiG) ^ Inn(G). 

Proof IfaeG, let f„ denote conjugation by a. The function a f^ 
is easily seen to be a homomorphism of G into Aut(G). The image of 
this map is clearly Inn(G), so that Inn(G) is a subgroup of Aut(G). 
The kernel of this map is Z(G), for the following statements are 
equivalent: a is in the kernel;is the identity function on G; axa~ ^ = 

X for all X e G; a e Z{G). It follows from the first isomorphism the¬ 
orem that GIZ{G) ^ Inn(G). 

In order to prove that Inn(G) <] Aut(G), we must show that if 
a e Aut(G), then 0 Lf^cc~ ^ is an inner automorphism. In fact, of^oL~^ = 
fa(a )» as the reader should check. | 
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EXERCISES 

*7.6. Prove that Aut(S 3 ) ^ S 3 . 

7.7. Prove that Aut(K) ^ S 3 , where V is the 4-group. Conclude that 
nonisomorphic groups can have isomorphic automorphism 
groups. 

*7.8. Let G be an elementary abelian group of order /?", where p is prime. 
Prove that Aut(G) ^ GL{n,p). 

7.9. Let H and K be finite groups whose orders are relatively prime. 
Prove that Aut(Lf x K) Aut(iy) x Aut(.^). 

*7.10. Let G be a finite group with Aut(G) = {!}. Prove that G has at 
most two elements. (The finiteness condition is unnecessary, but 
the reader may not possess the tools for dealing with the general 
case until Chapter 9.) 

7.11. Let be a subgroup of G. Then Cq(H) < Nq{H) and 
Nq{H)ICq{H) can be imbedded in Aut(//). (Theorem 7.1 is the 
special case of this when H = G.) 

7.12. If p is prime, then Aut(tr(/ 7 )) = a{p — 1). (Hint: Use Exercise 
4.17.) 

Definition A unit in a commutative ring with unit R is an element 

having a multiplicative inverse in R. The group of units, U{R), is the 

multiplicative group of all units in R. 

EXERCISES 

**7.13. Prove that Aut(( 7 («)) ^ G(Z„) and hence has order (p{n), (Hint: 

An integer t represents a unit in Z„ if and only if (/, n) — 

**7.14. If p is prime, then a = b (mod p) implies 

Theorem 7.2 

HI) ifm=l 

Aut(Gr(2"*)) ^ ( 7 ( 2 ) if m = 2 

((7(2) X (7(2"*"^) if m > 3. 


If p is an odd prime. 


Aut(( 7 (p”)) ^ ( 7 ((p \)p^-^). 
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Proof By Exercise 7.13, Aut((j(2"*)) = U{Z 2 m) and has order (p(T”). 
Since (p(2) = 1 and (p{4) = 2, the theorem holds when m < 2. If 
m > 3, then this theorem is precisely Lemma 6.30. 

Assume that p is odd and that n > 2 (we already know the the¬ 
orem for n = 1). Denote U{Zpn) by G. Now |G| = (p(p") = 

(p — !)/?"" S* we shall show that G ^ ct(p — 1) x 

Let B = {B G G: b = 1 (mod p )}; note that ^ is a subgroup of 
G. If 1 < 6 < p", then b has a unique expression in base p : 

b = b^ bip — 1. 

It follows that \B\ = fox b G B if and only if = i- We claim 
^ = <1 + p>. Since \B\ = it suffices to show (1 + # 1 

(mod p"), for then 1 + p must have order p”“L The incongruence 
is proved by induction on «, the case n = 2 being trivial. 

Since 1 + p = 1 (mod p), Exercise 7.14 gives 

(1 + py-^ ^ 1 (modp”-^), 
so that, by induction, 

(1 -f pY”'^ = 1 + Ap"“^ where k ^ 0 (mod p). 

Therefore 

(1 + p)p"-^ = (1 + kp^-^y 

= I + kp"-^ +■■■ + 

= 1 + kp*'~^ (mod p") 

# 1 (mod p"). 

By the primary decomposition, G = A y. B, where ^4 is a sub¬ 
group of order p 1. Consider the map /: G ^ U{Zf) defined by 
/(a) = els a, where els a means the congruence class of a modulo p. 
Clearly / is onto with kernel B, so that GjB ^ U{Zp) ^ a{p - 1). 
Since G/5 ^ yl,wehave^ = a{p — 1). Therefore G^ o-(p — 1) x 
^(p»-i) ^ by Exercise 4.7. | 

EXERCISES 

7.15. Give a complete set of invariants describing U{Z„). 

7.16. Let X be the set of all conjugacy classes of a group G. Every 
automorphism a of G induces a permutation of X, Conclude 
that Aut(G) is a permutation group on X as well as a permutation 



132 


EXTENSIONS 


CHAPTER 7 


group on G. This remark is the origin of the notion of imprimitive 
permutation groups (see Burnside, Passman, and Wielandt). 
**7.17. Let G be a finite group and let C be a conjugacy class of G 
consisting of h elements of order t. If no other conjugacy class of 
G comprised of elements of order t has exactly h elements, then 
a(C) = C for every a e Aut(G). 

Theorem 7.1 suggests the following class of groups. 

Definition A group G is complete in case Z(G) = {1} and every auto¬ 
morphism of G is inner. 

If G is a complete group, then Aut(G) = G. An interesting general¬ 
ization of Exercise 7.6 is that almost all the symmetric groups are complete. 

Lemma 7.3 If a: S„ S„ is an automorphism that preserves trans¬ 
positions^ i.e,^ if a sends any transposition into a transposition, then a is 
inner. 

Proof Recall that two elements of are conjugate if and only if they 
have the same cycle structure, so that every conjugation of S„ 
preserves transpositions. 

If 7r e and y: ^ denote y(n) by tc^. 

We shall prove by induction on t that there exist conjugations 
j52, • • •, jSf such that fixes (1 2), • • •, (1 t). Now 

(1 2)“ = (ij)i define P 2 to be conjugation by (1 i)(2j) (where our 
notation sets, e.g., (1 i) = identity if 1 = i). Our quick way of com¬ 
puting conjugations (Lemma 3.9) shows that (1 2)® = (1 2)^^, and so 
P 2 ^oi fixes (1 2). 

Let y = Pr^''' Pi^^ fio given by the inductive hypothesis. 
Since y preserves transpositions, (1 f + 1)^ = (i k). Now {1, 2} n 
{/, k) ¥= 0, otherwise [(1 2)(1 t 4- 1)]^ = (1 2)(/ k) has order 2 
while (1 2)(1 / + 1) has order 3. Thus (1 / + 1)^ = (1 k) or (2 k). 

We must have k > t, because y is one-one. Define pf+j^: S„ S„ to 
be conjugation by (k t + 1). Now P^+i fixes (1 2), • • •, (1 t) and 
(1 t + = (1 / + so that Pt~+\y = Pt~+\Pf^‘ "Pi^^ fixes 

(12),•••,(! t + 1). 

It follows that Pn ^’ p 2 ^^ fixes (1 2), • • •, (1 n). Since these 
n — 1 transpositions generate S„, by Exercise 3.20, p~^ • — p 2 ^cc is 
the identity, and a = P 2 ’' ‘ Pn^^ inner. | 

Theorem 7.4 S„ is complete if n ^ 2 and n ^ 6. 
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Proof We remark that S 2 = o’(2) is not complete because it has a 
center. If « > 3, we have seen in Exercise 3.34 that is centerless. 

Let Cl be the conjugacy class of consisting of all transposi¬ 
tions; every element in C^ has order 2. Since every permutation is a 
product of disjoint cycles, the only elements in S„ of order 2 are pro¬ 
ducts of disjoint transpositions; let be the conjugacy class consist¬ 
ing of all products of k disjoint transpositions. We shall show that if 
« 7 ^ 6 , the size of each C^ik ¥= 1 ) is distinct from the size of C^. 
Exercise 7.17 will then give a(Ci) = C^ for every a e Aut(5„), i.e., 
every a e Aut(S'„) preserves transpositions. An application of Lemma 
7.3 will then complete the proof. 

There are n(n — l)/2 transpositions in S„. How many sets of k 
disjoint transpositions are there? Answer: 

n(n — 1) (n — 2)(n — 3) (n — 2/c -f 2)(n — 2/c + 1) 

2 2 2 ' 

How many products of k disjoint transpositions are there? If t^, 

* ’'» Tfc disjoint transpositions, they commute, and so the order 
in which they are written is irrelevant. There being A:! different order¬ 
ings, the size of is 

^ i n(n - 1 )(.« - 2 ) • • • (n - 2 fc + 1 ). 

The problem is now reduced to the question: Can the size of 
equal«(« — l)/2? Equivalently, does the following equation hold for 
A: > 1? 

(*) {n - 2){n - 3) •••(«- 2/c -h 1) = A:! 2^'^ 

Since the left side is positive, we must have n > 2k. Therefore, for 
fixed n, 

left side > (2A: - 2)(2A: - 3) • • • (2A: - 2A: + 1) = {2k - 2)1 
An easy induction shows that if A: > 4, then 
{2k - 2)! > k\2^-\ 

so that (*) can hold only if /c < 4, regardless of the value of n. We 
may now assume that k = 2 or A: = 3. It is easy to see that (*) never 
holds if A: = 2, so that only the case A: = 3 remains. Now, since 
n > 2k, we must have n > 6. If « > 6, the left side of (*) > 
5 *4* 3 *2 = 120, while the right side of (*) = 3!2^ = 24. (If 
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« == 6 and /: = 3, then (*) does hold.) We have shown that if « ^ 6, 
then there is no A: > 1 for which (*) holds. Hence, \{n ^ 6, the size 
of each Q (/c ^ 1) is distinct from the size of Q. | 

Corollary 7.5 Aut(5„) = for n ^ 2 and n ^ 6, 

It is known that Aut(5’6)/Inn(5'6) = a{2), so that there is essentially 
only one outer automorphism of S^. An explicit construction of an outer 
automorphism can be found in D. W. Miller, “On a Theorem of Holder,” 
Amer. Math. Monthly, 65 (1958), pp. 252-254. 

The next theorem provides another source of (possibly infinite) 
complete groups. 

Theorem 7.6 If G is a simple nonabelian group, then Aut(G) is 
complete. 

Proof Let / = lrm{G) <| Aut(G) = A. Since G is simple and not 
abelian, Z(G) = {1}, and so G ^ /. First of all, Z{A) = {1}. In 
fact, we show Q(/) = {!}: if a e Q(/), then = a/^a"* = 
all b e G; hence a.{b)b '■ e Z(G) = {1}, all ^ € G, and a = 1. 

To see that every automorphism of A is inner, suppose a e 
Aut(y4). Since / < .4, we have cr(/) < >4, so that / n a{I) < a{I). 
Simplicity of cr(/) gives I n cr(/) = {1} or / n g{1) = a(l). In the 
first case, ^ 

[/,f7(/)] c= / 0(7(7) = {!}, 

which implies cr(/) = {1}, by paragraph one. This contradiction 
shows that / o g{I) = a{I), i.e., g{I) <= /. Now, if e I, then 
(7(/^) G 7; therefore, 

= /«((.), 

where, as one easily checks, a e Aut(G) = A. 

Let X — G o where F^\ A A is conjugation by a. 

Observe that 

</*,) = GF~\f^) = (7(a"‘/^a) 
f(Kat~^(b) fb* 

Thus, T fixes everything in 7. 

We claim that t is the identity on If not, x{P) ^ p for some 
P E A. For every ^ e G, 

PfbP~^ = ‘^iPfbP~^) (since I <i A and t fixes 7) 

= '^(P)fb'^iP)~^ (since r fixes 7). 



SECTION 


SEMIDIRECT PRODUCTS 


135 


Hence T(j5)j8 ^ e C^(/) = {l}andT()S) = jS, a contradiction. There¬ 
fore T = 1 and G is the inner automorphism | 

It follows that Aut(Aut(G)) ^ Aut(G) whenever G is a nonabelian 
simple group. There is a beautiful theorem of Wielandt with a similar 
conclusion. For a centerless group G, we know that G can be imbedded in 
Aut(G); moreover, Aut(G) is also centerless. Thus, this process may be 
iterated, 

G c= Aut(G) c Aut(Aut(G)) c: • • •, 

to give the automorphism tower of G. Wielandt proved that if G is a finite 
centerless group, then its automorphism tower is constant from some point 
on. 


Theorem 7,7 Let <| G, where H is a complete group. Then H is a 
direct factor of G, /.e., there exists a normal subgroup K of G with 
G == H X K. 

Proof If g e G, then g~ ^hg g H for all h e H, since H <] G. The 
function h -> g~^hg is thus an automorphism of H. Since every 
automorphism of H is inner, there exists an element rj = r](g) e H 
with r]~^hrj = g~^hg for all h g H. Let = Cg{H), the centralizer 
of JTin G. Clearly AT contains each gri~^. We claim that G = H x K. 
First of all, HK = G, for if ^ e G, then g = (gr}~^)ri. Second, if 
X E H n Ky then x e Z{H) — {!}, since H is centerless. Now 
9 ~^Kg = r}~^{t]g~^)K{gY}~^)r] cz rj’^Krj, since gr]~^ e K; further¬ 
more, cz K, by the definition of K. It follows that ^ <3 G, 

and hence G = H x K. | 

EXERCISE 

7.18. If G is a complete group and G' ^ G, then G is not the com¬ 
mutator subgroup of any group containing it. Conclude that 
n ^ 2,6, is never a commutator subgroup. 


SEMIDIRECT PRODUCTS 

A group G is the direct product of two normal subgroups K and Q 
in case K r\ Q = {\) and KQ = G. A natural generalization of direct 
products is the situation in which only one of the subgroups is required to 
be normal. 
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Definition A group G is a semidirect product of ^ by g in case G contains 
subgroups a: and g such that: 

(i) ^ <1 G; 

(ii) KQ = G -, 

(iii) KnQ = {!}. 

It follows from the second isomorphism theorem that a semidirect 
product of a: by g is an extension of AT by g; a semidirect product is often 
called a split extension. 


EXERCISES 


7.19. S„ is a semidirect product of A„ by (7(2). 

7.20. Let Cr be a finite solvable group of order ab, where {a, b) — If 
G contains a normal subgroup K of order a, then G is a semidirect 
product of K by some group Q of order b, (Hint: Use P. Hall’s 
theorem, Theorem 6.19.) 

*7.21. Z)„ is a semidirect product of G{n) by a(2). 

7.22. If /? is a prime, then (7(p”) is not a semidirect product. 

7.23. The quaternions Q is not a semidirect product. 

*7.24. Both 5*3 and (7(6) are semidirect products of C7(3) by C7(2). 

Exercise 7.24 is a bit jarring at first, for it says that, in contrast to 
direct product, a semidirect product of K by Q is not determined up to 
isomorphism by the two subgroups. When we reflect on this, however, we 
see that a semidirect product should depend on how K is normal in G. 


Lemma 7.8 Let G be a semidirect product of K by Q. There is a 
homomorphism 0 : Q Aut(i^) defined by 

Ofk) — xkx~^, all k e K, X e Q. 

Moreover, 


o,{e^{k)) = d,^{k)\ 
e,{k) = k i 


ke K, X, y, 1 e Q, 


Proof Straightforward, using the normality of K. | 


The object of our study is to recapture a semidirect product G from K 
and Q, so let us begin with only K, Q, and some homomorphism 9: Q 
Aut(K). 
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Definition Given K, 0, and 0: g Aut(^), then a semidirect product 
G of AT by 0 realizes 6 in case 

9^(k) = xkx~ ^ for all k e K. 

In this language, Lemma 7.8 states that every semidirect product G of 
KhyQ determines some 6 that G realizes. The intuitive meaning of 9 is that 
it describes how K is normal in G. 

Definition Let K, Q, and 9\ Q Aut(A:) be given. Then K g is the 
set of all ordered pairs {k,x)€K x Q under the binary operation 

(k,x\k„y) = (keAk,),xy). 

Theorem 7.9 Let K, Q, and 9: Q ^ Aut(A:) be given; then G = 

K Q is a semidirect product of K by Q that realizes 9. 

Proof We first prove that G = K ><. g Q 'lSdi group. Multiplication is 
associative: 

[fk, x)(ki, y)'\{k 2 , z) {k, x)[(A:i, y){k 2 , z)] 

= {k9^{kf), xy)(k 2 , z) = (k, x)(ki9y{k2), yz) 

= {k9^{ki)9^y{k2), xyz); = (k9^{ki9y{k2)), xyz). 

The formulas in Lemma 7.8 show that these are the same. 

The identity element is (1, 1), for 

(1, \){k, jc) = (1 • e^(k\ \x) = (k, x). 

The inverse of (k, x) is ((0jc-i(^)) ^ x~^), for 

(k,x)({e,-.{k)r\x-^) = (ke,(e,-.{k)r\xx-^) = (i, i). 

Let us identify K with the subset of G consisting of all pairs of 
the form (k, 1). Since the only “twist” occurs in the first coordinate, 
the map n : G ^ Q defined by n{k, x) = x is a homomorphism. It is 
quickly checked that ker n = K, so that AT is a normal subgroup of G, 
Identify Q with all pairs (1, x). Then 0 is a subgroup of G with 
KQ = G and K r\ Q = {{\^ 1)}. Therefore, G is a semidirect product 
of K by Q. 

To see that G realizes 0, compute: 

(1, x)(/:, 1)(1, x)-^ = (e^{k), x)(l, x-^) = {e^{k\ 1). I 

Since G — K x q Q does realize 9, there can be no confusion if we 
write- k"" instead of OJJc). The binary operation of AT XqQ may be now 
written: 


(k,x)(ky,y) = {kk^i,xy). 
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Theorem 7.10 If G is a semidirect product of K by Q, then G ^ 

^ X 0 2 for some 0: Q ^ Aut(Ar). 

Proof As in Lemma 7.8, define OJk) = xkx~\ Since G = KQ, 
each ^ 6 G has an expression g = kx, where k e K and x e Q \ this 
expression is unique because K r\ Q ^ {[}, Multiplication in G 
satisfies 

{kx){k^xf) = k{xk^x~^)xxi 
= kk^xx^. 

It is now easy to see that the map K Q ^ G defined by (k, x) -> 
kx is an isomorphism. | 

To illustrate how these results may be used, we construct the group T 
of order 12 defined in Exercise 5.40 and the nonabelian group of order in 
which every element has order p. 

Example 4 The group T is a semidirect product of (7(3) by (7(4). 

Let (7(3) = <A:> and let (7(4) = <x:>. Define 6: (7(4) -> Aut((7(3)) = 
(7(2) by sending x into the generator. In detail, 

= k^ and (k^y = k, 

while x^ acts on <^> as the identity automorphism. 

The group (7(3) x q (7(4) has order 12. If a = (A:^, x^) and Z? = (1, x), 
then the reader may verify that 

= 1 and = (aby, 

which are the relations of T, 

Example 5 Let p be a prime, K = (^k^, kf) be elementary abelian of 
order and Q ~ <x> be cyclic of order p. Define 0: Q ^ Aut(A') ^ 
GL(2,p) by 



Thus, k^ = kfc 2 and k^ = k 2 . The commutator k\k^ ^ is seen to be k 2 . 
Therefore, G^KXqQ is sl group of order p^, G = <^i, k2, x>, and 
these generators satisfy relations: = 1 , A :2 = xk^x~^ki^, 

and \k 2 , kf] = 1 = [^ 2 , x]. 

If p is odd, we have the nonabelian group of order p^ in which every 
element has order p; if p = 2, we have D 4 . Note, using Exercise 7.21, 
that ^ ( 7 ( 4 ) X^ ( 7 ( 2 ) and ^ V Xq ( 7 ( 2 ), where V is the 4-group; a 
group may thus have distinct factorizations as a semidirect product. 
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EXERCISES 

7.25. K XqG ^ K X 0, the direct product, if and only if 6 is trivial 

= Ijt for all ^ ^ Q)- 

7.26. If p and q are distinct primes, construct all semidirect products of 
a{p) by G{q), Compare your results with Theorem 5.13; the con¬ 
dition q\p — \ should now be more understandable. 

Definition The holomorph of A' is Aut(A), where 6: Aut(K) 

Aut(A) is the identity map. 

EXERCISES 

7.27. Let G be the holomorph of K. Prove that every automorphism 
of K is the restriction of an inner automorphism of G. 

7.28. For any group A, a holomorphism is a one-one correspondence 
h: K K such that 

h{xy~^z) = h{x)h{yy^h{z) for every x,y,ze K. 

(Every automorphism of AT is a holomorphism, as is every left or 
right translation.) Prove that Hol(A), the set of all holomor- 
phisms of A, is a subgroup of the symmetric group S^, and that 
Hol(A) is isomorphic to the holomorph of K. 

**7.29. Let G be an extension of K by 0 and let tt : C 0 be a map of G 

onto 0 having kernel A. Prove that C is a semidirect product of 
A by 0 if and only if there is a homomorphism 1: Q ^ G with 

no I := 

Let A and 0 be groups with 0 finite. Define A to be the direct pro¬ 
duct of 101 copies of A. One can think of A either as “vectors” whose 
coordinates lie in A, or, more formally, as A^, all functions Q A under 
pointwise multiplication: 

(/i/2)W =/ 1 W/ 2 W ^e0. 

Define 6: Q -> Aut(A) by 9y(f) = e A^, where 

r(x) = f(xy) x,yeQ. 

If/is regarded as a vector with coordinates f{x), x e Q, then is obtained 
from / by permuting its coordinates via translation by y. 

For example, if 0 = {1, x, y, xy} is the 4-group and / = (a^, Oy, a^y) 
eAxAxAx A, then/^ = (ay, a^y, a^, a^). 
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Definition Let A and Q be groups, with Q finite.^ The wreath product 
of A by Q, denoted A I Q {ox^ A wr 0, is the semidirect product 

AIQ = A<^ XeQ. 

where 0 is the homomorphism defined above. 


EXERCISES 


7.30. If A and Q are finite, then 

\AIQ\ = \A\\^^\Q\. 

7.31. Wreath product is associative: if Q and R are finite, then 

{Al Q) Al {Q 

7.32. Prove that ^ cr(2) I <j(2). 

7.33. If Q is finite, then A I Q contains an isomorphic copy of every 
extension of A by Q. 


Let k and m be positive integers. How many integers < m are divisible 
by The answer is t, where k, 2k, 3k, — •, tk < m, while (t + \)k > m; 
thus, t = Im/k'], the greatest integer in mik. If we let be a prime, what is 
the largest power of p dividing m!? By our initial remarks, [m//?] factors 
are divisible by p, factors are divisible by p^, etc. Therefore, if 

m! = p^m\ where {m',p) — 1, then 

N = [w//?] + + • • • 

(this sum is finite, for [m//?^] = 0 as soon as p^ > m). In particular, if 
m = /?", then N = -h + * • + p + 1; we have computed the 
order of a p-sylow subgroup of the symmetric group Spn. 


Theorem 7.11 If p is a prime, then a p-sylow subgroup of the sym¬ 
metric group Spn is the wreath product of <t(p) with itself n times. 


Proof The proof is by induction on n, the case n — I holding 
because a p-sylow subgroup of Sp is cyclic of order p. Now suppose 
n > 1. Let Bq be the set of integers 1 through p”~^ and let = 
Bq + ^p"“^ Thus the set of integers 1 throughp" is the disjoint union 
Bq Kj B^ u • — u Bp_i. Let a e Spn be the permutation that “adds 
p"“^ modulo p””: if bo e Bq, 


a(ho + ip"" 


1) ^ (^0 + (i + 
1^0 


if i < p — 1; 
if i = p — 1. 


^ If Q is infinite, there are two distinct wreath products, depending on how one defines 
an infinite product of groups. 
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Thus, (x(Bo) = ^ 1 , a(5i) = 82 , ’, - Bq, One easily sees 

that a has order p. 

Let H ^ Hq ht 2 l j 9 -sylow subgroup of ^ 5p„-i. Now 
a\Bi: B^-^ B^^y (subscripts taken modulo p) is a one-one correspon¬ 
dence; hence (Exercise 3.2) it induces an isomorphism S'b. = + 

Let be the image of Hq, H 2 the image of etc. We have thus 
chosen one / 7 -sylow subgroup for each i. 

Now Spn contains K = x Hi x • - x Hp.i (disjoint 
permutations commute) and <a>. Moreover K n <a> = {1}, and if 
(Po. Pu'", Pp~i) e K, then Lemma 3.9 gives (po, * • *, Pp-iT = 
(Pu Pzr " , Po)^ It follows easily that iK, oc} ^ H I <a> ^ H I a{p). 

By induction, ^is a wreath product of « — 1 copies of (t{p), so that 
<A', a> is a wreath product of n copies of a{p). 

To check that <^, a} ^ H I G{p) is a /?-sylow subgroup, it 
suffices to see that its order is where N{n) = ^ ^ + • • • 

+ /?+!. We know that \H\ = hence \H I (t{p)\ = 

^pN{n-l)yp _ ppN(ji-\)+\ _ pN{n) | 

Using Theorem 7.11, one may compute a / 7 -sylow subgroup of any 
Sn. Write n in base p\ 

« = ^0 + aiP + • • ‘ + a^p^ where 0 < Ui < p — \. 

Now partition the set of integers 1 through n into Qq singletons, subsets 
with p elements, and so forth. On each of these subsets X, construct a 
/ 7 -sylow subgroup of Sx> The direct product of all these subgroups is a 
/ 7 -sylow subgroup of S„ (it is a subgroup because disjoint permutations 
commute; it is a sylow subgroup because it has the right order). As an 
illustration, we compute a 2 -sylow subgroup of (this has been done by 
hand in Exercise 5.20). In base 2, 6 = 01 + 1- 2+ 1-4. A 2-sylow 
subgroup of S 2 is <7(2); a 2-sylow subgroup of S 4 is < 7 ( 2 ) ^ < 7 ( 2 ) ^ 7 ) 4 . 
Hence, a 2-sylow subgroup of is isomorphic to x < 7 ( 2 ). 


FACTOR SETS 

Since there are nonsimple groups that are not semidirect products, our 
survey of extensions is still incomplete. Notice the sort of survey we 
already have; if we know K, Q, and 0, then we know K Xq Q in the sense 
that we can write a multiplication table for it. 

In discussing extensions <7 of AT by 0, it is convenient to use the multi¬ 
plicative notation for Q and the additive notation for G and its subgroup 
K (this is one of the few instances in which one uses the additive notation 
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for a nonabelian group). Thus, \ik e K and g e G, the conjugate of A: by ^ 
is written g + k — g. 

Definition If tt : G Q is onto and x e Q, then a lifting of x is an 
element g e G with n(g) = x. 

Lemma 7.12 Let G be an extension of K by Q, where K is abelian. 
There is a homomorphism 6 : Q Aut(A') such that 

^ l{x) + k — l{x) 

for every k e K and every lifting l{x) of x. 

Proof Ua e G, let f^ denote conjugation by a. Since K G, fa\K 
is an automorphism of K, and the function g : G Aut(A:) defined 
by g{a) = QK is easily seen to be a homomorphism. If a e then 
g{a) = for A'is abelian. There is thus a homomorphism : GjK 

Aut(A:) defined by gi^{Ka) = g{a). 

The first isomorphism theorem not only says that Q and GjK are 
isomorphic; it says that for any choice of liftings /(jc), x e Q, the map 
k: Q GjK defined by X{x) = Kl{x) is an isomorphism. Let 
0: Q ^ Aut(A^) be the composite g^X, If x e Q and l{x) is a lifting, 
then 0^ = g^Xix) — g^{Kl{x)) = g(l(x)) e Aut(K); therefore, if 
keK, 


Uk) = mx)){k) = l{x) + k ~ l(x). I 

There is a version of Lemma 7.12 that provides a homomorphism 6 
when K is not assumed abelian (then 0; Q -> Aut(A:)/Inn(A:)), but this 
general situation is rather complicated. From now until we discuss the 
Schur-Zassenhaus lemma, we assume that K is abelian. 

We shall examine (not necessarily split) extensions given the data: 
abelian K, arbitrary 0, and 6: Q ^ Aut(^). This study is called coho¬ 
mology of groups because of an analogy with methods of cohomology 
theory in algebraic topology. Our aim is to be able to write a multiplica¬ 
tion table (rather,'an addition table!) for any extension G arising from the 
data K, Q, and 9, 

Once a homomorphism 0: Q ^ Aut(^) is given, we abbreviate the 
expression 6fk) by xk. The following formulas are valid for all x, y, I e Q 
and k, k' g K\ 


x{k + k') = xk xk'; 
(xy)k = x{yky, 

\k = k. 
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(These formulas should remind the reader of the definition of a module. 
Indeed, a (possibly noncommutative) ring ZQ can be constructed, the 
integral group ring of Q, and the abelian group is a left module admitting 
operators from this ring. This remark is the basis of further examinations 
of group extensions; for more details we refer the reader to the book of 
S. Mac Lane, Homology, Chapter IV.) 

Since the object of our study is to recapture G from K and Q, let us 
assume we begin with only K, Q, and 9, but that there is no G in sight. 

Definition Let K and Q be groups, K abelian, and 9: Q Aut(Ar) a 
homomorphism. An extension G of Khy Q realizes 9 in case 

xk — l{x) k — l{x) 
for every k b K and every lifting l{x) of x. 

In this language. Lemma 7.12 says that every extension G of an 
abelian Khy Q determines a 9 that G realizes. The intuitive meaning of 9 
is that it describes how K is normal in G. 

The extension problem is now posed as follows: Given an abelian K, a 
group Q, and a homomorphism 9: Q Aut(^), determine all extensions 
G of AT by 2 that realize 9. (For a discussion of the more complicated case 
when K is not abelian, the reader is referred to the book of Mac Lane.) 

Let G be an extension of Khy Q and let tt: G Q be a homomor¬ 
phism of G onto Q having kernel K Choosing a lifting l{x) of each 
X e Q defines a function 1: Q ^ G (which may not be a homomorphism) 
satisfying n o I The range of such a function / is called a transversal 

of AT in G (or a complete set of coset representatives of K in G), for it 
consists of exactly one representative from each coset of K 

Suppose K is abelian and G is an extension of AT by 2 realizing 9. We 
identify Q with G/K, and for each x g 0, we choose a lifting l(x) e G; for 
computational ease, choose /(I) = 0. Once this choice of transversal has 
been made, every element ^ e G has a unique expression of the form 

g = k l(x) X G Q, k e K 

(after all, l(x) is a representative of a coset of K in G, and G is the disjoint 
union of these cosets). We have the following formulas: 

(i) l(x) k = xk l{x) for every x e Q and k e K (this is the state¬ 
ment that G realizes 9); 

(ii) /(x) + l(y) = f{x, y) + l(xy) for some /(x, y) e K (/(x) + l(y) and 
l(xy) are representatives of the same coset of K). 
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Definition The function f:Q x Q ^ K defined by formula (ii) is called 
a factor set^ of G. 

Notice that a factor set depends on the choice of transversal. If G is 
a semidirect product, Exercise 7.29 shows that there is a transversal / 
making /(x, ;^) = 0 for every x and ;; in Q, namely, /(x) = (0, x), all xeQ. 
In fact, it follows from property (ii) that /: Q ^ G is a homomorphism if 
and only if the corresponding factor set is identically zero. Thus, a factor 
set may fruitfully be thought of as a “measure” of G’s deviation from 
being a semidirect product, for it tells how the transversal / fails to be a 
homomorphism. 

Theorem 7.13 Let K be abelian and let 0: Q Aut(A'). A function 
f'Q X Q K is a factor set if and only if it satisfies the formulas: 

(i) /(I, j;) = 0 = /(x, \)for every x,yeQ\ 

(ii) xf{y,z) - f{xy,z) A f{x,yz) - f{x,y) = 0 for every x^y^zeQ, 

Proof Suppose/is a factor set. This means that there is an extension 
G of Kby Q realizing Q, a transversal /has been chosen, and/satisfies 

/(x) + /(j) = /(x, j) + l{xy\ 

Since we have assumed that /(I) = 0, 0 + l{y) = /(!,>’) + 
l{\y), so that/(I, y) = 0 ; a similar calculation shows that/(x, 1) = 

0 , so that condition (i) is established. 

Formula (ii) arises from associativity; one need only calculate 
the consequences of [/(x) + Kyf] + /(z) = /(x) + [l{y) + lizf]. 

Suppose, conversely, that we have a function f:Q x Q K 
which satisfies (i) and (ii). We shall construct an extension G of Khy 
Q realizing 6 and we shall choose a transversal / such that / is the 
factor set determined by this data. 

Let G be the set of all pairs (k, x) e K x Q with the binary 
operation 

(/:, x) + y) = (k y xk' + /(x, j), xy). 

(Note the similarity to the construction of K x q Q.) 

The proof that G is a group is quite similar to the proof of The¬ 
orem 7.9; formula (ii) is needed to prove associativity; the identity 
is ( 0 , 1); the inverse of (k, x) is ( —x“ ^k — x~f(x, x~^), x'^). 

That G is an extension of Khy Q is also easy; identify AT with all 
pairs of the form (/:, 1 ) and define k : G ^ Q by n{k, x) = x. 


^ The term factor set is a misnomer; factor function would be more suggestive. However, 
we conform to standard usage. Factor sets are often called cocycles to stress the analogy 
with cohomology theory. 
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Does G realize 01 We must show that '\{ x e Q and k e K, then 
xk = l{x) k — /(jc), where l{x) is any lifting of x. We identify x/r, 
as any element of K, with {xk, 1 ); also the definition of n yields l{x) = 

(A:', x) for some k' e K, Compute: 

{k\x) + {k, 1) - {k\x) = {k' + xk,x) + {~x~^k\ x~^) 

= {k' + xk + x{—x~^k'), 1 ) 

= {xk, 1 ), 

for K is abelian. 

Finally, define a transversal / by l{x) = (0, x). A straightforward 
computation shows that l{x) 4- /(>^) — l{xy) — {f{x,y), 1), as 
desired. | 

Definition Zq{Q, K) is the set of all factor sets f:Q x Q K. 
EXERCISE 

7.34. Prove that Zl{Q, K) is an abelian group under the operation 
(/ + fl(x, y) = f{x, y) + f'{x, y). 

We are near a solution of the extension problem. Given abelian 
K, Q, and 6, we can write a multiplication table for an extension G of AT by 
Q realizing 6 once we are given a factor set. Moreover, factor sets are 
concrete objects that are succinctly characterized by Theorem 7.13. 

It is quite possible that different factor sets / and /' give rise to the 
same extension. Indeed, let us again assume that we have an extension G, 
and recall that a factor set / is defined by 

l{x) + I{y) f{x,y) + l{xy). 

The factor set/ thus depends on the transversal /. If we choose a different 
transversal /', we get a second factor set/', defined by 

l'{x) + r{y) = f'{x, y) + l\xy), 

\ 

but, quite clearly, /' still gives the group G. 

Lemma 7.14 Let G be an extension of K by Q realizing O', let I and V 
be transversals giving rise to factor setsf and /'. There exists a function 
a: Q ^ K with a(l) = 0 and 

f'{x, y) - f{x, y) = xot{y) - ct{xy) + a(x) 

for every x, y e Q, 
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Proof For each x € Q, I (x) and /'(x) are just different representatives 
of the same coset of K in G. There is thus an element a(x) e K with 

i'(x) = a(x) + /(x). 

Since we are consistently lifting 1 to 0, /'(I) = /(I) = 0 , so that 
a(l) = 0 . The main formula is derived as follows: 

r(x) + I'iy) == ot(x) + /(x) + oi(y) 4 - l(y) 

= a(x) + xa(y) + /(x) + l(y) (since G* realizes 9 ) 

= a(x) + xa{y) + /(x, y) + [(xy) 

= a(x) + x(x(y) + f(x, y) - (x(xy) + Ifxy). 

It follows that/'(x, = a(x) + xa(y) + f(x,y) — a(xj). This gives 

the desired formula, for each term lies in the abelian group K. | 

Definition A coboundary is a function g : Q x Q ^ K such that 
g{x, y) = xaiy) - a(xj) 4- a(x) 

for some cc:Q K with a(l) = 0. B\{Q^ K) is the set of all coboundaries. 
EXERCISE 

7.35. K) is a subgroup of Z5(0, K), 

Lemma 7.14 says that factor, sets arising from different transversals 
lie in the same coset of B^ in Z^. We have been led to the following 
quotient group and equivalence relation. 

Definition H\{Q, K) is defined to be Zj(0, K)IBl(Q, K) and is called 

the second cohomology group. 

Definition Two extensions G and G' of Khy Q realizing 9 are equivalent 
if there are factor sets/of G and/' of G' with/' -* /e Bl(Q, K). 

Observe that we have defined a relation on groups, not merely on 
factor sets: If one chooses other factor sets /o of G and /q of G', then 
/o - /o = (/o - /') - (/o - /) + (/' - /) 6 BliQ, K), since ^ " /' 
and fo — f are in Bl(Q, K), by Lemma 7.14. 

EXERCISES 

*7.36. Let G and G' be extensions of A' by 0 realizing 9, where K is 
abelian. We have the diagram 
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G 



where n: G ^ Q and tc': <7' ^ 0 are onto. Prove that G is 
equivalent to G' if and only if there is an isomorphism y: G ^ G' 
such that y{k) = k Tor all k e K and n' o y = n. (Hint; Use 
multiplication tables for G and G' to define y.) 

7.37. Let K be abelian and \ct 6: Q ^ Aut(A^). Prove that any two 
semidirect products of ^ by 0 realizing 0 are equivalent. 

7.38. Let p be an odd prime. Give an example of isomorphic extensions 
of G{p) by G^p) which are not equivalent. 

We summarize the results of this section in the following theorem. 

Theorem 7.15 Let K be abelian and let 9 : Q Aut(A'). The set E of 
all equivalence classes of extensions of K by Q realizing 9 forms an 
abelian group isomorphic to K) whose identity element is the 

class of the semidirect product. 

Proof If G is an extension of AT by 0 realizing 0, let [G] denote its 
equivalence class, so that E is the set of all [G]. We now define a one- 
to-one correspondence X : Hq{Q, AT) as follows: X{f + B^) = 
[Gy], where Gy is the extension determined by / that we constructed 
in Theorem 7.13. First of all, X is well defined, for if both/and/' lie 
in the same coset of the definition of equivalence says that Gy and 
Gy. are equivalent. Conversely, X is one-to-one, for if X{f + B^) = 
X{f + B^), then Gy and Gy. are equivalent, and so /' — f e B^. 
Furthermore, X is onto, for if G is an extension and / is a factor set of 
G, then X(f + B^) = [G]. 

By Exercise 1.19, there is a unique addition defined on E making 
it a group and X an isomorphism. The last part of the theorem follows 
from the fact that an extension is a semidirect product if and only if 
it has a factor set in B^. | 

In Chapter 10, we shall give an explicit construction of the sum of 
two classes in E. 

Corollary 7.16 Let K be abelian and let 9 : Q Aut(Ar). Every 
extension of K by Q realizing 9 is a semidirect product if and only if 
H\{Q, K) = {0}. 
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THE SCHUR-ZASSENHAUS LEMMA 
We now apply the results of the preceding section. 

Theorem 7.17 Let K be an abelian group of order m and let Q be a 
group of order n. If (m, «) = 1, then every extension G of K by Q is a 
semidirect product. 

Proof By Corollary 7.16, it suffices to prove that every factor /lies 
in B\{Q, K). 

Define a: Q -> by 

= ^/(^> y); 

yeQ 

a is well defined, since Q is finite and K is abelian. Now, if we sum the 
formula 

xf(.y, z) - fixy, z) + fix, yz) = fix, 
over all z e g, we obtain 

xa{y) - a{xy) + g{x) = nf{x,y) 

(as z ranges over all elements of g, so does yz for fixed y). Since 
(m, «) = 1, there are integers a and b with am bn = \. If we de¬ 
fine a: g ATby a(x:) = baix), then a(l) = 0 and 

xcciy) - (xixy) + a(x) = fix, y). 

This formula says that / e B^iQ, K), as desired. | 

Theorem 7.18 Let K be an abelian group of order m, Q a group of 
order n, (m, n) = 1, and G an extension of K by Q. Then any two sub¬ 
groups of G of order n are conjugate. 

Proof Let g^ be a subgroup of G of order n. Now K n Qi = {!}, 
for if a € A' n gi, its order must divide m and «, and (m, «) = 1. 
Moreover, \KQ,\ = \KQ,\\KnQ,\ = \K\\Q,\ = |G|, so that ATgi = 
G. It follows that G is a semidirect product of AT by g^. If g 2 is a 
second subgroup of G of order «, then G is a semidirect product of 
Khy Q 2 as well. By Exercise 7.29, gi consists of liftings Ifx), and Q 2 
consists of liftings ^(x), where f and / are homomorphisms; it 
follows that the factor sets/i and /2 determined by the Ifx) and by the 
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/ 2 (x) are each zero. Now, if /i(x) = a(x) + then 

0 = fi(x, >>) - / 2 (x, y) = Jca(j^) - + a(x).^ 

Summing over all y g Q gives the equation : 

Q = xk — k na{x) 

where 

k = «(3^)- 

yeQ 

This is an equation in K. li am bn = \ and h = bk^ 

— a(x) — xh — h = —h + xh. 

It follows that —h + Qi + h = Q 2 , for ~h + /^(x) + /? = 

— h + xh-\- li(x) = —(x{x) + /i(x) = l 2 (x) — li(x) + /i(x) = 

I 2 M. I 

Theorem 7.19 (Schur-Zassenhaus Lemma) If K and Q are finite 
groups of orders m and n, respectively, and if (m, «) = 1, then every 
extension G of K by Q is a semidirect product. 

Proof As we saw at the beginning of the proof of Theorem 7.18, it 
suffices to prove that G contains a subgroup of order n. 

We perform an induction on m, noting that if m = 1, the theorem 
is trivial. Suppose K contains a proper subgroup T that is also normal 
in G. Then KjT <| GjT and {GjTfiiKIT) ^ GjK ^ Q, If |A/r| = 
m', then m' < m and \G/T\ = m'n. By induction, GjT contains a 
subgroup A/Toforders. Now \N\ = n\T\ and («, [ri) = 1, for \T\ 
divides |A^| = m. Since T <\ N and \ T\ < m, the inductive hypothesis 
gives a subgroup of N, and hence of G, of order n. 

We may now assume that AT is a minimal normal subgroup of G. 

If p is a prime dividing m and if P is a /7-sylow subgroup of K, then a 
check of its order shows that P is also a p-sylow subgroup of G, since 
(m, n) = 1. Furthermore, since K <] G, P has the same number of 
conjugates in G as in K, so that [G: NciPy] = \_K: A|^(F)]. By 
Lagrange’s theorem, 

[A^aP): N^iP)'] = [C7 :/<:]= «. 

^ A function a: Q ^ K such that oL{xy) = a(jc) + ;ca(7) (as this one) is called a crossed 
homomorphism. 
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Since N^iP) = K r\ Nq{P), the second isomorphism theorem gives 
[KNoiPy.K^ = lNo(P) : N^(P)'] = so that \KNo(P)\ = n\K\ = 


KNoiP) 



Since KNq{P) is a subgroup of G, it follows that KNq{P) = G. Apply¬ 
ing the second isomorphism theorem once more gives 

Nk(P) = Kn No(P) < No(P) 

and 

Ng(P)/N^{P) = No(P)KK n No(P)) 

^ KNa(P)IK = G/K ^ Q. 

If Nq(P) is a proper subgroup of G, then 1A|^(P)| < m, and so N^P) 
contains a subgroup of order n, by induction. Therefore, we may 
assume that Nq(P) = G, i.e., that P <i G. 

Since K ^ P and A' is a minimal normal subgroup of G, = P. 
Now Z(P) is a characteristic subgroup of P, so that P <| G implies 
Z(P) < G. Again, minimality implies Z(P) = P, for a finitep-group 
has a nontrivial center. But now P is abelian, and the proof is com¬ 
pleted by Theorem 7.17. | 

The generalization of Theorem 7.18 is true: Under the hypotheses of 
the Schur-Zassenhaus lemma, any two subgroups of order n are conjugate. 
One proves this theorem by first assuming that either AT or Q is solvable. 
Since (m, «) = 1, one of these groups must have odd order, and hence one 
of AT or Q must be solvable, by the theorem of Feit and Thompson (see 
Exercise 6.27). 

Had we known Theorems 7.17 and 7.18, we could have applied them 
in the proof of P. Hall’s theorem (Theorem 6.19), for the second case in 
that proof is the situation in which the normal subgroup is abelian. 
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EXERCISES 

7.39. Use the Schur-Zassenhaus lemma and Exercise 7.26 to reclassify all 
groups of order pq, where p and q are distinct primes. 

7.40. Prove that every group of order p^q, where p > q are primes, has 
a normal /7-sylow subgroup, and classify all such groups. 

7.41. Using Corollary 5.17, reclassify all groups of order 12. 

7.42. Use factor sets to prove the existence of the generalized quaternions 
Qn. (Hint: Use Exercise 5.50.) 

7.43. Let p^ < /?2 • * * < be primes such that {pi^Pj — 1) = 1 for all 
i < /. Prove that every group G of order n = Pi Pi''' cyclic. 
(Hint: Use Exercise 5.55, which states that G must contain a 
normal /?,-sylow subgroup.) 

We sketch a proof that there exist sets of primes {pi.Pi^' " Pt) 
for arbitrarily large t that satisfy the hypothesis of the last exercise. 
Let Pi = 3, and suppose there are/^j < P 2 < " ' < Pt with {pi, pj — 1) = 
1 for all i < J. We quote a theorem of Dirichlet: If (a, 6) = 1, then 
the arithmetic progression a, a b, a + 26, • • •, a -I- mb, • • • contains 
infinitely many primes. Since( 2 ,/?i /?2 * *-pj) = 1, there is a positive integer 
m such thati = 2 + mpiP 2 • *'Pt is prime; {Pi,P 2 > ‘' ’»A+i) satisfies 
the desired conditions. 

The reader may test his group-theoretical muscles on the following 
problem: For which integers n is every group of order n abelian? The 
number 5929 = 7^1 U should be considered before any false conjectures 
are made. 


CHAPTER 


8 


Some Simple Groups 


FINITE FIELDS 

The Jordan-Holder theorem tells us that once we know extensions and 
simple groups, we know all groups that possess composition series. 
Several families of simple groups are known (in addition to the cyclic 
groups of prime order and the large alternating groups), and our main 
concern in this chapter is the exhibition of one of these families, the 
projective unimodular groups. These are essentially groups of matrices of 
determinant 1 whose entries are allowed to lie in (almost) any field. Since 
these groups are finite only when the underlying field is finite, we begin our 
discussion by examining the finite fields. 

Definition A prime field is a field having no proper subfields. 

Theorem 8.1 Every prime field K is isomorphic to either Zp or the 
rationals, Q. 

Proof If 1 is the unit element of A', let = {n • 1: n e Z] cz A'; it is 
easily checked that A is a domain. Further, the map f:Z-^R 
defined by f(n) = « • 1 is a ring homomorphism of Z onto R. By the 
first isomorphism theorem for rings, R = Z//, where I is the kernel 
of /. Since A is a domain, / is a prime ideal. If / = (p), then R ^ 


152 




SECTION 


FINITE FIELDS 


153 


Zjip) ^ Zp. In this case, i? is a field, and so R = K. If / = (0), 
then ^ ^ Z; it follows that K contains a siibfield S isomorphic to the 
rationals, for K must contain the multiplicative inverse of each non¬ 
zero element in R, Since is a prime field, K = S. | 

Theorem 8.2 Every field F contains a unique prime field K. 

Proof Let Abe the intersection of all subfields of F; recall that every 
subfield of A contains 1, so that A ^ {0}. The reader may now prove 
that A is a prime field that is visibly the only prime field contained in 

I 

Definition Let A be a field with prime field A; A has characteristic p if 
K Zp \ otherwise, A has characteristic 0 (in which case A ^ Q). 

Observe that if A has characteristic p, then pa = 0 for every a e A 

Corollary 8.3 If F is a finite field, then A has exactly p" elements for 
some prime p. 

Proof Since A is finite, it must have characteristic p for some prime 
p. Moreover, A is a finite-dimensional vector space over Zp. If A has 
dimension n, then one may choose a basis of A and count exactly p" 
vectors (^i, ‘ where ki e Zp. | 

We remark that there do exist infinite fields of characteristic p, e.g., 
all rational functions over Zp (a rational function is a quotient of two 
polynomials). 

The next question is whether there are any finite fields aside from the 
Zp. In order to exhibit them, we must generalize the method of adjoining 
a root of a polynomial to a field. In Chapter 6, this process was simple 
because we could work within the complex numbers. We must be wily here, 
however, for there is no such larger field available to us at the outset. 

Lemma 8.4 Let K be a field and let (p(x) be an irreducible polynomial 
in A[x]. There exists a field A containing a root of (pipe) and a subfield 
isomorphic to A. 

Proof Let R = A[x:] and let I be the ideal ((p(x)). Since (p(x) is 
irreducible, R/I is a field, by Corollary 4.20. 
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Set F = Rjl. If (p{x) = 2 where e K, then 
(p{x + f 

= Z ki{x^ + f) 

= Z (M' + O 
= (Z MO + / 

= (p(x) + L 

Since (p{x) e /, (p(x) -h / = /, the zero element of F. Therefore, the 
element x + / in is a root of (p{x). 

Finally, the reader may verify that {/r + /: /: e is a subfield 
of F that is isomorphic to K, | 

Theorem 8.5 If K is a field and f(x) e K\_x^, there is a field F 
containing K over which f (x) is a product of linear factors. 

Proof We perform an induction on the degree d of f{x). d = 1, 
then K itself is the desired field, d > 1, then f (x) = (p{x)gix), 
where (p(x) is an irreducible polynomial. By Lemma 8.4, there is a 
field Fq containing K and a root a of (p{x). In /o[x], (p{x) = (x — 
a)i/^(x), and so /(x) = (x - a)\j/{x)g{x). Since \l/{x)gix) has degree 
less than d, the inductive hypothesis provides a field F containing Fq 
(hence containing K and a) in which \l/(x)g(x) (hence/(x)) is a product 
of linear factors. | 

EXERCISES 

**8.1. If F is a field of characteristic p > 0, then for every a, b e G, 

(a + = aP'^ + b^'' for all k > 0. 

**8.2. If F is a finite field with exactly q elements, then every element in F 
is a root of x^ — x. (Hint: Use Lagrange’s theorem on the non¬ 
zero elements of F.) 

Definition Let F be a field and let 


f(x) = a„x" + a„_iX" ‘ + • • ■ + Oo e f[x]. 
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The derivative o{f(x), denoted is the polynomial 

fix) = naX~' + in - l)a„^iX"~^ + • • • + Cj e F[x]. 


EXERCISES 

8.3. Prove the usual formulas of calculus for the derivatives of sums 
and products of polynomials in 

**8.4. Let/(x) G F[x]. Then/(x) and/'(x) have a nonconstant common 
factor if and only if /(x) has repeated roots. 

Theorem 8.6 Let p be a prime and n be a positive integer. There 
exists a field F with exactly elements. 

Proof Let q = p”, and consider the polynomial 
fix) = - JC e Zp[x]. 

By Theorem 8.5, there is a field Fq containing in which /(x) is a 
product of linear factors. Note that since Fq contains Z^, it has 
characteristic p. 

Let F be the subset of Fq consisting of ail the roots of /(x). 
Since /(x) has degree q, j/'l < q. To prove that l/’l = q, it suffices 
to prove that all the roots of/(x) in Fq are distinct, i.e., that/(x) has 
no repeated roots. Now/'(x) = qxf^~^ — 1 = — 1, since q = p"* 
and 7^0 characteristic p. Now apply Exercise 8.4. 

Let us prove F is a field. If a and b are roots of/(x), then, using 
Exercise 8.1, (a — 6)'* = = a — b, i.e., a — 6 is a root of 

/(x). Hence, Fis a group under addition. Further, {abfi = aW = 
ab, so that ab is also a root of /(x); thus, F is commutative ring. 
Finally, if/(a) = Oanda ^ 0, thena^"^ = 1; the inverse of a is thus 
Therefore, Fis a field having precisely q = p” elements. | 

Theorem 8.7 Any two fields having exactly p” elements are iso¬ 
morphic. 

Proof If |F| = p"^ ~ q^ then, by Exercise 8.2, every element in Fis 
a root of/(x) = — x. In the language of Chapter 6, Fis a root 

field of /(x). The reader may now adapt the proof of Lemma 6.4 to 
prove its analog: Any two root fields of/(x) over Z^ are isomorphic. 
The result follows. | 
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It was Galois who discovered these finite fields, and they are called 
Galois fields in his honor. The field with elements is thus denoted 
GF{p^). 


THE GENERAL LINEAR GROUP 

Groups of nonsingular matrices are as natural an object of study as 
groups of permutations. In investigating the structure of these groups, we 
shall discover a new family of simple groups. 

Definition Let AT be a field. The general linear group GL{m, K) is the 
multiplicative group of all nonsingular m x m matrices over K. 

If K = GF(q), one usually denotes this group GL{m, q). A slight 
generalization of the result of Exercise 7.8 is that GL{m, q) ^ Aut(F), 
where K is a direct sum of m copies of 

Theorem 8.8 \GL(m, q)\ = (q^ - \)(q^ - q) " ' iq"" - 

Proof Let V be an w-dimensional vector space over GF{q), and let 
{aj, a 2 , *, a^} be an ordered basis. If we regard GL{rn, q) as linear 

transformations on K, then we can exhibit a one-to-one correspon¬ 
dence between GL{m, q) and the family of all ordered bases of V. If 
Te GL{m, q), then {Taj, 7a2, • * •, TolJ is an ordered basis of V 
(because Tis nonsingular); if , i ?25 " '» Pm) is an ordered basis of 
F, there is a unique T e GL{m, q) with Toci = Pi for all /. 

An ordered basis of V consists of vectors {P^, P 2 r ", Pm}^ 
Since there are q"" vectors in F, there are < 7 '” — 1 choices for Pi (the 
zero vector is not a candidate). Having chosen Pi, the only restriction 
on P 2 is that it not lie in the subspace spanned by Pi; there are thus 
q”" — q choices for j? 2 * More generally, having chosen an indepen¬ 
dent set {Pi, Pir ‘' y Pi)^ the only restriction on Pi+i is that it not 
lie in the subspace spanned by {Pi, Pi^ '' j Pi}l there are thus 
g"* — g* choices for + Therefore, there are exactly (g"* — 1) x 
(g"* — g) * ‘ * (g"* “ ordered bases of F. | 

Notation If A' is a field, then is the multiplicative group of its non¬ 
zero elements. 

Definition A primitive element of GF{q) is a generator of GF(q)* (we 
saw in Exercise 4.17 that GF{qY is a cyclic group). 
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Let p be a primitive element of GF{q). 

Definition If tis a nonnegative integer, then 

M{t) = 6 GL{m, q): det A = power of p^}. 

Lemma 8.9 Let t be a divisor of q — \, If O. = \GL(m, q)\, then 
M(t) is a normal subgroup of GL{m, q) of order Q/t. 

Proof We use the correspondence theorem in the setting 

det: GL{m, q) -> GF{qY. 

If tis a divisor of ^ — 1 = \GF{qY\, then the cyclic subgroup <p'> 
of GFiqY has order {q — l)/f, and hence index t. Furthermore, 
<p*> <\ GF{qY, for the latter group is abelian. Since M{t) is the sub¬ 
group of GL(m, q) that corresponds to <p'>, we have M(t) < 
GL(m, q), of index t, and of order O-jt. | 

Theorem 8.10 Let q — 1 ~ PiPi ' ’ ‘ Pk^ where the p are {not neceS’ 
sarily distinct) primes. The following normal series is the beginning of a 
composition series: 

GL{m, q) = M{1) 3 M{p^) => M{p^p 2 ) • 3 M(q — 1). 

Proof We have already seen above that each of the terms in this 
series is normal in GL(m, q). Furthermore, if Q = \GL{m, q)\. 


M(PiP2 ■ 

■■ Pi) 

_ Cllpi P2---Pi 

M(PiP2-- 

' Pi+l) 

•••?/+1 


Since the factor groups have prime order, they are simple. | 

The last subgroup in the above chain, M{q — 1), is of special interest; 
it consists of all matrices of determinant = 1. 

Definition A matrix is unimodular if it has determinant 1. 

Definition Let be a field. The special linear group SL{m, K) is the 
multiplicative group of all w x m unimodular matrices over K. 

\f K = GF{q), one usually denotes this group SL{m, q); it has order 
aiq - 1 . 

One would discover the subgroup SL without recalling determinants, 
for SL is the commutator subgroup of GL, as we shall see later. 
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The following elementary matrices are introduced in order to analyze 
the structure of the subgroup SL{m, K). 

Definition Let A be a nonzero element of K and i # j integers between 1 
and m. A transvection^ is the m x m matrix differing from the 

identity matrix E in that it has 2 as its ijth entry. 

Note that every transvection is unimodular. Also, is the 

matrix obtained from A by adding X times its yth row to its zth row. 

Lemma 8.11 If A e GL{m, K), then A = UD(fi), where U is a pro¬ 
duct of transvections and D{p) is the diagonal matrix with diagonal 
entries {1, 1, • • •, 1, p). 

Proof We prove by induction on / that A can be transformed, by a 
sequence of operations that add a multiple of one row to another row, 
into a matrix of the form 



where E/isdit x t identity matrix. 

Since A is nonsingular, not every entry a^ in the first column is 
0. Adding some row to the second if necessary, we may assume 

7 ^ 0. Now add a^iif — ^n) times the second row to the first 
row to get 1 in the 1,1 position. We may now clean out the remainder 
of the first column so that all other entries in it are 0. 

Suppose A has been transformed into A'. Note that A' is non¬ 
singular, so that the matrix C is also nonsingular. As before, we may 
insert 1 in the / 4- 1, r + 1 position, using row operations involving 
only the rows of C (assuming that C has at least two rows); it follows 
that the first t columns of A' are not altered by this insertion. Adding 
on a suitable multiple of row / + 1 to the other rows cleans out 
column / + 1 so that all its entries are 0 except the 1 in position 
t t \. 

This process may be continued until A has the form 



where p ^ 0. Adding suitable multiples of the last row to the other 
rows cleans out the last column, leaving D(p). 

^ Most authors call every matrix similar to some Bij{X) a transvection. 
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In terms of matrix multiplication, we have shown that PA = 
where P is a product of transvections. Since the inverse of 
is which is again a transvection, A = P'^D{n) is the 

desired factorization. | 

Theorem 8.12 GL(m, K) is a semidirectproduct of SL{m, K) by ; 
SL(m, K) is generated by transvections. 

Proof First of all, SL(m, K) < GL(m, K). If A is the set of all 
diagonal matrices D{p) (notation as in the lemma), then A is a sub¬ 
group of GL(m, K) isomorphic to K*. Since det(Z>(//)) = p,A n 
SL(m, K) = {£}, so that GL is a semidirect product of SL by K^. 

\i A = UD{p) is a factorization of an element A of GL., as in the 
lemma, then det ^ It follows that if A is unimodular, D{p) = 

Z)(l) = E, and so A = [/ is a product of transvections. | 

Theorem 8.13 The center of SL{m, K), which we denote Zq, consists 
of all scalar matrices kE with A:"* = 1. 

Proof It suffices to prove that A e Zq implies ^ is a scalar matrix 
kE; that k”* = I will then follow from dQi A = 1. 

Let us consider SL(m, K) as transformations of a vector space 
over K with basis {e^, • —, e^}. The transvection P//1) is that 
transformation B which sends ej into + ej and which fixes the 
other basis elements. Let A be the transformation sending into 
S ^ki^k • 

If / # /, then ABei = Aei. On the other hand. 


BAe, = Bi'E a*A) = E akiBe^ 

^ki^j f 
= Aei -h ajiCi. 

If AB = BA., then aji — 0 whenever j ^ 1; therefore A is diagonal: 
Aci = aiiei . An easy computation shows that ABej — anei -}- ajjej 
while BAej = ay/e,- + ej). Hence an = ajj. Therefore, if A com¬ 
mutes with all Bij(l), then A is scalar. | 

Theorem 8.14 If Zq is the center of SL(m, q), then \Zq\ = d, where 
d ^ {m,q - 1). 

Proof Suppose that <p> is a cyclic group of order n and that k e <p> 
satisfies Ac” = 1. \f d — {n, m), then m = dm\ where («, m') = 1. 
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There are integers a and b with na + m'b = 1, so that 


k 


_ l^na + m'b 






Therefore k^ = A:'"'*'' = A’"'’ = 1. We have shown that A” = 1 if 
and only if A”* = 1. It now follows easily that A” = 1 if and only if 
A 6 a group of order d. This proves the theorem, for let 

n = q — \ and p be a primitive element of GF(q). | 


EXERCISE 


**8.5. 


Let H <3 SL{2, K) and let AeH. If .4 is similar to 



, then 


there is a nonzero p e AT such that H contains 



p 

d 


(Hint: Use the factorization of Lemma 8.11.) 


PSU2, K) 


Our preceding discussion allows us to extend the normal series of 
Theorem 8.10 one step further ; 

GL(m, K) :=>■■■ => SL(m, K) => Zq. 

Moreover, Zq is an ahelian group, so its composition factors are no secret 
if it is finite. Let us investigate the last factor group of this series. 

Definition The projective unimodular group PSL(m, K) is the group 

SL{m, K)/Zo. 

If a: = GF{q), one usually writes PSL(m, q). 


Theorem 8.15 If d = (m, q — 1), then 


\PSUm, q)\ 


(q’” - IXq" - 

d(q - 1) 




Proof If Q = lGL{m, g)l, then lSL(m, q)\ = Q/q - 1, by Lemma 
8.9. The theorem now follows from Theorems 8.8 and 8.14. | 


We first show that PSL(m, K) is of intrinsic interest. 
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EXERCISE 


8.6. If a: is a field, let PLF{K) denote the set of all unimodular linear 
fractional transformations 


/w = 


ax + h 
cx + d' 


where a, b, c, d e K and ad — he — 1. Prove that PLF{K) is a 
group (the binary operation is composition of functions) isomorphic 
to PSL{1, K). (This construction can be generalized to the general 
case m > 2.) 


If F„+i(A') is an {n + l)-dimensional vector space over a field K, 
define an equivalence relation on V„+i{K) by a = in case there is a 
nonzero k e K with ka = P; denote the equivalence class of a by [a]. 
Define ^-dimensional projective space P„(A) to be the set of all such 
equivalence classes [a], where cc ^ 0, Every nonsingular linear trans¬ 
formation T: Vn+i{K) Kn-i(Ar) defines a function T* : P„{K) -► PJiK) 
by 

r*[a] = [Ja]; 

r* is called a projective transformation. If T is unimodular, then T* is 
called a projective unimodular transformation. 


EXERCISE 

8.7. The set of all projective unimodular transformations of Pn{K) forms 
a group isomorphic to P5L(« +1, K), 

For the remainder of this section, we concentrate on the case m = 2 
with the aim of proving that the groups PSL{2, q) are simple when q > 3. 

Lemma 8.16 If a normal subgroup H of 5'L(2, q) contains a trans- 
vection then H = 5'L(2, q). 

Proof By Theorem 8.12, it suffices to prove that H contains every 
transvection.^ Denote GF{q) by K. 

If we conjugate a unimodular matrix, we have 


a b \ 

1 

1 

1 — pac pa^ 

c d o 

IJL-c aj 1 

--pc^ 1 -h pac 


^ Any two transvections are similar, hence are conjugate in GL\ they need not be con¬ 
jugate in SL. 
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In particular, this conjugate is if c = 0, and it is 

if a = 0. Furthermore, these matrices lie in H, since H is normal. 

The map k is an endomorphism of the abelian group 
whose kernel consists of all k with k^ = 1. Since is a field, the 
polynomial — 1 has at most two roots, and so the kernel has order 
1 or order 2 (it has order 1 if K has characteristic 2). It follows that 
at least half the elements of A'* are squares. 

Let 

r = U G A: e if} u {0}. 

It is easy to see that T is a subgroup of A (where we consider A only 
as an additive group). Moreover, we know that T contains 0 and all 
elements of the form fia^. Therefore, T contains more than half the 
elements of A, and so T — A, by Lagrange’s theorem. Hence, H 
contains all transvections of the form ^ 12 ^, and a similar argument 
shows that H contains all transvections of the form -521 (2). I 

The transvections thus play the same role in the study of the special 
linear groups as the 3-cycles play in the study of the alternating groups. 
We now prove the main theorem of this section. 

Theorem 8.17 The groups PSL{2, q) are simple if and only if q > 3. 
Proof First of all, Theorem 8.15 gives 

\PSL(2 fl'>l = ~ ^ 

^ \:^{q + l)lq^ ^ q) ifq = p", p an odd prime. 

Therefore, \PSL(2, 2)| = 6 and \PSL(2, 3)| = 12, so that these groups 
cannot be simple. 

Let if be a normal subgroup of *S'L(2, q) that contains a matrix 
not in Zq. By the correspondence theorem, it suffices to prove that 
H = SL(2, q). 

Suppose H contains a matrix 



where r +1. If 



then if also contains 

J]. 



SECTION 


PSL(2, K) 


163 


Since det A = 1 = rt,t ^ ±1 and 1 - ^ 0. This last matrix is 

thus a transvection, and so H = SL{2, q), by Lemma 8.16. 

To complete the proof, we have only to produce a matrix in H 
whose top row is [r, 0] where r ^ ±\. Let M be a matrix in H that is 
not in Zq. Now M is similar to either a diagonal matrix or a matrix 



for the only rational canonical forms for 2x2 matrices are a direct 
sum of two 1 X 1 companion matrices, i.e., a diagonal matrix, or a 
2x2 companion matrix (which has the above form because M is 
unimodular). In the first event, we have our desired matrix (since 
M ^ Zq, and M is unimodular). In the second event, if contains, by 
Exercise 8.5, a matrix 



H contains the matrix 

V . TCT-‘C- - [^(“1 ,, »,] . 

We are done if a" ^ ^ ± 1, i.e., if # 1. If^ > 5, such a nonzero a 
does exist in GF(q), for the polynomial — 1 has at most four roots 
in a field. If ^ = 4, then every a e GF(4) satisfies the equation 
= a, so if a ^ 1, then # 1. 

Only the case q = 5 remains. There are two possibilities. 
Assume the entry x in C is nonzero. Choose a e GF(5) (^Z^) so 
that oc^ — I ^ 0; note that = — 1, The lower left corner of U, 
2 = ^x(a^ — 1), is nonzero, and so 


U = 




Hence, = B 2 i( — 22)e H; therefore H contains a transvection, 
and we are done. If the entry x is zero, then 


0 



eH. 


C = 
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Therefore i/contains 


1 ziro -^1 

0 ijL/i 0 JLo ij [* * 

If we choose z = then the top row of this last matrix is [2, 0], 

as desired. | 

We have exhibited an infinite family of simple groups. Are any of its 
members distinct from simple groups we already know? Using the formula 
of Theorem 8.15, we see that both PSL(2, 4) and PSL(2, 5) have order 60. 
By Exercise 5.46, any two simple groups of order 60 are isomorphic; 
therefore 

PSL{2, 4) ^ As ^ PSL(2, 5). 

If ^ = 7, however, we do get a new simple group, for |P*S'L(2, 7)| = 168, 
which is neither prime nor ^nl. If we take q = S, we see that there is a 
simple group of order 504; if we take q = 11, we have a simple group of 
order 660. 


EXERCISES 

8.8. The order of PSL(2, 9) is 360. Prove that PSL(2, 9) ^ A^. 

8.9. If is a field of characteristic ^2, then 

* - ("f'T - 

Use this remark to prove that PSL(2, K) is simple for every, 
possibly infinite, field K of characteristic not 2. (Hint: The 
finiteness of K was used only in the consideration of the subgroup T 
in the proof of Lemma 8.16.) 

It is known that PSL(2, K) is simple for every infinite field K. 

8.10. Prove that PSL{2, 2) ^ 

8.11. Is 5L(2, 3) ^ 54? Prove that P5L(2, 3) ^ A^. (Hint: Use 
Theorem 5.16.) 

8.12. What is the 2-sylow subgroup of 5L(2, 3)? 

8.13. What are the composition factors of GL(2, 7)? 

8.14. Prove that the commutator subgroup of GL(2, q) is SL{2, q) when 
q > 3. What are the commutator subgroups of GL(2, 3) and 
GL(2, 2)? 



for every x e K, 
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PSLim, K) 

We shall prove in this section that PSL{m, K) is simple for every field 
K and all m > 3. Asa consequence of this, we shall be able to exhibit two 
nonisomorphic simple groups having the same finite order. The proof we 
present is due to E. Artin and is much more elegant than matrix manipula¬ 
tion. We regard GL(m, K) as all nonsingular transformations on an m- 
dimensional vector space V over K. 

Definition A hyperplane H in K is a subspace of dimension m — 1 
(where dim V = m). 

If 7/ is a hyperplane in V and ol e V, a ^ H, then every vector p e V 
has a unique expression of the form 

p = fioi -h y, K,y G H 

(under the natural map V V/H ^ TT, a -> a / 0, so that the scalar 
multiples of a form a transversal of H in V), 

Lemma 8.18 Let H be a hyper plane in V and let A e GL{m, K) fix 
H {pointwise). If a g V, ck. ^ H, then 

A(oi) = pa y, p G K, y G H. 

Moreover^ given any P g V, 

A(P) = pP + Y, Y e H, 

Proof The remarks above show that, as any vector in K, ^(a) has an 
expression as displayed. If e F, then 

= 6a -h y\ BgK, y" e H, 

Hence, 

A{P) = bA(a) + y" (for A fixes H) 

= b(pct +^7) + Y' 

(♦) = n(ba. + y") + [(1 - n)Y' + 6y] 

= pP y' where Y g H. | 

The scalar p — p{A) in Lemma 8.18 is thus uniquely determined by 
any A that fixes a hyperplane pointwise. 

Definition Let A g GL{m, K) fix a hyperplane H pointwise and let 
p = p(A). If p ^ 1, then A is called a dilatation; if p = 1 and A ^ E, then 
A is called a transvection. 
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The next theorem shows that if a transformation ^ is a transvection, 
then there is a matrix representing A that is a transvection Bij(X). 

Theorem 8.19 Let A e GL{m, K) fix a hyperplane H. If A is a dila~ 
tation, then A may be represented (relative to a suitable basis of V) by a 
matrix D(p) — diagonal p} \ if A is a transvection^ then A 

may be represented by 821(1). Moreover^ a transvection has no charac¬ 
teristic vectors outside of H. 

Proof Let us first establish notation. Choose ol e V, a ^ H, and let 

A(ol) — /xa + y, p e K, y e H. 

Of course, every nonzero vector in is a characteristic vector of A ; 
are there any others? If jS e F, then 

f = b(x -h y\ beK, y" e H. 

Equation (*) shows that 

(**) A(p) = cP if and only if /x = c and by = (p - \)y". 

If is a dilatation, then /x — 1 # 0 and we may solve for 
7" = b(p - 1)"^7. 

Therefore, any choice ofb^O gives a characteristic vector p outside 
H, If {tj,* • } is a basis of H and if ^ is a characteristic 

vector outside H, then {tj,* • *, t^_i, ^8} is a basis of V and, relative 
to this basis, A has matrix D(p), 

Assume now that ^ is a transvection. Since ^ = 1 , condition 
(**) shows that A has a characteristic vector outside H if and only if 
7 = 0 . This implies that A ^ E, contradicting the proviso in the 
definition of transvection excluding E. Therefore A has no charac¬ 
teristic vectors outside H. Let be any vector outside H and define 
T2 = Ax^ — Tj. Note that Axi = Tj + 70, where y^ e H (p = 1 
since ^ is a transvection); therefore ^2 = 70 e H. Now {t^, T2} is 
independent, lest be characteristic. Extend {ti, T2} to a basis 
{'^1? ‘* 5 ^m) of F, where {13, • * •, is chosen from H. Relative to 
this basis, A has matrix ^2i(0» for Ax^ = + '1^2 while Axi = Xf 

for i ^ I 

Corollary 8.20 All matrices where i j and 0, are 

conjugate in GL(m, K). 

Proof It suffices to prove that Bij(X) also represents the transvection 
A. Choose Tj-outsideand define Tj = ?~^(Axi — Ti);for/ ^ Uj, 
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choose XiG H so that {tj, • • *, is a basis of K Relative to this 
basis, A has matrix | 

Corollary 8.21 Considered as groups of linear transformations, 
GL(m, K) is generated by all the dilatations and transvections and 
SL{m, K) is generated by all transvections. 

Proof Theorem 8.19 allows us to translate Lemma 8.11 from 
matrices to linear transformations. | 


Let us look at transvections more closely. If >4 is a transvection of V 
fixing a hyperplane H and a $ H, then 

A(a) = a + y, y e H. 


If pe V, then 

(***) jS = 6a + y', beK,y'e H, 

and equation (*) in the midst of Lemma 8.18 gives 

A{p) = P + by. 

The function /: V K defined by jS -> 6 is, from (***), /T-linear (it is a 
functional on V) and has kernel H, Thus, A determines a functional / and a 
vector y e H = ker / so that A satisfies the formula 

A(p) = P + my, all PeV, 

Conversely, given a functional / and y e ker/, we may define a function 
T^y, V^Vby 

TfJP) = + my, 

which is easily seen to be a transvection when / # 0 and y # 0. Therefore, 
every transvection is Ty y for some/and y. 


EXERCISES 

**8.15. Tf^y o = '/r.y + y'- 
**8.16. T„f^y = Tf^^y for all a e K, 

**8.17. Tj-^y = Tgs if and only if there is a scalar aE K with g = of and 
y = aS. 

**8.18. If 5 G GL{m, K), then 
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Exercise 8.18 says that a conjugate of a transvection is again a 
transvection. This is precisely why linear transformations are preferable 
to matrices, for a conjugate of need not be a matrix of the same form. 

Theorem 8.22 The commutator subgroup of GL{m, K) is *SL(w, K) 
unless (m, K) = (2, GF{2)), 

Proof We know that det: GL -► has kernel SL, so that GLjSL ^ 
AT*; since AT* is abelian, {GL)' cz SL. 

For the reverse inclusion, let n: GL ^ GLj{GLy be the natural 
map. Since all transvections are conjugate in GL, by Theorem 8.19, 
n{T) = n{T') for any two transvections T and T' ; let d denote their 
common value. If we avoid the exceptional case (2, GF{2)), every 
hyperplane H contains nonzero vectors y, y' (not necessarily distinct) 
such that y + y' is also nonzero. Choose a hyperplane H, nonzero 
vectors y, y', y + y' e H, and a functional / having kernel H. By 
Exercise 8.15, we have in GL 

° “ ^f,7 + y'' 

Since y, y', y + y' are all nonzero, each of these terms is a trans¬ 
vection (they must not be E). Applying n to this equation gives 
in whence = 1. Thus, every transvection is in ker tt = 
(GL)'. Since SL is generated by transvections, SL c (GL)', as desired. 
Finally, GL{2, 2) is a genuine exception: 

GL{2, 2) = SL{2, 2) ^ *^ 3 , 

while {Sf)' = ^ 3 , a proper subgroup. | 

To this point, we have allowed m = dim F > 2; the assumption 
m > 3 enters crucially in the next result. 

Theorem 8.23 If m > 3, then all transvections are conjugate in 
SL(m, K). 

REMARK We know transvections are conjugate in GL; we claim they are 
even conjugate in SL when m > 3. 

Proof Let Tf y and 7}. be transvections, and let H and H' be the 
hyperplanes fixed by each. Choose vectors f' e V with 

/(« = 1 =r{n 

We claim there is a transformation 5 in GL{m, K) with 

5(y) = y', S{H) - //', and S{P) = p'. 
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There is a basis of H, one of whose terms is y, say {y, 72 . * " » 7m- 1 ); 
similarly, there is a basis {y', yi? * ' % 7m- 1 ) containing y'. Since 
H and H' are hyperplanes and P ^ i H\ then {^, y, 72 ? ' ’ ? 
y^_i} and (jS', y', 72 , * *', ym-i) are bases of V, Define S: V V 
to be the transformation taking the first of these ordered bases onto 
the second. 

If m > 3, we claim that we can further choose S of determinant 
1. Suppose det S = d. Since m > 3, the first basis of V constructed 
above contains at least one other vector besides P and y. Redefine S 
so that S(y^_i) = Relative to the basis {j5, y, 72 , * * •, 

ym-i}y transformation has as its matrix that of the original 

5* with the last column multiplied by d~\ This new transformation 
thus has determinant 1 as well as the other properties of S. 

We claim STf yS~^ = which will complete the proof. 

By Exercise 8.18, we know sff yS~^ = Tjs-i,sy Now 5y = y'; 
to see that/ 5 ~^ = /', it suffices to check whether they agree on a 
basis of V; they do agree on {j5', y', 72^ ‘ > ym-i)- I 


EXERCISE 

8.19. Show that J j and J j are not conjugate in SL(2, 3). 

Generalize to any field K in which — 1 is not a square. 

We need a bit more information about transvections before we can 
prove the main theorem. 

Definition If if is a hyperplane, then T(H) is the set consisting of the 
identity together with all transvections fixing H. 

(T(if) is the analog of the subgroup T that arose in the 2x2 case 
in Lemma 8.16.) 

Lemma 8.24 Let H be a hyperplane of V, 

(i) There is a functional f with H — ker / such that 

TiH) = {Tfy.yeH}; 

(ii) T(if) is an abelian subgroup of SL(m, K) ; in fact, T(//) ^ H\ 

(iii) CslO^{H)) — Zq * T(if) {recall that Zq is the center of SL). 

Proof (i) Assume that Tf y and T}. y. are in T(//) and that / ^ 0. 
Let {«!, • • •, a^} be a basis of V whose first m — \ terms lie in H. If 
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/(O = «and /'(0 = a', then set 6 = a'a ^; it is easy to check that 
/' = bf. By Exercise 8.16, 


(ii) One verifies quickly that T{H) is a subgroup of SL and that 
Tfy^y is an isomorphism T(H) H (where we choose the same 
functional / for all T’s, by (i)). 

(iii) Since T{H) is abelian, we have C^iiJiH)) ^ Zq • T(^). For 
the reverse inclusion, suppose A ^ SL and 


ATf^yA-^ = Tfy, all Trye T(H), 

By Exercise 8.18, 


TfA'KAy - Tf^yi 

by Exercise 8.17, there is a scalar a e K with fA~^ 
aAy. Therefore 

A(y) = a~^y, 

and 


af and y = 
all 7 G iT 


fA = a-^f. 


If {ai, • • •, a„} is a basis of V whose first m — 1 terms lie in then 
the last two equations give, for P e V, 

AiP) = a~^P + y', y'e H. 

This says that ^ is a scalar multiple of a transvection, as desired. | 


Theorem 8.25 The groups PSL{m^ K) are simple for all m > 3 and 
all fields K. 

Proof We show that if G <i SL and G ^ Zq, then G = SL. By 
Theorem 8.23, it suffices to prove G contains a transvection. Choose 
A eG with A ^ Zq. There is thus a transvection T that does not com¬ 
mute with A: 

B = (T'UT)A-^ ^ E. 

Note that B e G since G is normal. Now 
B = T~\ATA-^) = 

where is a transvection, / = 1, 2. If = T^^.y, and Hi — ker/^, 
then, for all P e V, 

TiiP) = + fiiP)yi. where 7 ,. s Hi, i ^ 1 , 2 . 

Let W be the subspace of V spanned by 7 ^ and 72 , so that 
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dim W < 2. Since dim V > 3, there is a hyperplaneof F contain¬ 
ing W. Now 

(#) B{H) c H, 

for if t] e H, then 

Bin) = T^TM = T^irj) + A{TM}yi 

= n + /2('?)V2 + eH+ W=H. 

Next, we claim n H 2 {0}. If = H 2 , this is surely true. 

If Hi # H 2 , then Hi + H 2 = V (hyperplanes are maximal sub¬ 
spaces) and dim(//i -h H 2 ) = m- It follows from 

dim(^fi n H 2 ) + dim(i/i -I- H 2 ) = dim Hi + dim H 2 

that dim(/fj n H^ = m — 2 > 1, whence Hi r\ H 2 # {0}. Choose 
C G//i n i/ 2 , C 0. Then 

(##) 5(0 = TiT2(0 = C- 

We may assume B is not a transvection (or we are done, since 
B e G). Therefore B $ T{H), which is wholly comprised of trans- 
vections. If 5 = aS, where ae K and S e T(ii), then (##) says that 
C is a characteristic vector of S. By Theorem 8.19, C ^ H and so 
5(0 = C- Thus 

c = 5(0 = ^5(0 = aC 

and a = 1; hence B = S e T(ii), a contradiction. Therefore 
B^Zo- T(H) = CsLiTiH)), 

by Lemma 8.24. There is thus a transvection U e T{H) with 
C = U~^B-^UB ¥= E. 

Clearly C = (U'^B-^ U)B e G. Also, if ?; g if, 

C(/;) = U-^B-^VB{ri) = U-^B-\B{rO) = 

since Bfri) g H, by (#), and U e T(if) fixes H. Therefore C fixes H. 

By Theorem 8.19, C is either a dilatation or a transvection. It is not a 
dilatation, for det C = 1. Hence C is a transvection in G, and the 
proof is complete. | 

EXERCISES 

**8.20. Let AT be a subfield of F and let vl be a square matrix over K. If 
A is similar over F to a matrix B (whose entries may lie in F), 
then A" is scalar if and only if B" is scalar. 
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**^8.21. Let be a subfield of F, where AT is a finite field having q elements; 
let m{x) be an irreducible polynomial in Ar[x] of degree d. If a 
is a root of m{x) in F, then 

od = oc 


and the roots of m{x) are 

a, • • •, 

(Hint: Show that {m{x)y = m(x^) by using Exercises 8.1 and 

8 . 2 .) 

Observe that |F*SL(3, 4)| = 20, 160 = ^8!, so that PSL(3, 4) and 
have the same order. 


Theorem 8.26 PSL(3, 4) and Ag are not isomorphic. Therefore^ 
there are nonisomorphic finite simple groups having the same order. 

Proof Ag contains (12345)(678), an element of order 15. We shall 
prove that PSL{3, 4) contains no element of order 15, and this will 
prove the theorem. 

Let ^ be a 3 x 3 unimodular matrix over GF(4), and let c(x) be 
its characteristic polynomial. By Theorem 8.5, there is a field F 
containing GF(4) in which c(jc) is a product of linear factors; thus, F 
contains all the characteristic roots of A. 

Since a conjugate of an element in a group has the same order as 
the element, we need only examine the canonical form of A. Further¬ 
more, the center of SL is the scalar matrices, so that Exercise 8.20 
allows us to examine canonical forms over F instead of over GF(4). 
This last remark allows us to assume that all characteristic roots of 
A are in F, so that we may use the Jordan canonical form of A. 

There are only three possible Jordan canonical forms for a 3 x 3 
matrix: 


(i) a 3 X 3 Jordan block: 


a 


B = 


1 

0 


0 O' 
a 0 
1 a 


(ii) a direct sum of a 1 x 1 and a 2 x 2 Jordan block: 

[a 0 0" 

0 b 0 \ 

0 1 b 


B = 
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(iii) a direct sum of three 1 x 1 Jordan blocks: 


a 


B = 


0 

0 


0 O' 
b 0 
0 c 


. If ^ e GF(4) is nonzero, then = 1. Therefore, if ^4^^ (hence 
is a scalar matrix, then = E\ hence, B"^^ = E. Since Fhas 
characteristic 2 and 45 is odd. Exercises 4.49 and 4.50 show that odd 
powers of the first two canonical forms for B cannot be scalar. Only 
the diagonal matrix (iii) remains. 

Suppose the characteristic polynomial c(x) of B is irreducible 
over GF(4). By Exercise 8.21, the roots a, b, c of c(x) are given by 
a, and = a. Hence, = 1. Since — E.ol^^ = 1; 

therefore, = 1, = F, and B does not represent an element of 

order 15 in PSL, 

At the other end of the spectrum is the case in which all charac¬ 
teristic roots of B already lie in GF(4). As we remarked above, this 
implies that B^ — E, so there is no element of order 15 here. 

The final case is c(jc) = (x — a)m(x), where a e GF(4) and mix) 
is an irreducible polynomial over GF(4) of degree 2. Exercise 8.21 
says that the roots of mix) are a and furthermore, it says that 
= a, i.e., = 1; hence, a is a 15th root of unity. Since GF( 16) 

contains every 15th root of unity (i.e., every root of — 1 over 
GF(2)), we may assume that F = GF(16). Let p be a primitive 15th 
root of unity in F There is an integer / such that a = p* and = 
p'^^ Note that the nonzero elements of GF(4) are p^, p^^, and p^^ = 

1. Hence, 


a 


B = 


0 

0 


0 


0 


:i 


where a = p^, p^^, or p^^. We claim that for any of these choices 
of a, B^ is a scalar matrix, and so cannot represent an element of 
order 15 in PSL. For example, suppose a = p^. Since B is unimod- 
ular, = 1, i.e., p^' = p^®. The diagonal entries of B^ are p^^, 

p5t ^ p^^andp^®' = p"^®, all of which equal p^®. This completes the 
proof of the theorem. | 


The reader is referred to the books of E. Artin, Geometric Algebra^ 
and J. Dieudonne, Sur les Groupes Classiques, for discussions of some 
other families of simple groups. 




CHAPTER 

9 


Infinite Abelian Groups 


THE FIRST REDUCTION: TORSION AND TORSION-FREE 

A valuable viewpoint in studying an infinite abelian group G is to 
consider G as an extension of more manageable groups. Of course this 
reduces the study of G to the study of an extension problem and the study 
of the more manageable groups. In our first reduction, the more manage¬ 
able groups are torsion and torsion-free. 

Before we begin, it is convenient to agree upon notation and to make 
some quite formal definitions. First, all groups are abelian and are written 
additively; second, the trivial group having one element is denoted 0 
(instead of {0}). 

Definition In the following diagram, capital letters denote groups and 
arrows denote homomorphisms. 


A B 
i Ip 
A' 


This diagram commutes in case Pea = on'P'. 

A special case of such a diagram is a triangular diagram, i.e., one of 
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the homomorphisms is an identity. A common example is 


A 



9 


where ^ is a subgroup of B, and i is the inclusion. This diagram commutes 
if gi = /, i.e., g\A = /. Another way of saying this is that g extends /. 

We say that a larger diagram composed of squares and triangles 
commutes if each component diagram commutes. 

Here is a second formal definition. 


Definition Let 

C) - 


. /k+1 A A /k-1 . 

^ ^ ^ ^ ^k- 


k-2 


be a sequence of groups and homomorphisms; this sequence is exact in 
case the image of each map is equal to the kernel of the next map. 


EXERCISES 

f 

9.1. If 0 ^ 5 is an exact sequence, then / is one-to-one. (There is 

no need to label arrows 0 ^ ,4 or C ^ 0; any such map must be the 
zero map.) 

9.2. If 5 ^ C -♦ 0 is an exact sequence, then g is onto. 

9.3. If0-»^.4^fi^C->0isan exact sequence, then B is an extension 
of A by C. 

9.4. In the exact sequence (*),/*+! is onto if and only if f^_ ^ is one-to-one. 

Definition If G is abelian, the torsion' subgroup of G, denoted tG, is the 

set of all elements in G of finite order. 

Since G is abelian, tG is a subgroup of G. 

Definition A group G is torsion in case tG = G; G is torsion-free in case 

tG = 0. 


Theorem 9.1 Every abelian group G is an extension of a torsion group 
by a torsion-free group. 


* This terminology comes from algebraic topology, where a space is “twisted” it if has 
homology groups containing elements of finite order. 
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Proof It suffices to prove that G/tG is torsion-free. Suppose «jc = 0 
for some x e GjtG and some integer n 0. If we lift xtoxeG, then 
nx e hence, there is an integer m # OwithmwA: = 0. Since wn ^ 

0, X E tG, and so x = 0. | 

Theorem 9.1 reduces the study of arbitrary abelian groups to the study 
of torsion groups, torsion-free groups, and an extension problem. Our first 
question is to determine whether this particular extension problem is only 
virtual or if th^re is a group whose torsion subgroup is not a direct sum¬ 
mand.^ Let us first generalize one of our methods of manufacturing 
groups. 

Let ^ be a nonempty set (possibly infinite), and for each k e K, let 
there be a given a group A^. 

Definition The direct product^ of the denoted YLubk is the group 
consisting of all elements (a^) in the cartesian product of the A^. under the 
binary operation: 

(«k) + K) = («k + 


Definition The direct sum of the denoted is the subgroup 

of Uk.K A, consisting of all elements (ajf almost all of whose coordinates 
are 0, i.e., only finitely many aj, are nonzero. 

If the index set K is finite, then Ilkex ^k = Zkex if the index set 
K is infinite, the product and the sum are distinct (and are isomorphic only 
in rare cases). 

EXERCISES 

9 . 5 . Let {A^\kEK) be a family of abelian groups. Prove that 
^(11 ^k) ^ n ^^k KZ Aff = X Mfc. Show that the first 
inclusion is proper for the special case when the index set K is the 
positive integers and Af^ = oip^) for some prime p. 

9 . 6 . Define functions pp, HkeA ^k A^ by pfiak)) = Prove that 
each Pi is a homomorphism of YlksK Ak onto Ai (pi is called the zth 
projection.) The restriction of pi (also called a projection) maps 
ZkeK A„ onto Ai as well. 

^ If an abelian group is a semidirect product, then it is a direct product (or, in additive 
terminology, a direct sum). 

^ Also called the strong direct sum, or the complete direct sum. 
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As with finite direct sums, there is an internal version of infinite direct 
sums. 

Definition Let {Aj^:keK} be a family of subgroups of G, Then 
^ = Z (internal direct sum) if G = <U >4^) and, for each /, 

^ <U*#/ A> = 0. 

If G is the (external) direct sum G = Y. then G is the internal 
direct sum of its subgroups k e K}, where Al^ consists of all those 
“vectors” having 0 in every coordinate but the kxh. 

EXERCISES 

**9.7, Let {Af^: k e K} be a family of subgroups of G. Prove that 
G = Y (internal) if and only if every nonzero element g e G 
has a unique expression of the form g — + * * • + where 

a^. e Aj^., the ki are distinct, and each a^. # 0. 

**9.8. Let ^ be a subgroup of G. Prove that ^ is a direct summand of G 
(i.e., there is a subgroup ^ of G so that G is the internal direct sum 
of A and B) if and only if there is a homomorphism p: G A 
with p{a) — a for all a 6 y4. 

**9.9. Let {A,^: k s K} be a family of subgroups of G. Prove that 
^ = Z if and only if, given any abelian group H and any set 
of homomorphisms/fc! Af^ //, there exists a unique homomor¬ 
phism f:G^H that extends each j],\ i.e., if 4: ^4^^ -► G is the 
inclusion, there is a unique/such that all the following diagrams 
commute: 


G 

'k I 

/ ^ / 

(Hint: First consider the case // = Z in order to get maps 
/: G ^ Y ^k and g: Y ^k To show that / is an isomor¬ 

phism, use the uniqueness hypothesis in a second diagram in 
which N = G.) 

**9.10. Let (A^: k e K) be a family of subgroups of G. Prove that G ^ 
Yl Aj^ if and only if there exist homomorphisms : G -► Af^ with 
Pk\Ai^ = identity, and given any abelian group H and any set of 
homomorphisms H A,,, there is a unique homomorphism 
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such that p^f = A for all k, i.e., there is a unique/such 
that all the following diagrams commute: 



Definition Let x e G and let n be an integer; x is divisible by n in case 
there is an element y g G with ny = x, 

EXERCISES 

9.11. Let X e G, Any two solutions in G to the equation ny = x differ 
by ah element z with nz = 0. 

**9.12. Let x e G have order n ; if (m, w) = 1, then x is divisible by m. 

Theorem 9.2 There exists an abelian group G whose torsion subgroup 
is not a direct summand. 

Proof Let P be the set of all primes and let G = IlpeP ^(p)- 

We claim that there is no nonzero element x in G that is divisible 
by every prime p. If qy = x, then (gyp) = (x^), i.e., gyp = Xp for 
every p. In particular, if g = p, then Xp = 0. Therefore, if x is 
divisible by every prime /?, then each coordinate of x is 0, and so 
X = 0. 

We shall now show that G//G contains a nonzero element that is 
divisible by every prime. Were tG a direct summand of G, then 
G ^ tG ® (GjtG) would also contain such a nonzero element, con¬ 
tradicting the first part of the proof. Consider the element (Op) + tG 
in G/fG, where Op is a generator of a(p). If ^ is a prime, then, by Exer¬ 
cise 9.12, for each p q, there is an element Xp e a{p) with qXp = Op. 
Hence, if we define = 0, then 

q{Xp) = {Op) - y 

where y has 0 in each coordinate save the ^th, where it has a^. There¬ 
fore, y e tG and 

= (s) ~ y tG = {Op) + tG. 

We have shown that (a^) + tG is divisible by every prime; since this 
element is nonzero, tG cannot be a direct summand of G. | 
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Theorem 9.3 Every torsion group G is the direct sum of p-primary 
groups. 

Proof For any prime /?, let 

Gp = {x e G: X has order some power of p). 

(Gp is the /^-primary component of G.) The reader may now prove 
that C = X using our proof of the primary decomposition 
theorem (Theorem 4.4) as his model. | 

Theorem 9.4 Let G and H be torsion^ G = H if and only if Gp ~ Hp 
for all primes p. 

Proof Let /: G -> // be an isomorphism and let 7/ G be its 
inverse. One checks easily that f(Gp) <= Hp and, by symmetry, that 
gi,Hp) <= Gp. Let/p = /|Gpand = g\H^. Both/p^p and gf^, are 
identities, so that Gp ^ Hp. 

Conversely, if fpi Gp Hp are isomorphisms, then there is an 
isomorphism f : G ^ H defined by (jc^) -► {fp{xf)). | 

Because of these two theorems, the study of torsion groups is reduced 
to the study of /^-primary groups. 


THE SECOND REDUCTION: DIVISIBLE AND REDUCED 

Had we asked the reader in Chapter 1 to give examples of infinite 
abelian groups, he probably would have responded with the integers, the 
rationals, and the reals. In this section, we study a common generalization 
of the latter two groups, the divisible groups. We shall see that every 
group is an extension of a divisible group by a group having no divisible 
subgroups. 

Definition A group G is divisible in case each jc e G is divisible by every 
n > 0. 

EXERCISES 

9.13. We shall henceforth denote the additive group of rationals by Q. 
Prove that the following groups are divisible: Q; additive group 
of real numbers R; additive group of complex numbers C; 
multiplicative group of positive reals; multiplicative group of 
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nonzero elements of an algebraically closed field; the circle 
group T, i.e., the multiplicative group of all complex numbers z 
with |z| = 1. 

*9.14. The group GjtG constructed in Theorem 9.2 is divisible. 

**9.15. A quotient of a divisible group is divisible. 

9.16. A direct sum (direct product) of groups is divisible if and only 
if each summand (factor) is divisible. 

**9.17. A torsion-free divisible group is a vector space over Q. (Hint: 

Verify the axioms after noting that a solution io ny = x exists 
and is unique.) 

The reader knows that every finite-dimensional vector space V over a 
field F has a basis and that any two bases of V have the same number of 
elements. We now prove the infinite analogs of these theorems; because 
this may be the reader’s first contact with Zorn’s lemma (see Appendix IV), 
we proceed leisurely. 

Definition Let K be a vector space over a field F. A subset X of L is 
dependent in case there exist a finite number of vectors X 2 ^’' , X 
and nonzero scalars a 2 ,‘' ‘, a^e /'such that X = 0; otherwise, X 
is independent. A subset X spans V in case every vector in Lisa finite linear 
combination of vectors in X, A basis of V is an independent subset that 
spans V. 

Example Let V = QH, the vector space of all polynomials in x over Q. 
A basis of V is the set {1, x, x^, * • • , x"*, • * •}. 

Theorem 9.5 If V is a vector space over a field F, then V has a basis, 
fn fact, every independent subset I of V is contained in a basis. 

Proof Let ^ be the family of all independent subsets of V containing 
/; partially order 5^ by ordinary inclusion. Let {X^ \ aeA) be a simply 
ordered subset of 5^, i.e., the X^ are independent subsets of V contain¬ 
ing /, and given any two of them, one contains the other. From this 
it follows that, given any finite number of these X^, one contains all 
the others. Now let X be the union of these X^. It is trivial that X 
contains each X^, but we must verify that X e ^ in order that it be an 
upper bound. Suppose Xj, X 2 , * * *, x„ g and X Now 

each Xf got into X by being in X^. for some a,-. There being only 
finitely many X^., one contains all the others; hence, Xj, X 2 , • * •, x„ 
all lie in this one X^, which is, by hypothesis, independent. Therefore, 
each a^ = 0 and X is independent. 
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By Zorn’s lemma, there is a maximal independent subset Y of V 
that contains /. We claim that 7 is a basis of F, for which it now 
suffices to prove that Y spans V. Suppose x e V and x is not a linear 
combination of elements in Y, Consider the set 7' = 7 u {x}. 7' 
is an independent set containing /, as the reader may easily check, 
and this contradicts the maximality of 7. | 

Corollary 9.6 Every subspace W of a vector space V is a direct 
summand of V. 

Proof Let A" be a basis of W. Since X is independent, Theorem 9.5 
says, there exists a subset X' of V such that u A" is a basis of V. 

If W is the subspace spanned by X\ then it is easy to see that V = 
W® W\ I 

Theorem 9.7 Let V be a vector space over F. Considering V as an 
abelian group, V is a direct sum of copies of F. 

Proof Let B — {x^ .ke K}htdi basis of V and let denote the one¬ 
dimensional subspace generated by x^ . Clearly, each is isomorphic, 
as a group, to the additive group F. 

We claim that the additive group V is isomorphic to F^. 
Since B spans V, every nonzero vector a e K has an expression a = 

S where the r are nonzero elements of F and all the x are 

distinct; furthermore, each r^.x^^. e Ff^.. Since B is independent, this 
is the only expression for a of this kind. By Exercise 9.7, V ^ 

I 

Corollary 9.8 (i) Every torsion-free divisible group G is a direct 
sum of copies of Q; 

(ii) An abelian group G in which every nonzero element has prime 
order p is a direct sum of copies of o'(p). 

Proof (i) By Exercise 9.17, G is a vector space over Q. (ii) In the 
proof of Lemma 4.5 it was verified that G admits a scalar multiplica¬ 
tion by elements in Z^. | 

We see in particular that the additive group of real numbers is a 
vector space over Q. A basis of this vector space is usually called a Hamel 
basis, and it is useful for constructing certain analytical counterexamples. 
For example, a Hamel basis may be used to exhibit a discontinuous 
function / on the reals satisfying the functional equation 

f(x + y) = fix) + fiy) 
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for all real numbers x and y. (If c is the cardinal of the continuum, there 
are 2^ such functions / but only c continuous real-valued functions.) 


EXERCISES 

9.18. Let (j be a (not necessarily abelian) group, and suppose 
lAut(G)| = 1. Prove that G has at most two elements. (The 
reader now has the power to complete Exercise 7.10.) 

**9.19. Let K be a vector space over a field F. Prove that any two bases 
of V have the same number of elements. 

(Hints: (1) The reader need only consider the case in which 
V is infinite dimensional, for the finite-dimensional case is well 
known. (2) The following theorem of set theory may be used: 
If X is an infinite set and S is the collection of all finite subsets 
of X, then X and S have the same number of elements.) 

Definition Let Fj and V 2 be vector spaces over F. and V 2 have the 
same dimension if there are bases Fj of and B 2 of V 2 that have the same 
number of elements. 

EXERCISE 

9.20. Let V and W be vector spaces over F, where F is isomorphic to 
either Q or Z^. Show that, as abelian groups, F ^ IFif and only if 
F and W have the same dimension. (This exercise is false for 
arbitrary fields F. For example, a 1-dimensional real vector space 
is isomorphic, as an abelian group, to a 2-dimensional real vector 
space.) 

The easiest example to exhibit of a torsion divisible group is Q/Z; in 
particular, its p-primary components are p-primary divisible groups. 

Definition If p is a prime, a{p^) denotes the p-primary component of 
Q/Z. 

EXERCISES 

9.21. Let denote the set of all rationals between 0 and 1 of the form 
m/p”, where m, a? > 0, under the binary operation “addition 
modulo 1”. For example, if p = 2, then i + i = 0, i + f = 
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etc. Prove that is a /7-primary group and that Q/Z ^ X 
conclude that = (7(p°^). 

9.22. Show that < 7 ( 77 '®) is generated by elements ^ 2 . ‘ ‘. where 

pa^ = 0, pa2 = ^1, • • ',pa„+i If <«„> is the cyclic 

subgroup of o'(/7®) generated by a„, then (a„} ^ o^(p”), (a„} a 

for aii 

= u <^«>* 

n=l 

9.23. crip"^) is a /7-group containing a unique subgroup of order p. 
Conclude that Theorem 6.31 is false without assuming the group is 
finite. 

9.24. For each « > 0, Q/Z contains a unique subgroup of order n (which 
must be cyclic). 

9.25. Every proper subgroup of o’(/7'®) is finite, and the set of subgroups 
is well ordered by inclusion. (It is an open question whether there 
exists an infinite nonabelian group all of whose proper subgroups 
are finite.) 

9.26. Prove that <7(/7°°) has the DCC but not the ACC. 

9.27. For a fixed prime p, let G be the set of all / 7 th power roots of unity, 
i.e., all complex numbers of the form exp(27r//r//7"), where k e Z and 
n > Q, Prove that C is a multiplicative group isomorphic to tT(/ 7 °°). 

Our immediate goal is the classification of divisible groups. 

Theorem 9.9 (The Injective Property) Let A be a subgroup of B 
and let f: A -► D be a homomorphism, where D is divisible. Then f can 
be extended to a homomorphism F\ B D, i.e., an F exists making the 
adjoined diagram commute. 


D 


I 

B 


Proof We use Zorn’s lemma. Consider the set of all pairs {S, h), 
where 5 is a subgroup of B containing A and h : S D extends /; 

is nonempty, for {A,f) e 6 ^. We partially order ^ be decreeing 
(S^, h^) < (S2,1^2) in case ci S2 and h2 extends h^. If {(5'^, hfj} 
is a simply ordered subset of 6F, define (Sq, hf) as follows: *So = 
if .5 E ^ 0 , then s e for some a; define h^is) = hj^s). We 
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leave to the reader the proof that (Sq, h^) g ^ and that it is an upper 
bound of {(S^, hj}. By Zorn’s lemma, there exists a maximal pair, 
(M, h). We shall show that M = B, which will complete the proof. 

Suppose there is an element b e B that is not in M. Define 
Afj = A/ + clearly, M so that it suffices to extend h 

to to reach a contradiction. 

CASE (i) M n (^b'y = 0. Then = M @ Define g: -> D 

to be the zero map. By Exercise 9.8, there is a map F\ My D 
extending h (and g). 

CASE (ii) M n ^ 0. Let k be the smallest positive integer for 
which kb E M\ then every element y '\n My has the unique expression 
y == m + tb, where 0 < t < k. Since D is divisible, there is an 
element x e D with kx = h(kb) (which is defined because kb e M), 
Define F: My D by F{m + tb) — h{m) + tx. We leave the 
straightforward computation that F is a homomorphism extending 
h to the reader. | 

Corollary 9,10 Let D be a subgroup of G, where D is divisible. 
Then D is a direct summand of G. 

Proof Consider the diagram 

D 
t 

I 
I 

0 ^ D ~^G 

where / is the identity map. By Theorem 9.9, there is a homo¬ 
morphism p : G D such that p{d) = d for every dE D. By Exer¬ 
cise 9.8, Z) is a direct summand of G. | 

EXERCISES 

9.28. An abelian group G is divisible if and only if it has the 
injective property. (Hint: Extend homomorphisms from nZ 
into G to homomorphisms from Z into G.) 

**9.29. G is divisible if and only pG = G for every prime /?; if G 
is p-primary, G is divisible if and only if G = pG. 

*9.30. Let G be a nonzero group. Prove that there exists a nontrivial 
homomorphism f:G~^ Q/Z^- 

9.31. A group G is divisible if and only if every nonzero quotient of G 
is infinite. 

9.32. A group G is divisible if and only if G has no maximal subgroups. 
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Definition If G is an abelian group, dG is the subgroup of G generated 
by all the divisible subgroups of G. 

Lemma 9.11 dG is a divisible subgroup of G {which contains every 
divisible subgroup of G). 

Proof Since the parenthetical remark follows immediately from the 
definition of dG, we need prove only that dG is divisible. Let n > 0 
and let xedG; then x = Xj + • • • + where each x,- is in a divisible 
subgroup Di of G. Since is divisible, there is an element y,- e Di 
with nyi = x^-. Hence, — -h yk ^ dG and niy^ +*•* + >'*) = 

X. I 

Definition An abelian group G is reduced if dG = 0. 

Theorem 9.12 Every abelian group G = dG @ R, where R is reduced. 

Proof Since dG is divisible, G = dG @ R for some subgroup R 
(by Corollary 9.10). If R contains a divisible group D, then dG @ D 
is a divisible subgroup of G. But dG contains every divisible subgroup 
of G, so Z> = 0 and R is reduced. | 

EXERCISE 

9.33. Let G and H be abelian groups. G ^ H \f and only if dG ^ dH 
and GjdG ^ HjdH. 

The reader should note the similarity of the roles of the subgroups 
tG and dG. We have seen that every abelian group is an extension (not 
necessarily split) of a torsion group by a torsion-free group. Now we see 
that every abelian group is also an extension (always split) of a divisible 
group by a reduced group. 

Lemma 9.13 Let G and H be divisible p-primary groups. Then 
G = H if and only if G[/7] ^ 

Proof Necessity is simple, so we need prove only sufficiency. Let 
/• be an isomorphism. We may consider/as mapping 

G[/>] ^ H, so that the injective property implies the existence of a 
map F: G H extending/; we claim that F is an isomorphism. 

^ Recall that G[p] = {xe G: px = 0}. 
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(i) Fis one-to-one. Let a: be a nonzero element of G of order /?”; 
we show by induction on n that if F{x) = 0, then x = 0. If « = 1, 
then X G G\_p^ and F(x) = f(x); since/is an isomorphism, x = 0. 
Suppose now that x has order ^ and F(x) = 0. If we set y = px, 
then y has order p" and F(y) = 0. By induction, 7 = 0, which con¬ 
tradicts the fact that x has order 

(ii) F is onto. Let j be a nonzero element of H of order we 
show by induction on n that y is in the image of F. If n = 1, then 
y e //[;?] so that y e image / c= image F. Suppose p'^'^^y = 0 and 
p^'y # 0. By induction, there is an x e G with F(x) = py. Since G 
is divisible, there is a z g G with p"z = x. Thus, p”(y — F(z)) = 0. 
Using induction again, there is an element z' e G with F(z') = 
y — F(z), and so F(z' + z) = j. | 

Theorem 9.14 Every divisible group D is a direct sum of copies of 
Q and of copies of cr(/?°®) (for various primes p). 

Proof It is easy to check that tD is divisible, so we may assume D = 
tD © (DltD). Since DjtD is a torsion-free divisible group, it is a 
direct sum of copies of Q, by Corollary 9.8. Let G be the / 7 -primary 
component of tD\ G is divisible. If dimension G[/ 7 ] (as a vector 
space over the integers modulo p) is r, let FL be the direct sum of r 
copies of <t(/ 7 °°). Now//is a/ 7 -primary divisible group with//[/?] ^ 
G[/ 7 ]. By Lemma 9.13, G = //. | 

The structure of divisible groups is not very complicated. One question 
yet remains: When are two divisible groups isomorphic? If /) is a divisible 
group, let = DjtD and Dp = (tD)\^p~\\ observe that is a vector 
space over Q and Dp is a vector space over Z^. 

Theorem 9.15 If D and D' are divisible groups, then D ^ D' if and 
only if (i) D^ andD'^ have the same dimension', (y\)for eachp. Dp and 
Dp have the same dimension. 

Proof Left to the reader. | 

EXERCISES 

9 . 34 . Let G and H be divisible groups, each of which is isomorphic to a 
subgroup of the other. Prove that G ^ //. Is this true if we drop 
the adjective “divisible”? 
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9.35. If G and H are divisible and G ® G ^ H ® H, prove that 
G ^ H. 

9.36. Prove that the following groups are all isomorphic: R/Z; the 

circle group T; Hp Q/^ ® 

The reader who knows enough field theory is now able to describe 
the multiplicative group of the algebraic closure of Zp (it is 

**9.37. Let 0“~>^y4->l?-^C->0bean exact sequence. If A and C 
are reduced, then B is reduced. 


FREE ABELIAN GROUPS 

We now consider an important class of groups that is, in a certain 
sense, dual to the divisible groups. The reader will see properties of these 
groups that will remind him of several of the theorems we have just proved. 

Definition F is a free abelian group on {x^ik e K} in case F is a direct 
sum of infinite cyclic groups Z^, where Z^ = 

Theorem 9.16 If F is free on {x^: k e K), every nonzero element 
X E F has the unique expression . 

+ • • • + fn^Xk^, 

where the m are nonzero integers and the ki are distinct. 

Proof Exercise 9.7. | 

Theorem 9.17 Let 

F = = E Zj 

iel jeJ 

be free abelian groups. Then F ^ G if and only if I and J have the 
same number of elements. 

Proof Suppose Fis free on {jc^ : i e I}. If/? is a prime, then FjpFh a 
vector space over Zp. For a 6 F, set a = a + pF. We claim that 
{Xf : / e /} is a basis of FjpF. It is clear they span; let us prove the set 
of them is independent. 

Let X = 0, where e Zp and not all = 0. If is a 
representative of fhi with 0 < < /?, then Y. In F this 

equation becomes Y ^ pF, i.e., 

Y = P WfXf. 
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By Theorem 9.16, = prii for all U so that = 0 for all i. This 

contradiction proves independence. Exercise 9.19 gives |/| = 
dimension F/pF. Therefore, if F ^ G, then |/| = dim FjpF = |/|. 
Sufficiency is easy and is left to the reader. | 

Definition Let F be free on i e /} and let G be free on {yji j e J}; 
F and G have the same rank if / and J have the same number of elements. 
If / is finite and has n elements, we say that F has rank n. 

Theorem 9.17 says that two free abelian groups F and G are iso¬ 
morphic if and only if they have the same rank. In particular, if F = G, 
any two free sets of generators of F have the same number of elements. 
The reader will not be misled by the analogy: vector space—free abelian 
group; basis—free set of generators; dimension—rank. In order to stress 
this analogy, we make the following definition. 

Definition A basis of a free abelian group F is a free set of generators 
of F. 

Theorem 9.18 Let F be free with basis {x^:k e K}, G an arbitrary 
abelian group, and f\{Xk:keK}-^G any function. There is a unique 
homomorphism g : F ^ G such that 

g(Xk) = f{Xk) for all k. 

Proof If Zfc = <Xfc>, we define/*: Z„ ^ G by/t(mx*) = It 

is clear that each is a homomorphism, so that the hypotheses of 
Exercise 9.9 are satisfied. | 

Corollary 9.19 Every abelian group G is a quotient of a free abelian 
group. 

Proof We first sh^w that if X is any set, there exists a free abelian 
group F having X as a basis. If X consists of one element x, an 
infinite cyclic group Zx that has x as a generator can be constructed. 
For the general case, set F = S^cex 

To prove the corollary, let Fbe the free abelian group with basis 
G. By Theorem 9.18, the identity function on G extends to a homo¬ 
morphism g: F ^ G, and g is clearly onto. Therefore G is a quotient 
ofF. I 

The construction of a free abelian group on an arbitrary set is quite 
convenient. For example, in algebraic topology, one wishes to add and 
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subtract continuous functions from an n-simplex to a topological space. 
This is done by forming the free abelian group on all such functions. 

Theorem 9.20 (The Projective Property) Let p: B ^ C be a 

homomorphism of B onto C. If F is free and cc: F C is a homomor¬ 
phism, then there is a homomorphism y \ F B with fy = a, i.e., 
there is a y making the diagram below commute. 


F 



B C0 

Proof Let A" = : A: e A'} be a basis of F. Since f is onto, for each 

k there is an element b^^e B with P(b^) = Define a function 

f:X~^Bhyf (x^) = . By Theorem 9.18, there is a homomorphism 
y: F B such that v(Xfc) = b^. In order to check that fy — a, it 
suffices to evaluate each on a set of generators of F, e.g., on X. But 
PyiXk) = P(bk) = as desired. | 

Corollary 9.21 Let G be an abelian group and let p: G ^ F be onto, 
where F is free. Then 

G = kernel P @ S, 

where S = F. 

Proof Consider the diagram 

F 

G^F ^0, 

where / is the identity map. Since F has the projective property, 
there is a homomorphism y : F ^ G with py = 1. By set theory, 
y is one-to-one, so S = image y = F. We let the reader prove, using 
Theorem 4.1, that G = kernel p ® S. | 

Another way of stating Corollary 9.21 is that G/K free implies A is a 
direct summand of G. 

Theorem 9.22 Every subgroup H of a free abelian group F is free', 
moreover, rank H < rank F. 

Proof We give two proofs; the first proof works only when F has 
finite rank, but it allows us to focus on essentials. 
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Suppose F has finite rank we do an induction on «. If« = 1, 
then F ^ Z and the division algorithm shows any subgroup H of F 
is 0 or isomorphic to Z. Thus H is free and rank H < I = rank F. 
For the inductive step, let , • • •, x„} be a basis of F, F„ = <Xi, • * *, 
x„_i>, and//„ = H n F„. By induction, is free of rank < n — 1. 
Now 

HjH, = HIH n F„ ^ H ^ FJF„ cz F/F„ ^ Z. 

By Corollary 9.21, H = H„ or H = ® </z>, where </z> ^ Z. 

Therefore H is free of rank < n. 

We now give a second proof that does not assume the rank of F 
is finite. Let {x^: ^ e K} be a basis of F which we assume is well- 
ordered (that every nonempty set can be somehow well-ordered may 
be taken as an axiom of set theory in place of the axiom of choice). 

For each k, define F^ Hj, = H n F^. Thus 

F = (J F, and // = U i/,; also, H, = H n F, = n F,. 
Hence 

n F,) ^ + F,)/F, c F,^JF, ^ Z. 

By Corollary 9.21, either / 4+1 = 

^k+i = ^k® where </?^> ^ Z. 

We claim His free on the set of h^s; note that it will then follow that 
rank H < rank F, for the set of clearly has cardinality < |F| = 
rank F. 

Let be the subgroup of H generated by the Since F = 
U Fjt, each A e if (as any element of F) lies in some F^+i. Let /i(A) 
be the least index k with h e F^^y. Suppose H # and consider 
{^(A ): h e H and A $ H^}. There is a least such index 7 , for K is well- 
ordered. Choose A' 6 if with //(A') = j and A' ^ Now ^(A') = j 
says h' e H n Fj+ y , so that 


h' = a + mhj, a e Hj, m g Z. 

Therefore a — h' — mhj e H, a ^ (lest A' e H^), and fi(a) < J, 
a contradiction. Hence H = H^. 

Next, we show that linear combinations of the A/^ are unique. It 
suffices to show that if 

+ ' * ’ + ^n^k,, = 0? ky < ’ ' ’ < k„. 
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then each = 0. We may assume m„ # 0. But then e n 
= 0, a contradiction. This shows that H is free on the | 


EXERCISES 

9.38. An abelian group is finitely generated if and only if it is a quotient 
of a free abelian group of finite rank. Conclude that a direct 
summand of a finitely generated abelian group is also finitely 
generated. 

9.39. Every subgroup of a finitely generated abelian group G is itself 
finitely generated; if G can be generated by r elements, so can H. 
(We shall show later that both statements are false if we delete 
the adjective “abelian”.) 

9.40. The multiplicative group of positive rationals is a free abelian 
group of (countably) infinite rank. (See Exercise 1.26.) 

9.41. If F is a free abelian group of finite rank n, then Aut(F) is 
isomorphic to the multiplicative group of all « x « matrices of 
determinant ± 1 that have entries in Z. 

S 9 ^ 

*9.42. Let A B ^ C ^ D be an exact sequence of free abelian 
groups. Prove that F ^ im / © ker /?. (This exercise is useful 
in algebraic topology.) 

**9.43. Let F be a free abelian group of rank n and let ^ be a subgroup 
of rank k < n. Prove that FjH contains an element of infinite 
order. 

*9.44. An abelian group is free if and only if it has the projective 
property. 

9.45. Let 0 -> Fj F 2 F„ -► 0 be an exact sequence of 

finitely generated free abelian groups. Prove that 


(-ly rank Fi = 0. 

i= 1 

Theorem 9.23 Every abelian group G can be imbedded in a divisible 
group. 

Proof By Corollary 9.19, there is a free abelian group Fwith G ^ 
FjR for some subgroup R of F. Now F = X! so that F Q 
(just imbed each Z in a copy of the rationals, Q). Therefore, 
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FIR <= (Z Q)/R, 

and this last group is divisible, being a quotient of a divisible 
group. I 

Corollary 9.24 An abelian group G is divisible if and only if it is a 
direct summand of every group containing it. 

Proof Necessity is Corollary 9.10. In order to prove sufficiency, 
first imbed G in a divisible group /), and then recall that every direct 
summand of a divisible group is divisible. | 

There is an analogy between theorems about free abelian groups and 
divisible groups, which may be formalized as follows: Given a commutative 
diagram containing exact sequences, its dual is the commutative diagram 
containing exact sequences obtained by reversing the direction of all 
arrows. For example, the dual of “0 ^ is "'B A ^ 0”, i.e., 

subgroup and quotient group are dual. We let the reader prove that 
“direct summand” is its own dual, sum and product are dual (see Exercises 
9.9 and 9.10), and projective and injective are dual. 


FINITELY GENERATED ABELIAN GROUPS 

In this section we apply our techniques to classify an important class 
of abelian groups. 

Theorem 9.25 Every finitely generated torsion-free abelian group G 
is free. 

Proof We prove the theorem by induction on «, where G = 

<Xi, * • •, x„>. If « = 1, then G is infinite cyclic (or 0 if = 0) and 
we are done. 

Define <x„>^ = {y e G: my e <x„> for some m # 0). It is easy 
to check that <x„>:„ is a subgroup of G and that is torsion- 

free, for <x„>* is just the inverse image of /(G/<x„». By induction, 
is free, so that G = <x„>,^ © (free). We need only show 
<x„>^, ^ Z to complete the proof 

If y G <x„>*, then my = kx„ for some m ^ 0; the reader may 
verify that the map <x„>:„ -> Q given by y kjm is a well-defined 
homomorphism that is one-to-one. Thus, <x„>,^ is isomorphic to 
some finitely generated subgroup of the rationals, say, H. Let H = 
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• • •, aA> and let = H Then the map /://-► Z 
defined hy h bh is one-to-one, so that H, hence is isomor¬ 

phic to a subgroup of Z, and hence is cyclic. | 

Theorem 9.26 (Basis Theorem) Every finitely generated abelian 
group G is a direct sum of cyclic groups. 

Proof GjtG is a finitely generated torsion-free group, and hence is 
free, by Theorem 9.25. By Lemma 9.21, 

G ^ tG @ (free). 

Now tG is finitely generated, being a quotient of the finitely generated 
group (7, so that it is finite (Exercise 4.42). Therefore, tG is a direct 
sum of cyclic groups, by the basis theorem for finite groups. | 

Theorem 9.27 (Fundamental Theorem of Finitely Generated Ahelian 
Groups) Every finitely generated abelian group G is a direct sum of 
primary and infinite cyclic groups, and the number of summands of each 
kind depends only on G, 

Proof We know that G = tG ® {GjtG). The uniqueness for tG is 
precisely the fundamental theorem for finite abelian groups; the 
uniqueness of the number of infinite cyclic summands is Theorem 
9.17. I 

We must confess that there are shorter proofs of Theorem 9.26, but 
this proof is quite natural once one decides to work by induction. 

EXERCISES 

**9.46. Prove there is a countable abelian group G that contains an 
isomorphic copy of every countable abelian group as a subgroup. 
(Hint: Let G be the direct sum of countably many copies of 

Q © Q/z.) 

9.47. Let F be free abelian of finite rank n and let be a subgroup of 
rank n ; then FjH is finite. 

9.48. (Simultaneous Bases) Let F be free abelian of finite rank n and 
let // be a subgroup of rank n. Then there is a basis {jCj , • *, jc„} 
of Fand integers k^,' — , k„ such that {kiXi , * ■, k„x„} is a basis 
of H . (Hint; Use the fundamental theorem.) 

9.49. Let Fbe free abelian of rank n, and ^a subgroup of the same rank; 
let {xi," •, x„} be a basis of F, and {^i, * **,>'„} a basis of H, so 
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that 7/ = Z Prove that [F://] = |det(miy)|. (Hint: First 

show |det(m,y)| is independent of choice of bases of Fand H.) 


TORSION GROUPS 

Torsion groups can be quite complicated, but there are two special 
classes of torsion groups that are quite manageable: divisible torsion 
groups and direct sums of cyclic groups. We shall prove that every torsion 
group is an extension of a direct sum of cyclics by a divisible group, but our 
proof requires an investigation of a distinguished kind of subgroup whose 
definition generalizes that of direct summand. Inasmuch as the definition 
is technical, it shall be followed by many exercises that will familiarize the 
reader with the concept. 

Definition A subgroup S of G is pure in G in case 

nG r\ S = nS for every integer n. 

It is always true that nG n S ^ nS, so that it is only the reverse 
inclusion that is significant. Therefore, purity says that whenever s = ng 
(where s e S and g e G), there is an element s' e S with s = ns'. In other 
words, if an element of S is divisible by n in the big group, it is also divisible 
by n in the subgroup S. 

If G = <a:> is infinite cyclic and if S' = <2 jc>, then S is not pure, for 
s = 2x is divisible by 2 in G, but there is no element y in S with 2y = 2x. 


EXERCISES 

9.50. Any direct summand of G is pure in G. 

9.51. If G/S is torsion-free, then S is pure; conclude that tG is a pure 
subgroup of G. Conclude further that a pure subgroup need not 
be a direct summand. 

9.52. If G is torsion-free, a subgroup S of G is pure if and only if G/S 
is torsion-free. 

9.53. Purity is transitive, i.e., if K is pure in H and H is pure in G, then 
K is pure in G. 

9.54. If G is torsion-free, any intersection of pure subgroups is pure. 
Conclude that if is a subset of G (where G is torsion-free), then 
there is a smallest pure subgroup of G containing X\ we denote 
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this subgroup <A'>* and call it the pure subgroup of G generated 
by X. 

9.55. Let jc e G, where G is torsion-free. Show that the pure subgroup 
generated by x is 

{y e G: my e <x> for some m ^ 0}. 

9.56. A pure subgroup of a divisible group is divisible. 

9.57. Give examples of a group: (a) in which the intersection of two 
pure subgroups is not pure; (b) in which the subgroup generated 
by two pure subgroups is not pure. 

**9.58. Every ascending union of pure subgroups is pure. 

**9.59. Show that an ascending union of direct summands need not be a 
direct summand. (Hint: Consider the group G = H 
let S„ = t 7 (pi) @ * • * © (^(p„y} 

**9.60. Let S be pure in G and let y e G/S, Show that;; can be lifted to 
X E G, where x and y have the same order. 

Lemma 9.28 Let T be pure in G. If T cn S ^ G and SJT is pure in 
GjT^ then S is pure in G. 

Proof If jc E G, we shall denote its coset in G/Tby x. Suppose that 
ng = 5 , where s e S. Then ng = s, so that the purity of SjT guaran¬ 
tees an element 5 'e 5/ T with ws' = s. Lifting this equation to G gives 

ns' — s = t, for some t e T. 

Hence — ng = /, so the purity of Tyields e rwith^i.?' — ng = 
nt\ Juggling, we obtain s = n(s' ~ t'); since T c: S, s' — t' e S, 
and so S is pure in G. | 

Lemma 9.29 A p-primary group G that is not divisible contains a pure 
cyclic subgroup. 

Proof Suppose there is an jc e G [p] that is divisible by p^ but not by 
let p^y — x. We let the reader prove that < 7 ) is pure in G 
(Exercise 9.12 says that one need only check powers of p). 

We may, therefore, assume that each x e G[/?] is divisible by 
every power of p. We shall prove, by induction on k, that if p'^x = 0, 
then JC is divisible by/?. If A: = 1 , jc e G[/7], and our claim is certainly 
true. Suppose / 7 ^'^^jc = 0. Ifj; = /x, then e G[p]; hence, there is 
an element z e G with 

fc + 1 k 

p = y = p^x. 
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T\v\xsp\pz — x) = 0; by induction, there is a w e G With pw ^ pz — 

X, Therefore 

X = p{z - w), 

as desired. We have shown that G = /?G, so we know by Exercise 
9.29 that G is divisible. This contradiction completes the proof. | 

Definition A subset X of nonzero elements of a group G is independent 
in case m^x^ = 0 implies each m^x^ = 0, where x^e X and e Z. 

Our earlier definition of independence (in a vector space) had the 
scalars in a field, but more important, the conclusion there was that each 
= 0; here we pay our respects to the elements of finite order and 
conclude only that each m^x^ = 0. 

Lemma 9.30 A set X of nonzero elements of G is independent if and only if 

<^> = Z <^>- 

xeX 

Proof Let x^e X and let y e <Xo> n — {xq}). Then y = mxo 
and j = X where each x^ Xq. Therefore, 

-mxo + Z = 0; 

thus each term is 0, by independence. Hence, 0 = mxQ = y. 

The proof of the converse is left to the reader. | 

Definition A subset A" of G is pure-independent if X is independent and 
<Z> is a pure subgroup of G. 

Lemma 9.31 Let G be a p-primary group. If X is a maximal pure- 
independent subset of G {i,e,y if X is contained in no larger such), then 
Gj^X'y is divisible. 

Proof By Lemma 9.29, if Gl<!^xy is not divisible, it contains a pure 
cyclic subgroup <y>. Since <Z> is pure in G, y may be lifted to an 
element y e G, where y and y have the same order (Exercise 9.60). 

We claim that Z* = {X, y} is pure-independent, which will contra¬ 
dict the maximality of X. First of all, 

<Z> cz <A'^> c= G 

and <A'*>/<Z> = <y>, which is pure in G^X}. By Lemma 9.28, 
<Z*> is pure in G. Secondly, suppose 

my T. = 0, 


Xgj e X, m^j, m e Z, 
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In GI{Xy, this equation becomes my = 0. Since y and y have the 
same order, mj; = 0; since .Vis independent, each = 0. Hence, 

X* is independent, and thus pure-independent. | 

Definition Let G be a torsion group. A subgroup of G is a basic 
subgroup of G in case: 

(i) 5 is a direct sum of cyclic groups. 

(ii) B is pure in G. 

(iii) GjB is divisible. 

Theorem 9.32 (Kulikov) Every torsion group G contains a basic 
subgroup. 

Proof If we show that every p-primary group has a basic subgroup, 
then it follows from the primary decomposition that every torsion 
group has a basic subgroup. Assume, therefore, that G is p-primary. 

If G is divisible, then 5 = 0 is a basic subgroup. If G is not 
divisible, then G does contain pure-independent subsets (Lemma 
9.29). Since both purity and independence are preserved by ascending 
unions, so is pure-independence. Therefore, Zorn’s lemma may be 
applied to provide a maximal pure-independent subset X of G. The 
previous two lemmas show that B = <A") is a basic subgroup. | 

Corollary 9.33 Every torsion group is an extension of a direct sum 
of cyclic groups by a divisible group. 

Corollary 9.34 (Priifer) Let G be a group of bounded order., i.e., 
nG = 0 for some integer n > 0. Then G is a direct sum of cyclic groups. 

Proof Let 5 be a basic subgroup of G. Then GjB is divisible, and 
n{GIB) = 0. It follows that GjB = 0, i.e., B = G. | 

We have already classified divisible groups. If we can classify direct 
sums of cyclic groups, then we have classified all torsion groups modulo the 
extension problem. The question we ask is: If G and //are each direct sums 
of cyclic groups, when is G ^ //? The answer is essentially the same as that 
for finite groups given in Chapter 4. Recall that if // is a group with pH = 
0, then it may be considered a vector space over Zp with dimension d{H). 
We have proved that when G is a finite p-primary group, then the number 
of cyclic summands of order p” occurring in a decomposition of G is given 
by c/(p"“^G/p"G) — J(p"G/p'’'^^G). This formula does not generalize to 
infinite groups because one cannot subtract infinite cardinals. 
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Assume G = X is a direct sum of /^-primary cyclic groups. One 
can still prove that c/(/?"G/p"'^^G) is the number of cyclic summands of 
order > How can we distinguish between those elements in p^G 

coming from <7^ of order ^ and those elements in /7"G coming from of 
larger order? Let ai be a generator of If then has 

order p; if \(t.\ > then does not have order p. This elementary 
observation suggests that we amend our original idea by replacing p^'G by 
/?”G n G[/?], i.e., we shall be interested only in elements of order p. 

Definition U{n, G} = d{p^G n G[p]/p”^'G n G[p]). 

Of course, the cardinal number U{n,G} may be infinite. 

Theorem 9.35 If G is a direct sum of p-primary cyclic groups, then 
the number of cyclic summands of order ' is U{n, G}. 

Proof Let denote the direct sum of all those cyclic summands of 
order p^ occurring in a given decomposition of G, and let be the 
number of summands in Bj, {b^, may be 0 or infinite). Thus, 

G = B^ @ B 2 @ *'' @ Bf^ © • • *. 

Now it is easy to see that 

© P^i ® ''' ® ^B^ © • * • 

and 

Z?"G = p^B^^x © *' * @ P^^k © * * * • 

Therefore, for all n, 

p^G n G[/7] = 1 @ '5„+2 © • • •, 

and so 

p^G n C[/7]//?" + ^G n G[p'] ^ p''B„+^. 

Hence V{n,G] = Z>„+i, as desired. | 


EXERCISES 

9.61. Let G and H be direct sums of p-primary cyclic groups. Prove that 
G ^ ^ if and only if U{n, G) = U{n, H} for all « > 0. 

9.62. Prove that ^ip^)) is not a direct sum of cyclic groups. 

9.63. If G is a p-primary group, then any two basic subgroups of G are 
isomorphic. 
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9.64. Give an example of a p-primary group G containing basic subgroups 
and B 2 for which GjB^ ^ 01 ^ 2 . 

There is one instance when one can guarantee that a pure subgroup is 
a direct summand. 

Theorem 9.36 Let S be a pure subgroup of G with = 0 for some 
« > 0; then S is a direct summand of G, 

Proof Let tt: G -► GjiS + «G) be the natural map. Clearly, this 
quotient is of bounded order {n times it is 0), so that it is a direct sum 
of cyclic groups, by Priifer’s theorem. Let G/(5 + nG) = X 
where is a generator of ^(rj. For each a, lift x^ to x^ e G. Then 
r^x^ G 5 H- nG, and so 

= •ya + 

where s^e S and h^ e G, Now r^ divides n, so 



Since S is pure, there is an element s'^e S with s^ = Set 

Ta = 

We have lifted and adjusted so that r^y^ = nh^ and n(yf) — x^. 
Let K = </iG, the yf)‘, we claim that G = S ® K. 

(f) S r\ K = {0}. Let x e S n K. Since x e K, x = Y. + 
nh \ since x s S, n{x) = 0. Hence, 0 = X so that divides m^ 
for each a. But we know that r^y^ e nG, so that surely m^y^ e nG. 
Therefore, jc = X ^a>'a + nh e nG; since S is pure, there is an 
element s' e S with x = ns'. But nS = 0; consequently 0 = = x. 

(ii) S K = G. If g e G, then n(g) = Y Since 

'WaTJ = Z ^ “ Z = .9 + «/? G 5 + rtG. Therefore, 
g = s {nh Y ^ay<j) e 5 + a:. | 

Corollary 9.37 If tG is of bounded order, then tG is a direct sum¬ 
mand of G. In particular, tG is a direct summand if it is finite. 

Corollary 9.38 An indecomposable abelian group G is either torsion 
or torsion-free. 

Proof Let us suppose that G is an indecomposable group that is 
neither torsion nor torsion-free, i.e., tG is a proper subgroup of G. 
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Now tG is not divisible, lest it be a summand, and so tG contains a 
pure cyclic subgroup a, by Lemma 9.28. It follows from Theorem 
9.36 that (T is a summand of G, a contradiction. | 


EXERCISES 

9.65. Let G be a group that is not torsion-free. If tG is not divisible, 
then G has a finite cyclic direct summand. 

9.66. A torsion group is indecomposable if and only if it is isomorphic 
to a subgroup of cr(/7'®) for some prime p. 

9.67. Show that JJp ^ip) not a direct sum of (possibly infinitely 
many) indecomposable groups. 

*9.68. (Kaplansky) In the following, G is an infinite abelian group. 

(a) If every proper subgroup of G is finite, then G ^ (tC/?"®) for 
some p; 

(b) If G is isomorphic to every proper subgroup, then G ^ Z; 

(c) If G is isomorphic to every proper quotient, then G ^ 
for some p; 

(d) If every proper quotient of G is finite, then G = Z, 

A complete classification of all countable torsion groups exists; it is 
due to Ulm and Zippin. The proof presupposes a knowledge of ordinal 
and cardinal numbers; the interested reader is referred to the books of 
Fuchs, Griffith, and Kaplansky (see Bibliography) for details. 


TORSION-FREE GROUPS 

In this section we classify a restricted class of torsion-free groups: 
those of rank 1. At present, there is not even an adequate classification of 
the groups of the finite rank, although it is known that counterexamples to 
almost every conjecture about direct sums can be found among these 
groups. We refer the reader to Fuchs, Infinite Abelian Groups, for further 
information. 

When we restrict our attention to torsion-free groups, our two pre¬ 
vious definitions of independence are equivalent, for mx = 0 if and only if 
w = 0 or X = 0. 


Definition The rank of a torsion-free group G is the number of elements 
in a maximal independent subset of G. 
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Observe that a free abelian group is torsion-free, and our two notions 
of rank coincide for these groups. Exercise 9.70 below shows that the rank 
of a group is well defined. 

EXERCISES 

*9.69. Every torsion-free group G can be imbedded in a vector space 
V over Q. (Hint: First imbed G in a divisible group D and then 
consider the natural map D DltD.) 

*9.70. A torsion-free group G has rank at most r if and only if G can be 
imbedded in an r-dimensional vector space over Q. Conclude that 
rank is well defined in the sense that any two maximal independent 
subsets of G have the same number of elements. 

9.71. Let 0 ->y 4 -^ 5 ->C-> 0 bean exact sequence of torsion-free 
groups. Then 

rank A -h rank C = rank B. 

Conclude that any torsion-free group of rank 1 is indecomposable. 

Our starting point in examining the groups of rank 1 is that each of 
them is isomorphic to a subgroup of Q (Exercise 9.70). Let us first present 
three nonisomorphic subgroups of Q. 

Gi: All rationals whose denominator is square-free. 

G 2 ' All dyadic rationals, i.e., all rationals of the form mjl^, 

G 3 : All rationals whose decimal expansion is finite. 

It is instructive to prove that no two of the groups , G 2 , G 3 , Z, Q 
are isomorphic. 

A perceptive observation is that each of these groups can be described 
by the numbers that are allowed to be denominators. (G 3 may be alterna¬ 
tively described as those rationals whose denominators are restricted to be 
powers of 10 .) 

Let Pi ‘ ‘ * be the sequence of primes. 

Definition A characteristic is a sequence 

where each k„ is a nonnegative integer or the symbol 00. 

If G is a subgroup of Q and if jc g G is nonzero, then x determines a 
characteristic in the following way: What is the highest power of p„ that 



202 


INFINITE ABELIAN GROUPS 


CHAPTER 9 


divides x in G? That is, for which nonnegative integers k is there an 
element y e G satisfying 

ply = xi 

If there is a largest such exponent k, we call it k„; if there is no largest such 
exponent, we set = oo.^ 

It is convenient to write each nonzero integer as a formal infinite 
product YL pf, where the pi range over all the primes and a,- > 0 (of course 
almost all the = 0). Let m = YIpV ^ ~ Y\P^i' be given integers. 
If a 6 G has characteristic (A:i, A: 2 , • * • )> then the definition of characteris¬ 
tic says that there is an x e G satisfying mx = na if and only if < 
ki + Pi for all i (by convention, co + pi = oo). 

Each of the five groups of rank 1 exhibited above contains x = 1. Its 
characteristic in each group is 

Z: (0,0,0,--*); 

Q: (go, 00 , 00, • * •); 

G,: (1, 1, I, --); 

G 2 : ( 00 , 0 , 0 , • • •); 

G 3 : (oc, 0 , 00 , 0 , 0 , 0 , • • •)• 

Unfortunately, distinct nonzero elements of the same group G may 
give rise to distinct characteristics. For example, if G = G 2 = dyadic 
rationals, the characteristic of 1 is 

( 00 , 0, 0, • • •) 

while the characteristic of 126 = 2 • 3^ • 7 is 

( 00 , 2 , 0, 1,0, o, -o. 

We are led to the following definition. 

Definition Two characteristics are equivalent if 

(i) they have 00 in the same coordinates; 

(ii) they differ in at most a finite number of coordinates. 

It is easy to check that this is an equivalence relation; an equivalence 
class of characteristics is called a type. 

Lemma 9.39 Let G be a subgroup of Q and let x and x' be nonzero 
elements of G. Then the characteristics of x and of x' are equivalent. 

Proof First of all, if x' = mx for some integer m, then the character¬ 
istics of X and x' are equivalent: x' is divisible by every power of Pi 

® k„ is called the /7„-height of x. 
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that divides ;c (plus only a few more); x' is divisible by every power 
of Pi if and only if x is. 

Let us now pass to the general case. Since G is a subgroup of Q, 
there are integers m and n such that 


mx = nx'. 


The characteristic of x is equivalent to that of mx = nx\ which is 
equivalent to that of x'. | 

As a result of this lemma, if G is a group of rank 1 (i.e., a subgroup 
of Q), we may define the type of G, t(G), as the type of a nonzero element 
of G. 

Theorem 9.40 Let G and G' be torsion-free groups of rank 1. Then 
G = G' if and only if t(G) = t(G')- 

Proof Suppose/: G -> G' is an isomorphism. If x e G is nonzero, 
then one verifies easily that x and /(x) have the same characteristic. 
Therefore, t(G) = t(G'). 

Assume that t(G) = t(G') and (without loss of generality) that 
G and G' are subgroups of Q. If a and a' are nonzero elements of G 
and G', respectively, then their characteristics (^i ,^25 '') 

(A:/, ^^ 2 »’ ‘ ) differ in only a finite number of places. If we agree that 
the notation oo — oo means 0, then we may define a rational number 
A by 

A = n 

It follows from the definition of equivalence and our convention 
concerning oo that almost all the ki — k\ = 0. 

Define /: G -> Q by /(x) = px, where p = lafa. Note that 
distributivity implies that / is a homomorphism. Now a rational x is 
in G if and only if there are integers m = JJ pV « = H ‘ 
mx = na and a,- < Pi ki for all /; a rational is in G' if and only 
if there are integers m and n with my = na' and oci < Pi + k'i for all 
i. We claim that image / <= G'. If x e G, then mx = na and < 

Pi -\- kii hence, m(px) = npa = (nL)a\ Since < (pi + A:^ — 
k'i) H- k'i, it follows that px = /(x) e G'. In a similar manner, the 
reader may see that if G' Q is defined by g(x') = p~^x', then 
image g a G, Therefore,/and g are inverse, and G ^ G'. | 

Theorem 9.41 If t is a type, then there exists a group G of rank 1 
with t(G) = T. 
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Proof Let , /:2 , * * •, ^„, * * *) be a characteristic in t. We define 
a group G as the subgroup of Q generated by all rationals of the form 
1/m, where, for all n, divides m if and only if r < It is easy to 
check that G is a group of rank 1 and that the element 1 in G has the 
given characteristic. | 

EXERCISES 

9.72. If G is a subring of Q, then G is also a torsion-free additive group of 
rank 1. Prove that the characteristic of 1 in G has only 0 and oo as 
entries. 

9.73. Prove that two distinct subrings of Q are not isomorphic as additive 
groups. 

9.74. There are uncountably many nonisomorphic subgroups of Q. 

9.75. If G is any abelian group, the set of all endomorphisms of G is a ring 
if we define multiplication as composition and addition by 
(/ + 9 )(x) = f{x) + g{x). 

If G is torsion-free of rank 1, prove that the endomorphism 
ring of G is isomorphic to a subring of Q. (Hint: Use the injective 
property of Q.) 

9.76. Give an example of two nonisomorphic groups having isomorphic 
endomorphism rings. 

9.77. Let G and H be torsion-free of rank 1. If there are nonzero 

elements x e G and y s H with G/<x> ^ prove that 

G ^ H. What is the relation between G/<x> and the characteristic 
ofx? 

Every theorem in this chapter may be generalized to modules over 

principal ideal domains; they may be then interpreted as an analysis of 

linear transformations operating on infinite-dimensional spaces. 


GROTHENDIECK GROUPS 

In this last section, we give a construction that will allow us to state 
the Jordan-Holder and Remak-Krull-Schmidt theorems in a very elegant 
way. The basic idea is that the isomorphism classes of a set of groups form 
a semigroup under the binary operation of direct product; we force this 
semigroup to be a group. 
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Definition Let 5^ be a set of (not necessarily abelian) groups. The 
Grothendieck group of 5^, denoted K{S^), is the abelian group with 
generators the elements of 9" which are subject to the relations 

A ^ C ^ B if B ^ A X C. 

In more detail, let be the free abelian group with basis 5^, and let 
^ be the subgroup generated by all elements of the form A + C — 
{A X C). Then K{Se) = SFjm, \i A sSf, then we denote ^ ^ by [^]. 

Note that A A' implies [^4] = [/!'] if {1} g y'. 

Every element in K{S^) has an inverse: If A e what is -w? 
That element which, when added to [/I], gives 0! The point is that not 
every element in is of the form [J?] for some B e Sf, Indeed, this is 
why we give the construction above. 

In what follows, we assume that {1} g 5^ and that 9^ is closed under 
finite direct products. 

Lemma 9.42 Every element of K(9) has the form [y4] — [5], 
where A, B s 9. 

Proof If xeK{9), then x = Y!i=i where 

Ai, Bj G 9 (we do not need integer coefficients, for we are willing to 
repeat an .4,- or a Bj several times if necessary). In bracket notation, 

^ = Z [^i] - Z [5.] 

= [^1 X • • • X .4„] - [5, X • • • X fij. I 

Lemma 9.43 Let A, B e 9. Then [/f] = [J9] g K{9) if and only 
if there is a group C e 9 with A x C ^ B x C, 

Proof If x4 X C = 5 X C, then 

[^] + [C'] = [^ X C] = [^ X C] = [5] + [C]. 

Since K{9) is a group, we may cancel [C] to obtain [>4] = [^]. 

Suppose, conversely, that [.4] = [^]. Then ^ — ^g^, so there 
is an equation in 9 : 

A - B = X'! - X,) - z(y'j + y'j - yji 

where = X'^ x and Yj = Yj x Y'j. Now transpose to elim¬ 
inate negative coefficients: 

^ + z + z (y'j + y'j) = ^ + z + z 

Since this equation is a relation among the members of a basis of 9, 
each term appearing on one side occurs on the other side and with 
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equal frequency. It follows that the direct product of all the groups on 
the left is isomorphic to the direct product of those on the right. If 
X = Yl Xi, X' = YL X'i, etc., then 

A X X X Y' X Y" ^ B X X' X X^' X Y, 

But, by definition, X ^ X' x X" and Y ^ Y' x Y", so if we define 
C — X X Y' X Y", we have A x C ^ B x C. | 

Theorem 9.44 Let 6 ^ be a set of groups whose members satisfy 
either chain condition. If is closed under finite direct products and 
direct factors, then K(£^) is free abelian with basis X = {[/4] \ A e Sf 
and A indecomposable) if and only if the Remak-KrulbSchmidt 
theorem holds for each member of 9^. 

Proof Assume that K{9) is free abelian with basis X. This means, 
among other things, that if A and B are indecomposable and A ^ B, 
then lA'] # [5] and \_A‘} #0. If G e Lemma 4.30 says G is a 
direct product of finitely many indecomposables. Suppose 

G ^ X - • X A„ ^ Bi X • X B^, 

where the Ai and Bj are indecomposable. In K{9), we have 

n m 

Z [^i] = [A^x--xA„] = [G] = [B,x--xB„] = Z [BjI 

1=1 j=l 

By independence of X, n = m and there is a permutation a of 
{I,---, n) with \_Ai'] = for all /. By our initial remarks, 

Ai ^ for all /, as desired. 

To prove the converse, let us first show that if A and B are non¬ 
isomorphic indecomposable groups, then [.4] ^ \_B'] and [^4] ^ 0. 
If \_A~] = [B], then Lemma 9.43 provides a group Cg9 with A x C 
^ B X C. By Exercise 4.70 (essentially Remak-Krull-Schmidt), 
we may cancel C to obtain A ^ B. We reach a similar contradiction 
if we assume [^] = 0. 

If G e 9, then G A^ x • • • x A„, where each Ai is inde¬ 
composable; in K(9), this becomes [G] = [^j] + • • • + 
Therefore, the set of [^] with A indecomposable generates K{9). 
To show independence, suppose 

n m 

E [^.] - E [Bji = 0, 

i=i j=i 
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where Ai and Bj are indecomposable groups. Then 

X---X A„] = E [/(,] = E [5.] = [B, x-x 

By Lemma 9.43, there is a group C e Sf with 

X ■ ■ ■ X A„ X C ^ By X ■ ■ ■ X X C-, 

we cancel C, by Exercise 4.70, to obtain 

Ay y. '' x A„ ^ By X ' ' X B^. 

The Remak-Krull-Schmidt theorem gives n = m and a permutation 
a of {1, ••*,«} so that Ai = for all /. The original dependence 
relation is thus the relation with all coefficients 0 (after we collect 
terms). | 

EXERCISES 


9.78. If is a family of groups closed under infinite direct sums (or 
infinite direct products), then K{6^) = 0. 

9.79. Compute K{^) when ^ is the family of all finitely generated 
abelian groups. 

**9.80. If 1 -> 1 is exact for / = 1, • * •, then there 

is an exact sequence 1 - n A'i - n A'i - n A-j' - 1. 

**9.81. Ifl^L->A/-^A^-^ 1 is exact, then there is an exact sequence 
\ ^ L B X M->5x7V-^l. 

We now modify the definition of K{6^) by imposing different relations 
on the generators. 

Definition Let ^ be a set of groups. The Grothendieck group is 

the abelian group with generators the elements of 5^, which are subject to 
the relations ^ + C — ^ if there is an exact sequence 1 A B ^ 
C 1, i.e., if B is an extension of A by C. 

We maintain the bracket notation: if e then [y4] = /t + ^* e 
A^*(5^), where ^* is the subgroup of generated by the relations in the 
definition of K'^\ 

Addition in is interesting. 
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Lemma 9.45 Let G = Gq ^ ‘ = {\} be a normal 

series with factor groups Qi — Gi^JGi. In 

[^] = [Gi] + [G 2 ] + * * * + [0J. 

Proof The equation gf = becomes [gj = [C/f-i] — [Gj 

in Therefore 

E m = E ([G*-i] - [GJ) = [Go] - [G„] = [G], I 

i=l t=l 

It follows from this lemma that [^1 x •• • x Af\ — \^Af\ + • ■ * 
+ [y4„] in ^*(^) since there is a normal series 

Ai X - • X A„ ^ A 2 X - ’ X A„ ^ ‘ ^ A„ ^ I, 

Lemma 9.46 Let A, BeSP. Then [y4] = [5] e K*(S^) if and only if 
there is a group C e ^ and normal series of A x C and B x C with 
the same factor groups. 

Proof Assume there is a group C so that there are normal series of 
A X C and B x C having factor groups gi , • *, g„. By Lemma 
9.45, in K%SI’), 

[/I X C] = [gi] + • • + [g„] = [5 X C]. 

But A X C is an extension of >4 by C; hence 
X C] = [^] + [C] 

and 

[5 X C] = [fi] + [C], 

Therefore [/I] = [5]. 

Assuming [.4] = [B], we shall first show there exist groups 
C, f/, V and exact sequences 

and 

\^U-^BxC-^V^\. 

As in the proof of Lemma 9.43, A - B e gives an equation in ^: 

^ + z + E {Y'j + = ^ + z (^;- + + z 

where now we know that there are exact sequences 1 X\ ^ 

X'; -► 1 and 1 -H. Y'j ^ Yj Y] ^ 1. Setting X = X\X,,X' = 

W X\, etc., we obtain as in Lemma 9.43 

A X X X Y' X Y'^ ^ B X X' X X" X Y. 
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Let C be a group isomorphic to both of these. Observe that there is 
an exact sequence \ X' X X" ^ \ arising from the definition 
of X\, Xi, X'l. This gives rise to exact sequences 

\ ^ X' X Y' X X Y' X" \ 

and 

\ X' X Y' ^ A X X X Y' X Y" ^ A X X'' X Y" 1. 

Since the middle term is C, this gives rise to a third exact sequence 
(Exercise 9.81) 

\ X' X Y'^BxC-^BxAxX"x Y" 

If we define U == X' x Y' SLud V = B x A x X" x Y \ then we 
have an exact sequence \ U B x C-> L-^l. We let the 
reader perform similar manipulations on ^ x A"' x A'" x Y to get 
an exact sequence \ ^U^AxC-^V^\. 

To complete the proof, note that we have normal series 

y4 X C =3 f/ =:> {1} and B x C 3 6^ 3 {!}, 

each of which has factor groups U and V. | 

Theorem 9.47 Let Sf be the set of all finite groups. Then K*{£T) is 
free abelian with basis X = {[^4 ]: A e S/’ and A is simple} if and only 
if the Jordan-Holder theorem holds for each member of 

Proof Assume that K'^{SP) is free abelian with basis X, This means, 
among other things, that if A and B are simple and A ^ B, then 
[^1 ^ [^] [^] If G e 6^, then G has a composition series. 

Suppose G has two composition series with factor groups A^, - — , A„ 
and , • • •, 5^. By Lemma 9.45, we have in 

M + ••• + M = [C] = [5,] + •■• + [5J; 

moreover, the Ai and Bj are simple, being factor groups of com¬ 
position series. By independence ofX,n — m and there is a permuta¬ 
tion a of {1,'“,«} with [Ai] — for all /. By our initial 

remarks, A^ ^ for all /, as desired. 

To prove the converse, we first show that if A and B are noniso¬ 
morphic simple groups, then [^] 9 ^ [5]and[^] 7 ^ 0. If [.4] = [J?], 
then there is a finite group C and normal series 

A X C 3 G 1 3 * idG„= 1 

and 

B X C3//j 3 - r)^^= 1 
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having the same factor groups. By Exercise 6.16, ^ x C and 5 x C 
have the same composition factors. But, since A is simple, the com¬ 
position factors of A X C are those of C together with A ; similarly, 
we know the composition factors of ^ x C. By the Jordan-Holder 
theorem, we must have A ^ B. A similar argument shows that \_A‘] # 

0 when A is simple. 

\f G e has composition factors /Ij, • •, then each is 
simple and, by Lemma 9.45, [G] = [/IJ + • • • 4 - Therefore 

the “simple” [^]’s generate K^{6^). 

To show independence, suppose 

ft m 

E W - E [BJ = 0, 

i=l J=1 

where A^ and Bj are simple groups. Then 

lAy X • • • X ^„] = [5, X ••• X 5„] 

(by the remark after Lemma 9.45); there thus exists a finite group C 
such that X X A„ X CandBi x • • • x x C have normal 
series with the same factor groups. By Exercise 6A6, A^ x • • • x 
A„ X C and B^ x ' x B^ x C have the same composition factors. 
But the composition factors of A ^ x • • x A„ x C are , * * *, 
together with the composition factors of C. The Jordan-Holder 
theorem gives n = m and a permutation a of {1, * • •, «} with Ai = 
for all /. The original dependence relation is thus the relation 
with all coefficients 0 (after we collect terms). | 

The idea that an extension of /I by C is a product has now been for¬ 
malized so that it is, in fact, a product (rather, a sum) of two elements in a 
group. 

EXERCISES 

9.82. Prove that the function K(6^) that sends G + ^ into 

G + is a homomorphism onto. 

9.83. Compute K^{6^) when ^ is the set of all finite abelian groups. 

9.84. If ^ is the set of all finitely generated abelian groups, prove that 

^ Z. 
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Homological Algebra 


THE HOM FUNCTORS 

In Chapter 1 we raised the twin questions of describing groups and 
describing homomorphisms, but our emphasis to this point has been 
upon groups. In this chapter we focus upon homomorphisms with the 
ultimate goal of computing some groups of extensions. We restrict our¬ 
selves here to abelian groups, but the reader should regard this study as an 
introduction to the more general theory that includes Hq{Q^ K) and the 
Schur-Zassenhaus lemma (Theorem 7.19). 

For the remainder of this chapter, group means abelian group. 

The fundamental abstraction we need is that of a functor, which we 
define at once. Let be the class of all abelian groups; A we 
write 1^ for the identity map on A, 

Definition A function is a covariant (additive) functor if 

whenever cn: A B is a homomorphism, there is a homomorphism 
r(a): T{A) T{B) such that: 

(i) 7(1 J = 1^,^); 

(ii) npa) = 7(i5)7(a) (where P: B ^ C); 

(iii) T(ol + y) = r(a) + T(y) (where y : A B). 

The following construction gives an important example of a covariant 
functor. 
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Definition Let G be a fixed group. Define a function T: by 

T(A) = Hom(G, A), the group of all homomorphisms of G into A under 
the binary operation 

(/ + g){x) - j\x) + g{x), 

Ifa: /f - B, define r(a): T(A) 7(5) as follows: If/e T(A) = Hom(G, A), 
then f:G^A; define 7(a)(/) = (xf : G B. 

Theorem 10.1 If G is a group, then T = Hom(G, ) is a covariant 
functor. 

Proof The verifications of the axioms are automatic. | 

Definition A function T: ^ s/ \s sl contravariant (additive) functor 
if whenever a: /f 5 is a homomorphism, there is a homomorphism 
7(a): 7(5) T(A) such that: 

(0 

(ii) nfa) = T(oc)T(p) (where p: B C); 

(iii) 7(a 4- y) = 7(a) + 7(y) (where y: A ^ 5). 

Observe that the main difference between covariant and contra¬ 
variant functors is that the latter changes the direction of arrows. 

Theorem 10.2 If K is a group, then S — Hom( , K) is a contra¬ 
variant functor. 

Proof If A 6 j/, define 5'(/f) = Hom(/f, K). If a: /f 5, define 
5(a): Hom(5, K) Hon\(A, K) by 5(a)(^) = get, where B ^ K. 
The remaining details are left to the reader. | 

We now have examples of functors of either variance; if we use the 
term “functor” without a modifier, then what we say is to be true for 
every functor, contra or co. 

EXERCISES 

10.1. The identity functor J\ defined by J{A) = A and 

y(a) = a, is a covariant functor. 

10.2. The zero map a: /I 5 is the homomorphism defined by a(x) = 0 
for all jc 6 .4. If 7 is a functor, then 7(a) = 0 for every zero map a, 
and 7(0) = 0, where 0 is the zero group. 
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10.3. \f oc: A 5 is an isomorphism and T is a functor, then T((x) is an 
isomorphism. 

10.4. Which of the following are functors? 

(a) T(G) = tG and T{f) = f\tG. 

(b) T(G) - dG and T{f) = f\dG. 

(c) T{G) — G @ A (where A is fixed) and T(f) = f @ 1^. 

(d) T{G) = G and T(f) = -f. 

10.5. Let A 2 , • • •, /!„ be a finite set of groups and let Tbe a functor; 

prove that T(^A,^) = X (Hint: Use Exercise 4.9.) (We 

shall soon see that this is false if we delete the adjective “finite”.) 

Definition A short exact sequence is an exact sequence of the form 

(*) 

(*) is split in case there is a map S: C B with pS = l^^. 


EXERCISES 

10.6. The short exact sequence (*) is split if and only if there is a map 
y : B A with yoc = 1^. 

10.7. If the short exact sequence (*) is split, then B ^ A ® C, and B 
is a split extension. 

10.8. If T is a covariant functor and (^*') is split, then 0 -► T{A) 
T(B) -► T(C) -► 0 is a split short exact sequence (similarly for 
contravariant functors). 

Definition A covariant functor T is left exact in case exactness of 

0 -* A ^ B ^ C 

implies exactness of 

0 -> T(A) ^ T(B) T(C); 

a contravariant functor T is left exact in case exactness of 

a. B 

A 4 c 0 

implies exactness of 


0 ^ T(C) -► T(B) -> T(A). 
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Theorem 10.3 S — Hom( , K) is a left exact functor. 

Proof Let .4-^5-^C->0be exact. Since S is contravariant, we 
get the sequence 


sm S(a) 

0-» S{C) -^ S{B) -—^ S{A), 


i.e., 


SiP) S(a) 

0-^ Hom(C, K) -^ Hom(:B, K) -^ Hom(^, K), 


which we claim is exact. It must be shown that S(P) is one-to-one 
and that image S(P) = kernel 5(a). 

(i) Kernel 5(jS) = 0. Suppose f:C-^K and S(p)f = 0, i.e., 
fp = 0. Then / annihilates image P - C, since p is onto, 
and so / = 0 . 

(ii) Image S(P) c kernel 5(a). If f : C ^ K, then 5(a)5(j8)(/) = 
5(a)(/j?) = fiPoc) = 0, since j9a = 0. 

(iii) Kernel 5(a) c: image S(P). Suppose 5(a)(^) = 0 where 
g: B ^ K; thus got = 0. Define g#: C ^ K by g^c) = g{b) 
where P{b) = c. Now is well defined, for if P(b') = c, then 
b — b' e kernel P = image a, so that b — b' = a(a) for 
some a e A. Therefore g{b — b') = goc(a) = 0, so that g(b) = 
g(b'). But S(p)(g#) = g#P = g, for if Z? e 5 and c = p(bX 
then g.^P(b) = g#{c) = gib). | 


Theorem 10.4 T = Hom((7, ) is a left exact functor. 

Proof Similar to the proof given above. | 

The answer to the question of when 0” can be tagged on the end 
of the functored sequence is given below. 


Theorem 10.5 A group G is free if and only if whenever Q ^ A ^ 
B ^ C ^ 0 is exact, the sequence 

0 ^ Hoiii((7, A) Hom(G, B) Hom(G, C) 0 


9 / I 

/ y 

B ^ C ->0 


is exact. 
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Proof Note that the critical assumption is that T(P) is onto. 
Suppose G is free; consider the diagram above, where/ e Hom(G', C), 

By Theorem 9.20, G has the projective property; there is thus a map 
g: G B with pg = /. But pg = T(P)(gf so f e image T(p), as 
desired. 

If T{P) is onto, then every /: G ^ C is of the form T(P)(g) for 
some g e Hom(G, B), i.e., / = gp. Since we are assuming T(P) is 
onto for every exact sequence A^B^C-^0, G has the projective 
property. Therefore, G is free, by Exercise 9.43. | 

a 

Theorem 10.6 A group K is divisible if and only if, whenever 0 ^ A ^ 

B ^ C is exact, the sequence 

0 -> Hom(C, a:) ^ Hom(B, K) Hom(^, A:) 0 

is exact. 

Proof Use the injective property. | 

Theorem 10.7 Let {Aj'.jeJ} be a family of groups; for any 
group K, 

HomS Aj, a:) ^ n ^om(Aj, K), 

Proof For each j, let : Aj Y. the inclusion. Define a map 
0: Hom(X PI bIom(^y, A^) by / -^ (//). Define a map 

\l/ in the reverse direction by (ff) f where / is the unique map of 
Y into K (Exercise 9.9) such that // = fj for all / A mechanical 
check shows that 9 and ij/ are inverse. | 

We now have an example of a functor that does not preserve infinite 
direct sums. 

Theorem 10.8 Let {Aj'.JeJ} be a family of groups; for any 
group G, 

Hom(G, f J Aj) ^ Yl FIom(G, Aj), 

Proof For each J, let pj: f J Aj -► Aj be the yth projection. An 
argument dual to the argument given above, using Exercise 9.10, 
shows that 0: Hom(G, Yl ^j) 11 Hom(G, Aj), defined by/ -> (pjff 

is an isomorphism. | 

Theorem 10.9 Let p: A ^ A be multiplication by m, i.e., p(a) = ma 
for all a E A. If T is a functor, then T(p): T(A) -> T(A) is also 
multiplication by m. 
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Proof If we let a = 1^, then // = a + • • v + a (m times). Since T 
is a functor, T{ii) = T(ol) + • • • + T((x) (m times) and T(ix) = 
r(l^) = IriA)- Therefore, T(fi) is also multiplication by m. | 

We now present some sample computations to illustrate how these 
theorems may be used. 

Example 1 For any group (7, Hom(G, Q) is a vector space over Q. 

A group H is torsion-free if and only if every nonzero multiplication 
p \ H ^ //is one-to-one; a group //is divisible if and only if every nonzero 
multiplication p: H H is onto. Thus, a group is torsion-free and 
divisible, i.e., is a vector space over Q, if and only if every nonzero multi¬ 
plication is an automorphism. 

If //: Q ^ Q is multiplication by m ^ 0, then p is an isomorphism. 
If T is the functor Hom(G, ), then T(p) is an isomorphism (Exercise 10.3) 
that is also multiplication by m. Therefore, T{G) = Hom(G, Q) is 
torsion-free and divisible and hence is a vector space over Q. 

Example 2 For any group G, Hom(Z, G) ^ G, 

The map 0: Hom(Z, G) G, defined by / -^ /(I), is an isomor¬ 
phism. 

Example 3 For any group G, Hom(<7(/7), G) ^ G\ji]. 

Consider the exact sequence 

0 Z A Z ^ a(ri). -> 0 

where p is multiplication by n. If we apply the functor S '= Hom( , G) 
to this sequence, then we obtain the exact sequence 

0 ^ Hom((T(M), G) ^ Hom(Z, G) Hom(Z, G); 

thus Hom(<T(«), G) =, kernel S{p). Since Hom(Z, G) = G and S{p) is 
multiplication by /?, Hom(c7(w), G) ^ G[«]. 

Example 4 For any group G, let G* = Hom(G, T), where T is the 
circle group; G* is called the character group of G. If 

0 —► A —► B —► C —^ 0 

is exact, then so is 

0 C* ^ 0. 

We are applying the functor Hom( , T), and T is a divisible group. 
Exactness of the sequence of character groups thus follows from Theorem 
10 . 6 . 
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EXERCISES 

10.9. Show that Hom(/i, = 0 in each of the following cases: 

(a) A is torsion, B is torsion-free. 

(b) A is divisible, B is reduced. 

(c) A is /^-primary, B is ^/-primary, p q. 

10.10. Prove that Hom((7, T) == 0 if and only if G = 0. 

10.11. If G is finite, prove that G = G*, where G* is the character 
group of G. 

10.12. If 5 is a subgroup of the finite group G, set 

= {f E G'^ : f(s) = 0 for all s e S}. 

Prove that is a subgroup of G* and that = (G/S)*. 

10.13. Let G be finite of order n and let k divide n. Prove that G has 

the same number of subgroups of order k as of subgroups of 
index k, (Hint: Prove that 5 is a one-to-one correspon¬ 

dence.) 

10.14. Use character groups to give an alternative proof of Exercise 4.29. 

10.15. We now present counterexamples showing that Theorems 10.7 
and 10.8 cannot be extended. Let /?, denote the /th prime. 

(a) If Ai = cr(p-), prove that Hom(PJyl,-, Q) 0. Conclude 
that Hom(]^ Ai, Q) is isomorphic to neither Hom(^,-, Q) 
nor Y. Hom(^,., Q). 

(b) If Ai o{p^ and G = Y^i^ then Hom(G, and 
X Hom(G, Ai) are not isomorphic. 

(c) If G = Z and Ai = show that Hom(G, X ^i) and 

Hom(G, Ai) are not isomorphic. 


DEFINITION OF EXT 

We wish to consider all abelian extensions ^ of a group /I by a group 
C, and so we recall the following definition from Chapter 7, 

Definition An (abelian) factor set is a function /: C x C A such 
that, for all x, y, z e C: 

(') f(y, z) - f(x + z) + ,/'(x. r + 2 ) - /(X, }•) = 0; 

(ii) /(0,>-) = 0 =/(x,0); 

(iii) /(x, y) = f(y, x). 
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The main reason we used both additive and multiplicative notations 
in our previous discussion of extensions was that the quotient could 
operate nontrivially on the kernel : If c e C, ca was a convenient notation 
for the element /(c) -ha — 1(c), Since we are now considering only 
abelian extensions, as is ensured by condition (iii), ca = a always; 
consequently, there is no need for separate notations. Furthermore, 
there is no longer a need to keep track of 0: C Aut(^), for B must be 
the trivial map here. 

Detinition Z(C, A) is the additive group of all abelian factor sets. 

We say that a function g\ C x C ^ A 2 i coboundary if there is a 
function a : C ^ A with a(0) = 0 for which 

gix, j) = a(j) - a(x + j) + a(jc). 

Definition B(C, A) is the set of all coboundaries. 

As in Chapter 7, the reader may prove that B(C, A) is a subgroup of 
Z(C, A), 

Definition Ext(C, A) = Z(C, A)IB(C, A). 

When all groups under discussion are abelian, one uses the notation 
Ext(C, A) rather than H^(C, A). We now recall Exercise 7.36, which 
says that two extensions B and of by C are equivalent in case there 
is a commutative diagram with exact rows 

0 A B ->C->0 

i i i 

O-^A^B'-^C^O 

where the outer downward maps are identities. 

Theorem 10.10 T/te set of equivalence classes of abelian extensions 
of A by C, e(C, A), is a group isomorphic to Ext(C, A); the zero 
element is the class of the split extension. 

Proof We have only restated Theorem 7.15. | 

Corollary 10.11 Ext(C, ^) = 0 // and only if every short exact 
sequence 0~^A^B^C^fI splits. 
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Corollary 10.12 A group D is divisible if and only if Ext(^, D) — 0 
for every group A; a group F is free abelian if and only if 
Ext(is ^) = 0 for every group A, 

Proof If D is divisible and 0->jC)-^£^^->0is exact, then D 
is a direct summand of E, by Corollary 9.10, and so this sequence 
splits. Therefore Ext(^, D) = 0. 

Conversely, if every exact sequence O^D-^E-^A^O 
splits, then D is divisible, by Corollary 9,24. 

If F is free abelian and 0->/l->5->/^->0is exact, then 
Corollary 9.21 says this sequence must split; hence Ext(F, A) = 0. 

Conversely, choose an exact sequence 
which B is free abelian (Corollary 9.19 says this is always possible). 
Since this sequence splits, Fis a direct summand of B. Therefore Fis 
free abelian, by Theorem 9.22. | 

EXERCISES 

10.16. If Cis torsion-free and A is of bounded order, then Ext(C, A) = 0. 

10.17. If R denotes the additive group of real numbers, then 
Ext(R, X (t(p)) # 0. (Hint: Use Exercise 9.14.) 

10.18. Prove that Ext(a(/?), <t(p)) 0. 

10.19. If C is p-primary and A is ^-primary, where p q, then 
Ext(C, A) = 0. 


PULL-BACKS AND PUSH-OUTS 

Let us give an explicit construction of the sum of two (classes of) 
extensions in e(C, A). Rather than say that B is an extension of A by C, 
we now define an extension as a short exact sequence 

Suppose now that we have two extensions (i = 1,2): 

0-» A Bi C-> 0. 

Suppose further that f are transversals and fp. C x C A are the 
corresponding factor sets. What is the extension of by C determined by 
the factor set /i + /2 2 
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Every bi e has the unique expression 

bi = a + li(c), ae A, ceC, 

and we add according to the rule: 

[a + /((c)] + [a' + /i(c')] = a + a' + l^c + c') + /((c, c’). 

Let H be the subset of © B 2 consisting of all elements such 

that n^{bi) = 712 (^ 2 )- The reader may verify that // is a subgroup and 
that the following sequence is exact: 

0-^^©y4—^0, 

where )i{a, a') = {X^a, X 2 a') and ii(bx, Z? 2 ) = n^ib^) = 712 (^ 2 )- If 've 
define a tranversal / by /(c) = (/i(c), / 2 (c)), then the usual computation 
defines a factor set F: C x C A ® Aby F(c, c') = (/i(c, c'), / 2 (c, c')). 
We must still produce an extension with a factor set that is the sum of the 
two coordinates. 

Define V: ^ © ^4 ^ by V(a, a') = a -h a\ and let S be the sub¬ 

group of A @ H consisting of all elements of the form 

(V(a, a'), ~A(a, a')\ 

We shall prove that (A © H)/S is an extension of ^ by C; moreover, 
with respect to the transversal {/(c) + S}, the factor set of this extension 
is /i + /z • 

The complete construction thus consists of taking a subgroup of a 
direct sum and then taking a quotient of another direct sum. In the 
language of the preceding chapter, we perform dual constructions. Rather 
than supply more details now, we proceed to a systematic account of this 
construction. 

Who would expect that a lemma about 10 groups and 13 homo- 
morphisms could be of any use? Here is the “Five Lemma”; the method 
of proof is called “diagram-chasing”. 


Lemma 10.13 (The Five Lemma) Consider the commutative di¬ 
agram with exact rows: 


A A A A 

^2 ^3 ^ Aa 

|ai |a2 1*3 |a4 | 




B, 


B^ 


Bs 


(i) If CC 2 cmd (X 4 , are onto and a 5 is one-to-one, then is onto. 

(ii) If 0 i 2 and ol^ are one-to-one and is onto, then is one-to-one. 

In particular, if ol^, ol 2 , a 4 , cmd are isomorphisms, so is 
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REMARK The way to understand our proof is to chase elements around 
the diagram without pausing to give names to everything; we approximate 
this by using transparent notation, i.e., 62 denotes an element of B2, etc. 
The reader should observe that each step in the proof is automatic in the 
sense that there is only one reasonable way to proceed. 

Proof We shall only prove (i), leaving the proof of the dual state¬ 
ment (ii) to the reader. 

If 636 ^ 3 , we must find with a 3 (a 3 ) = . Now = 

g^ibf); since 0 C 4 is onto, we may lift b^ to Commutativity gives 
= ^ 4 (^ 4 ) = gA 9 zih\ and this is 0 because the 
bottom row is exact. Since = 0 and as is one-to-one, e 

kernel = image/s. Hence, there is e ^13 with = a^. 

Using commutativity in the next to last square, ^ 3 a 3 (a 3 ) = a 4 / 3 (a 3 ) = 

= Z ?4 = ^ 3 ( 63 ). Conclusion: b^ — oi^{af) is in kernel g^ = 
image ^2 • Therefore, b^ — a 3 (a 3 ) = giibT) for some b^ ■ Since a 2 
is onto, we may lift Z >2 to 02 . Using commutativity once more, 
aa/afe) = = gzibi) = h- “aC^a)- Thus, + 

^ 3 ) and a 3 is onto. | 

Corollary 10.14 If B and B' are extensions of A by C, then B is 
equivalent to B' if and only if there is a commutative diagram with 
exact rows: 




‘"1 1 ^ 

0 -4 y4 —> B' —> C ”4 0 


Proof The five lemma tells us that y is automatically an iso¬ 
morphism. I 

A weaker form of the five lemma says that if the four outer maps are 
isomorphisms and if there is a middle map a 3 such that all commutes, 
then a 3 is an isomorphism. We remark that a map a 3 need not exist, for 
consider the diagram with exact rows: 

0 a(p) cr(/?) © (t(p) a(p) -4 0 

i i 

0 a(p) -> a(p^) -> a(p) 0 

where the outer maps are identities. One cannot insert a homomorphism 
in the middle making the resulting diagram commute, lest it be an iso¬ 
morphism between the two nonisomorphic middle groups. 
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EXERCISES 

**10.20. Consider the commutative diagram with exact rows: 

Aj —> A 2 —► A^ 0 
"'1 

->■ B2 -* B3 -* 0 

Prove there is a homomorphism from A^ to making the 
augmented diagram commute; this map is an isomorphism if 
aj and (X 2 are. 

**10.21. Consider the diagram 

E ^ B ^ C ^ 0 

where the rows are exact and F is free. There exist maps 
a \ F B and P: R ^ E such that the resulting diagram 
commutes. 

**10.22. Consider the diagram 

0 A ^ B E 

-1 

0 ^A^D^D'~>0 

where the rows are exact and D is divisible. There exist maps 
ol: B D and P: E ^ D' such that the resulting diagram 
commutes. 

Definition Consider the extensions 

E : 0 A ^ B C 0 

and 

£'; 0 ^ 6' ^ C' 0; 

a map from E to E' is an ordered triple (a, p, y) of homomorphisms such 
that the following diagram commutes: 

E:0 ^ A 4e 4c ^0 

■1 A ,.’l 

E': 0 - /I' ^ ^ C' ^ 0 


Our notation is (a, p^y): E E'. 
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One composes maps of extensions “coordinatewise”. The definition 
of equivalence of extensions E and E' states that there is a map (1^, jS, 1^): 
E -> Corollary 10.14 implies that this relation is an equivalence 
relation. The equivalence class of an extension E is denoted [£*]. 

There are two dual operations on extensions. We now prepare the 
first one. 

By a solution of the diagram 

C' 

(*) 


we mean a group B' and maps /x' and y' such that 


B' 


y' 


C' 


1 ’ 


commutes. 

A solution of a diagram need not be unique: If X is any group and 
P: X ^ B' any homomorphism, then 



is also a solution. 

Definition A solution of the diagram (*) is a pull-back in case, given 
any other solution {B'\ //", y") of (*), there is a unique map 0: B" B' 
making the following diagram commute: 



Lemma 10.15 A pull-back exists for the diagram C*"'). 

Proof Let B' be the subgroup of ^ © C' consisting of all (b, c') 
such that pb = yc\ and define p' and y' as projections. It is trivial 
to verify that we have defined a solution of (*). 
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Suppose now that we have a second solution (diagram (**)). 
Define 0: B" ^ B' as follows: If x g B'\ then 9x = (y"x, One 
checks quickly that (**) commutes and this is the only 6 that 
works. I 

Theorem 10.16 Let E be an extension of A by C and let y \ C C 
be a homomorphism. There is an extension E' of A by C' and a map 
(1^,/, y):E' ^E. 

Proof We are given the following diagram, which we must 
complete: 

A C' 

'"1 . 1 ” 

O^A^B^C^O 

Let {B’, fi', y') be the pull-back obtained in Lemma 10.15 and 
define X': A ^ B' by X'a = (Xa, 0). It is easy to check that 

0 .4 ^ B' ^ C' ^ 0 

is an extension and that (1^, y\ y): E' E. | 

The extension E' just constructed is denoted Ey. 

Notation If y: C' C is a function, then we define 

yxyiC'xC'-^CxCbyyx y(c\, c^) = (yc\, yc^). 

If X: A B and X': A' ^ B' are homomorphisms, we define 
X @ X': A ® A' B ® B'by X ® Xfa, a') = (Xa, X'a'). 

It is useful to do a bit of bookkeeping. 

Lemma 10.17 Let E be an extension of A by C and let y \ C C 
be a homomorphism. If f: C x C A is a factor set of E, then 
f(y X y) is a factor set of Ey. 

Proof We use the notation of the preceding theorem. Let / be a 
transversal determining /. Define a transversal L by L{c') = 
(/(yc'), c'). The reader may now compute that the corresponding 
factor set is F = /(y x y), i.e., F(c'i, c^) = /(yci, yc^). | 

Corollary 10.18 Let E and E" be extensions of A by C, and let 
y: C' C. If [F] = [F"], then [Fy] = [F"y]. 
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Proof Let / and/" be factor sets of E and respectively; then 
/ — /" 6 B{Cy A). By Lemma 10.17, /(y x y) and /"(y x y) are 
factor sets of Ey and E"y, respectively, and the reader may check 
that/(v X y) - f”(y x y) e B[C', A). Hence, [£ 7 ] = \_E''y']. | 

Corollary 10,19 Let E be an extension of A by C and let y : C' -► C 
and y^: C" ^ C' be homomorphisms. Then [(£'y)yi] = [l^(yyi)]. 

Proof If / is a factor set of E, then [/ « (y x y)] o x yj) is a 
factor set of (£'y)yi and / ^ [(y x y) q (yi x yO] is a factor set of 
^(yyi)* Since composition of functions is associative, [(£y)yi] = 

[£'(yyi)]- I 

We now prepare our second construction. By a solution of 
the diagram 

(#) aX B 

■1 

A' 


we mean a group B' and maps A' and a' such that 


“1 r 1*' 

A' B' 


commutes. 

Definition A solution of the diagram (#) is a push>out in case, given any 
other solution (B'\ a") of (#), there is a unique map 0: B' B" 

making the following diagram commute: 



Lemma 10.20 A push-out exists for the diagram (#). 

Proof Since the dual of a subgroup is a quotient, one should expect 
the push-out to be a quotient of A''®B. If S is the subgroup of A'®B 
consisting of all (oca, —?m), where ae A, then define B' = {A' @ B)IS, 
Define X': A' B' by X'a' = (a\ 0) + 5*; define a': B B' by 
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(x'b = (0, b) + S, It is a trivial matter to verify that we have defined 
a solution of 

Suppose now that we have a second solution (diagram (##)). 
Define 9: B' ^ B" by e((a\ b) + S) = ra' + oi"b. One checks 
easily that 6 is well defined, that (##) commutes, and that this is the 
only 9 that works. | 

Theorem 10.21 Let E be an extension of A by C and let on: A A' 
be a homomorphism. There is an extension E' of A ' by C and a map 
(a, a', Ic): E ^ E', 

Proof We are given the following diagram to complete: 

o-.^454c-^o 

A' C 

Let {B\ a') be a push-out, and define p’:B' C by p\{a\ b) + S) 

= pb. It is a simple matter to verify that p' is well defined, 

E'i 0 ^ A' —> B' C' 0 
is an extension, and (a, a', 1^): E'. | 

We denote the extension E' just constructed by olE. 

Lemma 10.22 Let E be an extension of A by C and let cl . A ^ A' be 
a homomorphism. If f: C x C A is a factor set of E, then cxf is a 
factor set of olE. 

Proof We use the notation of Theorem 10.21. If / is a transversal 
determining/, define a transversal L by L(c) = (0, 1(c)) -h S. Now 
the factor set E determined by this choice is F(cj, C 2 ) = L(ci) + 
L(c 2 ) - L(c, + C 2 ) = (0,/(ci, C 2 )) ^ S = (oif(c„ C 2 ), 0) + S ^ 
2'a/(ci, C 2 ). We are done, for A' is only the inclusion map. | 

Corollary 10.23 //[£] = [£■"], then [a^] = [a£"]. 

Corollary 10.24 If E is an extension of A by C and if cl: A A' 
and CL^ : A' ^ A" are homomorphisms, then \_oci(oiE)~\ = [(aiaj^*]. 

Corollary 10.25 Let E be an extension of A by C and let cl : A -► A' 
and y : C ^ C be homomorphisms. Then [(a£')y] = [a(£'y)]. 
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Proof If /is a factor set of E, then (a/)y x y is a factor set of (oLE)y 
and a (/(7 x y)) is a factor set of oi{Ey). | 

We have demonstrated that homomorphisms operate on extensions 
and that all possible associativity laws hold. 

Definition Consider the extensions 

E'. 0 —^^ 4 — 


£': 0 A' ^ B' ^ C’ -* Q. 

Their direct sum is the extension 

£ © £': 0-> A® A' B ® B' C ® C -> 0. 

Notation The diagonal map A: C C @ C is defined by A(c) = (c, c); 
the codiagonal map V: ^ @ ^ yt is defined by V(a, a') — a ^ a!, 

Definition If E and E' are extensions of A by C, their sum £’+£’' is 
the extension V{E © £’')A. 

The reader should observe that £ + £*' is an extension of yt by C 
(whose equivalence class is well defined, by Corollary 10.25). 

EXERCISES 

10.23. If E and E' are extensions with factor sets/and/', respectively, 
then / © /' is a factor set of £ © £'. 

10.24. If [£] = [£'] and [£o] = [£i], then [£ © £o] = [£' © £']. 

10.25. Let £ be an extension of A by C, £' an extension of yl' by C', 
and y: Cj ^ C, y': C 2 C' homomorphisms. Then 

[(£ © £')(y © y')] = [£y © £'y']. 

A similar equation holds on the left. 

*10.26. If [£] = [£ ]| and [£o] = [^o]» [£ + £ 0 ] = l!£^ + £o]* 

10.27. [£(y + yj)] = [£y + £yi]; similarly on the left. 

**10.28. [(£ + £')y] = [£y + £'y]; similarly on the left. 
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The following result shows that our constructions do give an extension 
corresponding to the sum of two factor sets. 

Lemma 10.26 Iff is a factor set, let Ef be an extension it determines 
{so that (pif + B(C, A)) = defines the one-to-one correspondence 
of Theorem 10.10). Then = [^Ej + Eff\. 

Proof By definition, Ef^f, has / + /' as a factor set; E^ + Ej, 
has V(/ @ /')A as a factor set. But these are the same: 

V(/ @ /') A(x, y) = V(/ © /')(x, y, x, y) 

= V(/(x, y), f'ix, y)) 

= fix, y) + f'(x, y) 

= if + nix, y), I 

Definition If [E] and [E'] e e{C, A), their Baer sum is [E] + [E'] = 
[E + E']. 

By Exercise 10.26, the Baer sum is a well-defined binary operation on 
eiC, Af 

Theorem 10.27 e{C, A) is an abelian group under Baer sum, and 
(p: Ext(C, A) e(C, A) defined by (p{f -h B{C, A)) = [Ej] is an 
isomorphism. 

Proof We have known since Chapter 7 that </> is a one-to-one 
correspondence. Lemma 10.26 and Exercise 1.19 complete the 
proof. I 


THE EXT FUNCTORS 

We had an ulterior motive in examining the addition of extensions, 
for we are now in a position to prove that Ext defines functors that are 
closely related to the Horn functors. 

Theorem 10.28 If G is a fixed group, then Ext(C, ) is a covariant 
functor. 
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Proof If a: A A\ we define a homomorphism 


by 


a,,: Ext(G, A) ^ Ext(C, A') 
ajf + B(G, A)) = af + B(G, A'). 


It is mechanical to prove that is a well-defined homomorphism, 
and all the axioms of the definition of functor are satisfied. | 


Theorem 10.29- If K is a fixed groups then Ext( , K) is a contra- 
variant functor. 

Proof Jf a: A A\ define a*: Ext(^', K) -► Ext(^, A^) by a*(f -h 
B(A\ K)) = /(a X a) + B(A, K). | 


We have another way of looking at extensions, e{C, A), and this 
also gives rise to functors. If <x: A A\ define a function : e{C, A) -> 
e(Q A') by 

= [«£■]; 

if y: C -» C, define a function y* : e{C', A) -* e{C, A) by 

V*'([£]) = [Eyl 

The following lemma will imply that these functions are homomorphisms 
(this also follows from Exercise 10.28). 


Lemma 10.30* If ol : A -> A\ then the following diagram commutes 
for every G: 

Ext(G, A) Ext(G, A’) 
eiG,A) ^ e(G,A’) 

A dual theorem holds if we fix the second variable. 


Proof We must show that If f e Z(G, A), then 

+ B) = (p{(xf + B') = i.e., the class of an extension 

with factor set a/. On the other hand, ct^ipif + ^) = oc^\_Ef] = 
[oiEf]. By Lemma 10.22, a/is a factor set of ccEf, and so [p^Ef] = 

lE.fl I 


This lemma says the functors Ext(G, ) and e(G, ) are naturally equivalent. 
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Theorem 10.31 The functions a# and are homomorphisms. 

Proof By the lemma, a# = (pa^(p~^, and so is the composite of 
homomorphisms. | 

We now connect Horn to Ext. 


Definition Let / be a factor set of the extension 
E : 0 ^ A B ^ C ^ 0. 

If G is a group, we define the connecting homomorphisms: 

d: Hom(G, C) - Ext(G, A) by dih) = f(h x A) + B(G, A); 

<5: Hom(^, G) ^ Ext(C, G) by d(h') = h'f + B(C, G). 


EXERCISE 


10.29. Define : Hom(G, C) ^ e(G, A) by d#ih) = [Eh'], and : 
Hom(y4, G) ^ e(C, G) by d^(h') = [h'Ef Prove the following 
diagrams commute: 


Hom(G, C) 



e(G, A); 


Hom(/4, G) 



Ext(C, G) 


e(C, G) 


Two lemmas are needed before the main tool for calculating Ext can 
be presented. The proofs are dual, so the second proof is left as an 
exercise. 


Lemma 10.32 If 0-*A-^B^C^0 is exact, then, for every 
group G, the map X* : e{B, G) ^ e{A, G) is onto. 

Proof Let ()^G^E^A^0 represent an element of e{A, G). 
We now hook this sequence to our given sequence to get the follow¬ 
ing exact sequence: 
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There exists an exact sequence 

O-^R^F^C-^0, 

where F is free. By Exercise 10.21 there are maps such that the 
following diagram commutes: 

O-^R-^F^C^O 

7 £ Ic 

0-^G-^£4b-^C->0. 

If we focus on the first square in this diagram, then we see that 
(B, Xp, fi) is a solution of the diagram 

R-^ F 

i 

E 

If (£', T, a) is the push-out for this diagram, then there is a map 
0: E' B with 



commuting. The reader may now verify that 

is an extension, and that 

1 c t A 

commutes. In other words, X* sends the class of the bottom extension 
into the class of the top extension. | 

A M 

Lemma 10.33 // 0 -► /t ^ C -► 0 is exact, then jor every 
group G the map p# : e(G, B) e(G, C) is onto. 

Proof Dual to the preceding proof, using pull-backs instead of 
push-outs and Exercise 10.22 instead of Exercise 10.21. | 
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Theorem 10.34 Let 0 A B C ^ 0 be exact. For any group 
G, the following two sequences are exact: 

(i) 0-> Hom(G, A) ^ Hom(G, B) ^ Hom(G, C) ^ 

Ext(G,^) ^Ext(G,5) -^Ext(G,C) -> 0; 

(ii) 0-> Hom(C, G) ^ Hom(5, G) ^ Hom(^, G) ^ 

Ext(C, G) Ext(B, G) Ext(^, G) -> 0. 

Proof The difficult portions are the proofs that and A* are onto, 
and they follow easily from Lemmas 10.32 and 10.33 and Lemma 
10.30. 

The other steps of the proof are utterly uninspiring, proceeding 
inexorably in the manner of the proof of Theorem 10.3. | 

The groups Ext thus repair the exactness we may have lost by applying 
Horn. Consider the question: If >4 is a subgroup of B^ when can a homo¬ 
morphism h: A G he extended to a homomorphism of B into G? 

The exact sequence answers this question. Let h ^ A ^ B ^ BjA 0 
be exact (where i is the inclusion). Then we have exactness of 

Hom(B, G) G) Ext(BM, G). 

Definition The element 6 {h) is the obstruction of h. 

Corollary 10.35 Let A be a subgroup of B and h \ A ^ G a 
homomorphism. Then h can be extended to B if and only if its 
obstruction is 0. 

Proof If h can be extended to B, there is a map h' : B ^ G such 
that h'i — h. Hence, h e image S(i) = kernel S, so that S(h) — 0. 

If S(h) = 0, then h e kernel <5 = image 5(/), so that there is an 
F e Hom(5, G) with S(i)(h') — /?, i.e., hi = /?, as desired. | 

Corollary 10.36 If E\i{BjA^ G) = 0, every map h: A ^ G can 
be extended to B. 

We now prove that Ext behaves very much like Horn. 


Theorem 10.37 Let {Ap. i e 1} be a family of groups. For any K, 
Ext(Z A,, K)^Y[ Ext(A,, K). 
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Proof For each /, let 0 ^ ^ F,- ^ ^ 0 be exact, where Fi 

is free. Consider the commutative diagram with exact rows: 

Hom(X F,,K)^ Home K) ^ Ext(Z ExtS K) 

I i 

n Hom(Fi, a:) n Hom(Ai, K) -> U ExiiA^, K) H Ext(F,, K) 

where the downward maps are the isomorphisms of Theorem 10.7. 

By Corollary 10.12 the terms on the far right are 0, so that Exercise 
10.20 yields the desired result. | 

Theorem 10.38 Let {A i'. i e 1} be a family of groups. For any (7, 
Ext(G, n = n Ai). 

Proof Left to the reader. | 

Theorem 10.39 For any group A, Ext((7(rt), A) ^ AjnA. 

Proof Consider the exact sequence 

0 -> Z 4 Z a{n) 0 

where p is multiplication by n. We now have exactness of 

Hom(Z, A) Hom(Z, A) -> Exi(a{n), A) -> Ext(Z, A) = 0. 

Now Hom(Z, A) ^ A and S(p) is multiplication by n, so that our 
result follows. | 

It follows from Theorem 10.39 that Ext(cr(/?), (t(p)) = (^(p), where p 
is a prime, so that this Ext has p elements. On the other hand, if 0 
g{p) E ^ <j{p) ^ 0 is exact, then E has order p^ so that E = o{p^) 
or E = a{p) @ g{p). Therefore, if p is an odd prime, we have an example 
of inequivalent extensions of ^ by C with isomorphic middle terms. 

The number of nonisomorphic middle groups B (where 0 ^ ^ ^ 
^ ^ C ^ 0 is exact) is at most |Ext(C, A)\. Our example above shows 
that this inequality can be strict. 

Example 5 If ^4 is torsion-free, then Ext(^, G) is divisible for any group G. 
Since A is torsion-free, for each « > 0 there is an exact sequence 

0 ^ A ^ A ^ AjnA -> 0, 
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where the first nontrivial map is multiplication by n. This gives rise to 
an exact sequence 

• • ^ Ext(^, G) 4 Ext(.4, G) 0, 

so that multiplication by n maps Ext(^, G) onto itself. This says that 
Ext(^, G) is divisible. 

Example 6 If mG = 0, then Ext(A, G) = 0 for every torsion-free group 

A, 

If p:G G is multiplication by m, then Ext(A, G) Ext(^, G) 
is also multiplication by m. Since mG = 0, /z is the zero map; thus is 
also the zero map. Therefore 

p^Ext(A, G) = m Ext(A, G) = 0. 

On the other hand, we have just seen that Ext(A, G) is divisible, for A is 
torsion-free. It follows that Ext(.4, G) = 0. 

We have given a proof by homological algebra of Corollary 9.37: 
If 5 is a group with tB of bounded order, then tB is a direct summand of 

B. The group BjtB is torsion-free, and by Corollary 10.11, Exi^BjiB, tB) = 
0 implies that the sequence 

0 —> tB — > B —> BjtB —> 0 

splits. 

EXERCISES 

10.30. Prove that Ext(F, G) is torsion-free and divisible whenever V is 
a vector space over Q. 

10.31. Prove that Ext(Q, Z) # 0. 

10.32. Prove that 

Ext ^Q, ^ # 0. 

Conclude that there exists a (countable) group G whose torsion 
subgroup tG ^ and such that tG is not a summand of G. 

10.33. Let O^R-^F^A-^0, where F is free, be exact. Prove that 
Ext(A, G) = Hom(/?, G)/image Hom(i% G). (This is often taken 
as the definition of Ext(A, G).) 

10.34. Prove that Ext(^, G) = 0 for every torsion-free group A if and 
only if Ext(Q, G) = 0. 

10.35. (Nunke) If Hom(^, Z) = 0 and Ext(A, Z) = 0, then A = 0, 
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10.36. If ^ is a torsion-free group of rank 1 such that Ext(^, Z) = 0, 
then A ^ Z, 

10.37. A group G is divisible if and only if Ext(Q/Z, G) = 0. 

10.38. Prove that an abelian group A is free if and only if Ext(A, F) = 0 
for every free abelian group F. 

10.39. If G is a torsion group with character group G*, then G* = 
Ext(G, Z). 

10.40. Let WhQ 2 L group with Ext(W, Z) = 0. Prove that W is torsion- 
free. If W has finite rank, prove that W is free abelian. 

If K is an abelian group and G is a not necessarily abelian extension 
of /C by a group Q, then we remarked in Chapter 7 that is a module 
over a ring ZQ, The constructions of this chapter involved Z-modules 
(abelian groups); the more general theory involves ZQ-modules. The 
main tool of the general theory is the existence of a sequence of functors 
Ext”( , ) and a long exact sequence beginning with a triple of Horn, then 
a triple of Ext^, a triple of Ext^, etc. If one considers the group Z as a 
ZQ-module (by defining scalar multiplication suitably), then Hq{Q, K) = 
Ext^(Z, K), We refer the reader to the books of Mac Lane, Gruenberg, 
Babakhanian, and Rotman for further details. 
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Free Groups and Free Products 


GENERATORS AND RELATIONS 

In this chapter, we shall consider several special classes of infinite 
groups. 

Recall first that a free abelian group F on generators X has the 
following basic^ property: If G is an arbitrary abelian group, then any 
function f : X G may be extended to a homomorphism of F into G. 
An immediate consequence of this property is Corollary 9.19: Every 
abelian group is a quotient of a free abelian group. The significance of 
this remark is that we now have a convenient way of describing abelian 
groups. 

Definition An abelian group G has generators X = {xj^\ k e K) and 
relations {rj = 0 :7 g /} in case G ^ FjR, where F is free abelian on X, 
and R is the subgroup generated by (r^: j e J}. 

In each of the following examples, we present abelian groups by 
generators and relations. 

Example 1 G = a{ 6 ) has generator x and relation 6 x = 0. 

Example 2 G — (t(6 ) has generators {x, y} and relations {2x — 0, 
3j; = 0}. 

^ A pun is intended; if Kis a vector space with basis X and if fFis another vector space, 
then any function f: X W has an extension to a linear transformation of V into W. 
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Example 3 G = has generators 

{^ 1 , a2, ' y 

and relations 

{pai = 0,pa„ = if« > 1}. 

Example 4 If G is free abelian on {x^: k e AT}, then G has generators 
A: e K) and no relations (recall that {0} is the subgroup generated by 
the empty set). The etymology of the term free is apparent now. 


We have seen that we can describe an existing group by generators 
and relations. We can also use generators and relations to construct a 
group having prescribed properties. For example, is there a reduced 
/7-primary abelian group G such that 

n p”G ^ {0}? 

/i=i 

Construct such a group G as the abelian group with generators 


and relations 


9 ^2 ) * * ’ > ‘ ’ 

/7a = 0 and /7"Z7„ = a 


for all n. 


It is easy to see that G is a /7-primary abelian group and that a e p*^G for 
all n. We shall prove that a ^ 0, leaving the proof that G is reduced, 
using Exercise 9.37, to the reader. 

Let F be the free abelian group on generators 


^9^1? ^2 9 ’ ’ ’ 9 l^n 9 


and let R be the subgroup of F generated by 

{pa,p”b„ - a, 71 > 1}. 

We must prove that a ^ R. If, on the contrary, a e R, then 
a = mpa -h X — «) 

for integers m and . Collecting terms gives 
(1 - m/7 + 

Since {a, , ^2 9 * ‘) is a basis, each m^p*" = 0 and 1 — m/7 -h X = 0- 

From these equations, it follows that each m„ = 0, and so 1 = m/7, a 
contradiction. 

The reader should note that an abelian group G defined by generators 
and relations is the largest such group in the sense that any other group 
generated by elements subject to these defining relations is a quotient of G. 
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For example, let G be the abelian group with generators {x, y} and relations 
{lx = 0, 4>^ = 0}. The reader may check that 

G = g{2) @ a{A), 

On the other hand, if /f = g{1) © (t( 2), then H is also generated by two 
elements that satisfy the defining relations of G (of course they satisfy an 
additional relation as well). 

We wish to extend the idea of generators and relations from abelian 
groups to arbitrary groups. In order to do this, we need the nonabelian 
analog of free abelian groups, and so we abstract the basic property of a 
free set of generators. 

Definition Let X be a set and F a group containing A"; F is free on X 
if for every group G, every function f : X ^ G has a unique extension to 
a homomorphism of F into G, One calls X a basis of F. 


F^ 



We shall prove later that the uniqueness of the extension is equivalent 
to saying that the set X generates F, 

The first question is whether there are any free groups. 

Theorem 11.1 If X is a set, then there exists a group F that is free 
on X. 

Proof Let X' be a set disjoint from X and in one-to-one correspon¬ 
dence with it; we denote this correspondence 

X<r^X~^. 

Let X” be a set disjoint from X \j X' that contains only one element 
which we denote “1”. Call u AT' u X" the alphabet, and call its 
elements letters. Let S be the set of all sequences of letters. A word 
in A" is a sequence 

w = (^1, ^72, •) e S 

such that all coordinates are 1 from some point on, i.e., there is an 
integer n such that = 1 for all A: > «. In particular, the constant 
sequence 


(1, 1, I, --) 
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is a word; it is called the empty word, and is also denoted 1. A 
reduced word in A" is a word in X that satisfies the extra conditions: 

(i) X and x~^ are never adjacent; 

(ii) If = 1 for some m, then — 1 for all k > m. 

In particular, the empty word is a reduced word. Since words 
contain only a finite number of letters before they become constant, 
we use the more economical (and suggestive) notation: 




tn 

n ? 


where = ± 1 (we agree that x^ may denote x). Observe that this 
spelling of a reduced word is unique, for this is the definition of 
equality in the set of sequences S. 

The idea of the construction of the free group F is just this: 
The elements of F are the reduced words and the binary operation is 
juxtaposition. Unfortunately, the juxtaposition of two reduced words 
need not be reduced. This tiny fact incurs tedious case analyses in 
verifying associativity, so we use a device to bypass the tedium. 

Let W be the set of reduced words in X, For each x e X, 
consider the two functions mapping W into itself, |x| and |x"^|, 
defined as follows: 


\x^\(x\^--xtr) 


j x^x\^ • • * 


if X® # Xj ; 
if X* = xf^S 


where 6 = ± I. 

Since lx| |x“^| and |x“^| |x| are each equal to the identity on W, 
each |xl is a permutation of W (with inverse |x“^|). Let be the 
group of all permutations of W, and let Fq be the subgroup of 
generated by = {|x|: x 6 A"}. We claim that Fq is free on Xq. 

An arbitrary element (other than the identity) of Fq has a 
factorization Ix^* | *' * where S; = ±1 and |x^| and |x“^| are 
never adjacent (otherwise we may cancel). Such a factorization is 
unique, for applying this function to the reduced word 1 yields the 
reduced word x^^ • ■ • x®”, and we have already noted that a reduced 
word has a unique spelling. Hence, two different factorizations are 
distinct permutations. 

Suppose G is a group and f:XQ-^Gisa. function. Define 
h : Fq G by 
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h is well defined, since the factorization of an element of Fq into 
powers of \x\ is unique. Now if a and P are in Fq, then 

a = \x\^\ • • • \xli and P = \yy\ • • • \y^-\; 

thus, after possible cancellations, 

ocp = |xVI * * * s < n,l < t 

(our notation is careless, for we do not wish to overlook the cases 
in which all the \x\ are cancelled by 1^1 or all the 1^1 are cancelled 
by 1x1). Since cancellation in Fq implies cancellation in the group G, 
we have h(aP) = h(<x)h(P). Thus, h is sl homomorphism; it is 
uniquely determined by / because Xq generates Fq . Therefore, Fq 
is free on Xq . 

By Exercise 1.19, the set of reduced words in X under juxta¬ 
position is a group isomorphic to Fq, and it is free on X. | 

Corollary 11.2 Every group G is a quotient of a free group. 

Proof Consider G as a set, and let F be free on G. 



If /: G G is the identity map, then there is a homomorphism 
/?: F G extending/; /i is onto because / is onto. | 

Definition A group G is defined by generators X = {x^:keK} and 
relations A = = 1: y e J) in case F is free on Z, R is the normal 

subgroup of F generated by jeJ), and G = FfR. We say that 
{X I A) is a presentation of G. 

Note that we are forced to use the normal subgroup generated by 
{rj: j e J} because we want to form the quotient group F/R. 

Examples G = a{6) has generators x and y and relations x^ = 1, 
y^ — and x~^y~^xy = 1. 

Example 6 The dihedral group D„ has generators s and t and relations 
5-" = 1, = 1, and tst = s~^ (compare with n’(6)). 
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Example 7 The quaternions have generators a and b and relations 
and b~^ab = a~^. 

Example 8 A free group on {x*: A: e K] has generators {xi,: k e K} and 
no relations. 

The existence of a group described by specifying its generators and 
relations has now been established. The description, however, is incom¬ 
plete in that the order of the constructed group may be difficult to de¬ 
termine. This is not a minor difficulty, for it is even an unsolvable problem, 
starting with a presentation of a group G, whether or not G has only one 
element. 


EXERCISES 

11.1. Prove the existence of the following groups: (a) the generalized 
quaternion groups Q„ of order 2"; (b) the groups of order p^ 
described in Exercise 5.42. 

11.2. A free group on no generators has one element; a free group on 
one generator is infinite cyclic; a free group on more than one 
generator is a centerless group in which every element (save the 
identity) has infinite order. 

11.3. The group G with the presentation 

(x,y\x^ = 1, / = 1) 

is infinite. 

*11.4. If A" is a set, there exists a free semigroup on X; every semigroup 
is a homomorphic image of a free semigroup. Conclude that an 
arbitrary semigroup can be described by a presentation giving 
generators and relations. (This existence proof is much simpler 
than that for groups, for there is no cancellation here. In par¬ 
ticular, the associative law can be proved directly.) Note that 
since a free semigroup has no inverses, the relations in a presenta¬ 
tion (A" I A) of a semigroup are equations of the form Ai = 
where and Bi are words on X having no negative exponents. 

11.5. A subgroup 7/ of G" is a retract of G if there is a homomorphism 
(p : G H (called a retraction) with (p{x) = x for all x g H. 
Prove that ker (p is the normal subgroup of G generated by 
{99(9~^)' ff ^ G} and that G is a semidirect product of ker (p by 
H (compare Exercise 9.8). 
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Theorem 11.3 (Projective Property) Let jS: 5 -> C be onto. If F 
is free and a : F ^ C, then there is a map y \ F ^ B with Py = a. 


F 



Proof Let X — {Xf^\ k e K} ht 2i basis of F. Since p is onto, for 
each k there is an element b^e B with p(bk) = Define a 

function f : X B by f (x^) = bj, . There is a homomorphism 
y : F B with y(xif = bf, for all k since F is free on X. One checks 
easily that py = (x. | 

Groups with the injective property are not very interesting; Baer 
proved that such a group must have order 1. 


EXERCISES 

11.6. Let F be free and K an arbitrary group; every extension of K 
by F is split. 

**11.7. Let F be free on {xj,: k g K} and let F' denote the commutator 
subgroup of F\ FjF' is free abelian on {F'xi,: k e K}, a set 
having the same number of elements as {x^: k e K}. 

**11.8. Let X = {XkikeK} and let Y X. If F is free on X and H 
is the normal subgroup generated by /, then FjH is free. 

*11.9. Show that a free group Fon {x, y) has an automorphism/with 
^ f*or all a e F and f(a) = 1 if and only if a = 1. 
(Compare Exercise 1.36.) 

Now that we know the existence of free groups, let us examine their 
uniqueness. 

Theorem 11.4 Let X and Y be nonempty sets., F free on X, and G 
free on Y. Then F = G if and only if X and Y have the same number 
of elements. 

Proof If F ^ G, then F/F' ^ GIG'. By Exercise 11.7, FjF' is free 
abelian on the cosets of X and GjG' is free abelian on the cosets of Y. 

By Theorem 9.17, A" and Y have the same number of elements. 
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Suppose f: X ^ 
diagram 


y is a one-to-one correspondence. Consider the 


F:^ 





G 



Y 


There is a homomorphism oc : F G extending / and a homo¬ 
morphism P: G F extending The composite otP: G G is 
thus an endomorphism of G fixing Y pointwise. Therefore aj5 = 1^, 
for both are homomorphisms agreeing on Y. Similarly poc = ]p^ 
so F ^ G. I 


Definition If F is free on X, then rank F is the number of elements in X, 


Theorem 11.4 says that the definition of rank is independent of the 
choice of basis X. 


Corollary 11.5 If F is free on X, then F is generated by X. 

Proof Let T be a set having the same number of elements as X 
and let /: A" T be a one-to-one correspondence. Let G be the 
free group on Y as constructed in Theorem 11.1. In the proof of 
Theorem 11.4, we exhibited an isomorphism P:G ^ Fwith p( Y) = X, 
Since Y generates C, it follows that X generates F. | 


EDGEPATH GROUPS 

We are going to study an analog of Galois theory that arises in 
algebraic topology: there is a one-to-one correspondence between the 
subgroups of the fundamental group of a topological space X and certain 
spaces X mapping onto X, One consequence of this study, first noticed 
by Baer and Levi, is that every subgroup of a free group is itself free. 
We mimic the topological theorems here in a completely algebraic setting. 

Definition A complex F is a set V{K), called vertices, and a family of 
finite nonempty subsets of V{K), called simplexes, such that 

(i) each singleton {r} is a simplex, where y is a vertex; 

(ii) if 5 is a simplex, so is every nonempty subset of s. 
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A complex is called an abstract simplicial complex in the literature. 

If a simplex s has q + 1 distinct elements, say, s = {i^o? > * * * j 

we call s a ^-simplex and say s has dimension q. We write dim K = n and 
call K an /i-complex if n is the largest dimension of a simplex in K (if 
there is no such largest «, we say dim K = oo). 

The reader should know the geometric background behind the 
definition of a complex, even though no geometry enters the forthcoming 
discussion. Think of a 0-simplex as a point, a 1-simplex {vq, Vi} as 
a line with endpoints Vq, v^; a, 2-simplex {vq, Vi, V 2 } as a triangle with 
vertices Vq, V 2 \ 3. 3-simplex as a tetrahedron; and so forth. A complex 
is then a space that is built of simplexes that are assembled by gluing 
some of their faces together. 



A complex L is a subcomplex of a complex K if K(L) c: V(K), and 
every simplex of L is also a simplex of K. For example, if ^ is a simplex 
in K, then s together with all its nonempty subsets is a subcomplex of K. 
Another example is provided by the ^-skeleton of K, denoted defined 
as follows: 

= {simplexes s in K: dim s < q}. 

Thus, = V(K), = V(K) u (all 1-simplexes in K}, and so forth. 

Visibly dim < q. A subcomplex L of A: is full if it contains every 
simplex in K all of whose vertices lie in V{L). If i g /} is a family of 
subcomplexes of AT, then (JL,- and are defined in the obvious way, 
and they are subcomplexes. In order that always be defined, we 
allow the empty set 0 to be a subcomplex (its dimension is —1). In 
particular, two subcomplexes are disjoint if and only if they have no 
vertices in common. 


Definition An edge e = (w, v) in K is an ordered pair of (not necessarily 



SECTION 


EDGEPATH GROUPS 


245 


distinct) vertices lying in a simplex of K\ u is called the origin of c; y is 
called the end of e. 

Definition A path a of length w is a sequence of edges 

a = 

where end e,- = orig / = 1, • • •, « — 1. Define orig a = orig 
and end a = end e „. We say a is a path from orig a to end a. A path is 
closed at v if it is a path from v to itself. 

Definition A complex K is connected if for every pair of vertices w, v 
in K there is a path in K from u to v. 

EXERCISES 

11.10. A subcomplex L of AT is connected if and only if L n is 
connected. 

**11.11. Call two vertices u,v in K “connected” if there is a path in K 
from u to V, Prove that this defines an equivalence relation on 
ViK). 

Definition The equivalence classes defined in Exercise 11.11 are called 
the components of K, 

We may consider a component C as a full subcomplex of K by 
regarding it as all those simplexes of K all of whose vertices lie in C. Thus, 
every complex K is the disjoint union of connected subcomplexes: its 
components. 

Let a = and a' = e\ — ' paths in K. If end a = orig a', 

then define their product 

aa' = 

Clearly aa', when defined, is a path from orig a to end a'. Moreover, 
this product is associative, when defined. We want to construct a group 
with the above product as multiplication. There are several obstacles: 
multiplication is not everywhere defined; there is no identity; there are 
no inverses. The last two obstacles are overcome by imposing an equiv¬ 
alence relation. 


Definition Two paths a and a' are equivalent, denoted a a', if one 
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can be obtained from the other by a finite number of elementary moves 
consisting of replacing one side of an equation 

(w, v){v, w) = (u, w) 

by the other whenever {w, v, w} is a simplex of K, 



For example, let K be the 2-complex pictured above, let a = 
(x, w)(w, w)(w, y) and a' = (x, w)(w, v)iv, w)(w, y). If K contains the shaded 
interior of the triangle {u, v, w}, then a ^ a'; if AT does not contain the 
interior, then a a'. 

It is easy to check that a a' defines an equivalence relation on the 
set of all paths in K; denote the equivalence class of a by [a]. 

EXERCISES 

11.12. If a ol\ then orig a = orig a' and end a = end a'. Conclude 
that orig[a] and end [a] make sense. 

11.13. If a - a', jS - p', and end a = orig jS, then [aj5] = [a'jS']. 
**11.14. Let a = aijSa 2 , where is a closed path lying wholly within a 

simplex s of K, Prove that a ^ aia 2 . 

If r 6 V(K), set ij, = (v, v); \f e — (w, v), set e~^ = (v, u); if a = 
Cl • • • c„, set a”^ = - e~K 

Lemma 11.6 If K is a complex, let n{K) be the set of all [a], where 
a is a path in K, Then 

(i) each [a] has an origin u and end v {where u and v are vertices 
of K) and 

HW = W = WW; 

(ii) the associative law holds when defined; 

(iii) if orig{a] = u and end[<x\ = v, then 

W[““'] = [4] = [4]- 

Proof Completely without difficulty. | 
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We force n{K) to be a group by choosing a base point v^. 

Definition Choose a vertex in K, Then 

n{K, v^) = {[a] e n(K): a is a closed path at r*}. 

Theorem 11,7 n(K, v^) is a group. 

Proof This follows immediately from Lemma 11.6 since multi¬ 
plication is now always defined. | 

n{K, is called the edgepath group of K (it is isomorphic to the 
fundamental group of the topological space one may construct from K), 

Corollary 11.8 Let K be a connected complex with vertices and 
Then 

n{K, v^) ^ 7t(K, w*). 

Proof Since K is connected, there is a path f in K from to w*. 
Define /: n(K, v^) -> n(K, u^) by [a] -► Note that the 

multiplication P~ takes place in n(K), but that lP~^ 0 Lp~\ e n(K, u^). 

It is a simple matter to verify that / is a homomorphism with inverse 
using Lemma 11.6. | 

A 1-complex K is often called a graph. Our next aim is to prove that 
n{K, v^) is free whenever is a connected graph. 

Definition A path ct = e^ - — e^ is reduced if, in this expression, no 
edge is adjacent to its inverse. A circuit is a reduced closed path. 

Definition A tree in is a connected subcomplex T of A with dim T < 1 
and which contains no circuits (the only tree of dimension 0 consists of a 
single vertex); a maximal tree is a tree contained in no larger tree. 

It is easy to prove that an ascending union of trees is a tree, so it 
follows from Zorn’s lemma that every complex contains a maximal tree. 
Note also that if u and v are distinct vertices in a tree T, then there is a 
unique reduced path in T from m to t; (lest T contain a circuit). 

Theorem 11.9 If K is a connected complex, then a tree T in K is a 
maximal tree if and only if T contains all the vertices of A. 

Proof Suppose there is a vertex v not in T. Choose a vertex Vq 
in T. Since A is connected, there is a path e^ — e„ in K from Vq to v. 
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Let , Vi). We know that Vq e T and v„ = v ^ T, so there 

must be an / with Vi_^ e Tand $ T. Consider the subcomplex T' 
with V(T') = V{T) u {Vi} and with simplexes those of T together 
with Vi). Then T' is connected and contains no circuits, for 

any circuit in T' must contain Vi, and any path through Vi must 
contain or {v^, Vi). Therefore T is 

a tree, contradicting the maximality of T. Thus, T contains every 
vertex of K. 

The converse is easy and is left to the reader. | 

EXERCISES 

**11.15. Let [a] e n{K, If each edge of a lies in a tree, then [a] = 1. 
**11.16. Let Tbe a finite tree. If «o(T) is the number of vertices in T 
and n^(T) is the number of 1-simplexes in T, then^ 

n^{T) - n,(T) = 1. 

Given a connected complex K and a maximal tree T, define a group 
^K,T having the following generators and relations: 

generators: all edges (w, v) in K; 

relations: (a): (w, i;) = 1 if (w, v) is an edge in T\ 

(b): (w, v){v^ w) ~ (w, vr) if u, v, w lie in a simplex of K. 

Lemma 11.10 If K is connected with maximal tree T, then 

ti{K, Vif) = Gk,T‘ 

REMARK Since K is connected, we know that different choices of base- 
point Vii, yield isomorphic groups. 

Proof Let F be the free group with basis all edges (w, v) of K, and 
let R be the normal subgroup of relations, so that ^ = FfR. 

For each vertex v v^ \n K, there is a unique reduced path 
in T from to v (since Tis a maximal tree); define v^. 

Define a map 0^ ^ -► n(K, V:^ as follows. First, define a 
function on the basis of F by 

(u, v) 

^ If dim K = I and K is finite, then the number no{K) - ndK) is called the Euler- 
Poincare characteristic of K. 
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(which is the class of a closed path at v^). This function defines a 
homomorphism (p: F -* niK, v^) which we claim kills the relations 
R. Type (a): if (m, v) is an edge in T, then a„(M, r)a“‘ lies wholly in 
T, and so (pi(u,v)) = [a„(M, r)a"‘] = 1, by Exercise 11.15. Typeib): 
if {u, V, w} is a simplex of K, then 

[«„(«, r)a„“*][a,(r,w)a“‘] = [a„(u, r)a„“'a>, w)a“^] 

= [a„(M, v)(y, w)ci ~'] 

= [a„(u, w)a“*]. 


Therefore (p induces a homomorphism 


by 

(m, v)R -> (p(u, v) = [a„(M, v)(x^ ^]. 

We prove (p is an isomorphism by constructing its inverse, 
a = Cl'' • e„is a closed path in K at define 


If 


0{cl) = 

Observe that if a' is another path in K with cc ^ (x\ then the relations 
in Gk t of type (b) show 0(a) = 0(a'). There is thus a homomor¬ 
phism 

0 : 7i{K, v^) —> Gj^ Y 

defined by 

[e, • • • c„] = [a] 0(a) = Cj • ■ • e„R. 

Let us compute. If [a] e n(K, V:^,) and a = e^’ — then 

(p0[a] = ^(0(a)) 

= ^(^1 • • • 

= W(^i) * ’ ’ (since (/) is a homomorphism killing R) 

= [a„.ei ■ • • 

But = (r*, p*), so that [aj = 1 in 7z(K, p*). Therefore, ipB is 
the identity. Finally, suppose (w, p) is a generator of Then 

B(p((u, v)R) = B((p(u, p)) 

= SlaXu,v)cc;^'\ 

= a„(M, p)a“‘i?. 
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Now ^ and a„ lie in R, since their edges do, so that 
v)a~^R = a„(M, v)R = (u, v)R, 

the last equation because R is normal in F (Exercise 2.37). Thus 
6^ fixes a set of generators of hence is the identity. Therefore 

7r(Ar, = ^x,r* I 

Theorem 11.11 If K is a connected \-complex^ then n{K^ v^) is a 
free group. Moreover, if T is a maximal tree in K, then 

rank n{K, v^) = |{1 —simplexes s: s e K, s ^ T}\. 

Proof By Lemma 11.10, we may examine ^. Because of relations 
of type (a), Gj^^t is surely generated by all edges (w, v), where (w, v) 
is not in r. Furthermore, if p = (w, i;), the type (b) relation = 1 
allows us to choose just one of the two edges determined by the 
1-simplex {u, v} as part of a generating set of G^^t- Next, if w, v, w 
all lie in a simplex of K, then two of the vertices must be the same, 
for dim K = 1. Thus, the relations of type (b) have the form: 

(w, u)(u, v) = (u, v); 

(w, v)(v, v) = (w, v); 

(u, v)(v, u) = (w, u). 

But all of these are trivial: since (t?, v) = 1 and (w, v) = {v, w)"\ 
the subgroup R of relations is {1}. Therefore, Gj^ j is free on the 
1-simplexes not in T. | 

We have established a new criterion for a group to be free: if it is 
the edgepath group of a connected graph. Note that, in this case, a basis 
can be given explicitly: if T is a maximal tree in K and is the unique 
reduced path in T from to r, then a basis for n{K, v^ is the set of all 
[a„(w, r)a“^], where {w, v) is a 1-simplex not in T. Of course, for any 
1-simplex {w, v) not in T, only one edge (w, v) is chosen. 

Theorem 11.12 Given a set /, there exists a connected I-complex K 
with n(K, v^) free of rank |/|. 

Proof For each i e /, choose distinct points Ui, Vi, and let V be the 
disjoint union of a point v^ and all {w,-, i?,}. Let K be the complex 
with vertices V and 1-simplexes {v^, wj, and {w,-, rj, all 

i 6 /. Visibly AT is a connected 1-complex. A maximal tree consists 
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of all simplexes {i;*, wj and {i;*, yj. Therefore, n{K, is free on 
all 1-simplexes {w,-, a set in one-to-one correspondence with 

/ I 

The complex Adjust constructed is called a bouquet of circles because 
of the picture 



COVERING COMPLEXES AND THE NIELSEN-SCHREIER THEOREM 

In the preceding section, we associated a group to every connected 
complex; in this section we associate a complex to a group. 

Definition Let K and K' be complexes. A map^ /: AT -► AT' is a function 
/: V{K) -> V{K') such that {fv^, • • • is a simplex in AT' whenever 
{^o, * • *, is a simplex in K. 

Of course, not all the vertices ^need be distinct. When 
maps may be composed, their composite is again a map. 

Definition If p : K ^ K' is a map and L' is a subcomplex of K', then 
p~^(L') is the subcomplex of K consisting of all those simplexes s in K 
with p(s) in L' (in other words, p~^(L') is the full subcomplex of K on 
P~^V{L)). 

EXERCISES 

11.17. If /: AT -> AT' is a map, then the image of / is a subcomplex 
of K' \ \f K is connected, then im/is connected. 

^ Maps are called simplicial maps in the literature. 
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**11.18. Let if be a complex and let {Xii i g /} be a partition of V{K), 
Define a complex K (the quotient complex) by 

V(K) = {X-iel}; 

{Xi^, • • •, XiJ is a simplex if there exist vertices Vj e Xi. with 
{vq, • • •, a simplex in K. 

Prove that X is a complex and the function /: V{K) 
V(K) sending each v e V(K) into the unique Xi containing it 
is a map. Moreover, a subcomplex L of X is connected if and 
only if/“^(L) is connected. 

**11.19. Let X be connected and let L be a subcomplex that is a disjoint 
union of trees. Prove that L is contained in a maximal tree of 
X. (Hint: Use Exercise 11.18.) 

11.20. Let /„ be the 1-complex with vertices ‘ 

1-simplexes > {4-i j 4)- Prove that a 

path in X from w to r is a map oc : 1^ ^ K (some n) with = u 

and = V. 

11.21. Let/: X X' be a map with/(i;*) = v'^. Prove that 

defined by 

M ^ a] 

is a homomorphism, where «;/„-»• is a path with a(ro) = 
t)* = a(t„). Note that if a = (r*, Vi)(Vi, Pj) ’ ’ ’ (v„, i?*), 
then / o a = (r ;, >i)(/t^i, fai) ;). 

11.22. If /: -> A" is the identity, then is the identity. Given maps 

f:K^K' and g:K' -* K" with/(n*) = v'^ and^(t)|„) = n*, then 
{9 °/)# = 9 # °f* - 1^*) -»■ v'i). 

Definition Let A be a complex. A pair (A, p) is a coverii^ complex of 
Aif 

(i) />: A -> A is a map; 

(ii) A is connected; 

(iii) for every simplex 5 in A, p~^is) is a union of pairwise disjoint 
simplexes, 

= U Sf’ 


with pIs,-: 5,- ->> .y a one-to-one correspondence for each i. 
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The map p: K ^ K is called the projection and the simplexes S; are 
called the sheets over s. The picture to keep in mind is 

K - Si 

- ^2 

p - S3 

K - s 

Example 9 Let AT be a “triangle”: a 1-complex with vertices V 2 } 

and 1-simplexes {i;o> ^ 2 ) ^ 2 }* Let K be the 1-complex 

with vertices {tii i e Z} and 1-simplexes /f+i}, / g Z. If we define 
p : K A^by p(ti) = Vj if i = j (mod 3), then (X, p) is a covering complex 
of X. 

EXERCISES 

11.23. If p: K ^ K is Si covering complex, then image / = K; con¬ 
clude that if K has a covering complex, then K is connected. 
**11.24. Let p: K X be a covering complex and let L be a connected 
subcomplex of X. If L is a component of p~^(L), then 
p\L: L L is Si covering complex. 

**11.25. If p: X X is a covering complex and T is a tree in X, then 
p~^{T) is a disjoint union of trees. (Hint: Show each com¬ 
ponent of p~^{T) is a tree.) 

**11.26. If /?: X -► X is a covering complex and s is a ^-simplex in X, 
then every sheet s^ over s is a ^-simplex. Conclude that 

dim X = dim X. 


Lemma 11.13 Let p: K K be a covering complex and let piVi^) = 
. Given a path a in X with origin v ^, there exists a unique path a 
in X with origin v^ and pdc = a. 


REMARK One calls a a lifting of a because of the picture 


X 



/ a 

/ X 


Proof We prove by induction that if a has length n and origin v^, 
then there exists a unique a of length n with origin and pd = a. 
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If « == 1, then a = v), where v) lie in a simplex s of 

K. We may assume ^ v, so that 5- is a 1-simplex. If 5^ is the 
sheet over s containing then Si is a 1-simplex, by Exercise 
11.26. Hence s,- = {V:^, D} for some vertex v in K, so v) is 
an edge in K with origin and with pot — a. To see that a is unique, 
suppose (y*, v) and m) are liftings of a. If ^ v}, then 

the vertices v, and u lie in Since is the 

full subcomplex of K on p~^{{v^,v}), both edges 15) and 
(i;„c, u) lie in p~^(s). Visibly, the sheet containing v and the sheet 
containing u are not disjoint. It follows that u = v. 

Assume n > 1, so that a = v'), where ai is a path from 

to V of length n — By induction, there is a unique lifting oci 
from to V, where v is some vertex in K with p(v) = v. The first 
step of the induction provides a unique vertex v' in K with p(v') ~ v' 
and with {{;, v'} a simplex in K. Therefore dti(v, v') is the unique 
lifting of a having origin . | 

Lemma 11.14 Let p: K K be a covering complex and let p{v^) — 
v^. If a and P are equivalent paths in K with origin v ^, then their 
liftings a and p having origin v^ are also equivalent. 

Proof Recall that equivalence means that a can be transformed into 
p by a. finite number of elementary moves that replace one side of 
an equation 

(m, v)(v, w) = (w, w) 

by the other whenever w, v, w all lie in a simplex of K. Thus, it 
suffices to prove that if (m, v)(v, w) is a lifting of (m, v)(v, w) and 
if w, V, w lie in a simplex s of K, then m, i5, w lie in a simplex of K. 
Let s be the sheet over s containing v and let be the sheet over 5- 
containing M. Thus, = {u, v^, Wj}, where= v andpw^ = w. 
Now (w, vf) and (u, r) are both liftings of the path (w, v) having 
origin u. By the uniqueness assertion in Lemma 11.13, v = v^. 
Hence 5 and are not disjoint, and so u lies in s. Similarly, w lies 
in 5, so that {m, v, w} = 5 is a simplex in K. | 

Theorem 11.15 Letp: K Kbe a covering complex withp{v^) = v^. 
Then p ^: 7r(K, -> n{K, v^) is one-to-one. 

Proof Assume [a] and [j5] g 7c(K, 0^) are such that[a] = 

Then [pa] = [p^] and pa pp. Visibly a and p are the (unique) 
liftings of pa and pp having origin v^^. By Lemma 11.14, a p, 
i.e., [a] = \_p']. Therefore p# is one-to-one. | 
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What happens to p#n(K, v) as the basepoint v is changed? 

Theorem 11.16 Letp: K Kbe a covering complex withp{v) = v^. 
Ifp(u) = thenp#n(Ky v) andp^n(K^ u) are conjugate subgroups of 
7r(Ar, ?;*). Conversely^ if H is conjugate to p^n(K, v), then H = 
P#7i(K, u)for some u withp(u) = v^. 

Proof If ^ is a path in K from u to v, and if j8 = pP, then [j8] e 
n(K, v^) and 

IP']pMK, = pMk, u). 

Conversely, assume H = t5)[a]“^ Let ^ be the 

lifting of a~^ with origin v. If end ^ = u, then p(u) = More¬ 
over, 

n(K, «) = m 

so/># 7 c(^, u) = [a]p^n(K, i;)[a“‘] = H. § 

Theorem 11.17 Let p : R K be a covering complex. If v^ is a 

vertex in Kand v^ e p~^(v^), then the index 

[n{K, v^):p^n(K, C)] = 

Proof Denote p^n(K, v^) by n. Define a function 9 from the family 
of all right cosets of n to p^^(v^) by 

^[a] ^ end a, 

where a is the lifting of a having origin . We claim that 0 is a 
one-to-one correspondence. 

(i) 6 is well defined. 

Every representative of 7c[a] has the form 

= [pP ° a] 

for some closed path p at v^. We want the end of the lifting ofppooi 
having origin , But such a lifting is pot, and end p& = end a. 

(ii) 6 is onto. 

Let u E p~^(v^) and let p be a path in K from to u (we are 
using the connectedness of K). Then oc = pp is a. closed path at y*, 
hence [a] e n(K, v^). Visibly, a = jS, so that 

9(n[(x]) = end cz = end p = u. 

(iii) 9 is one-to-one. 
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If 0(7c[a]) = 0(7 i[j 8]), then end a = end p. Hence dtp ^ is defined 
and is a closed path in K eit v^ : [aj5“^] e n(K, Therefore 

= [p^Xpfir^ = P^[ap-^] E TT, 

so that 7i[a] = 7i[j8]. | 

Corollary 11.18 Let p: K K be a covering complex. If and 
V 2 are vertices in K, then 

Proof Let p(Ci) = Vi and p{v 2 ) = Dj', let ^ be a path in R from 
t?! to 02 let P = Pp- It is a simple matter to check that the 
following diagram commutes: 

niR, 0i) ti(R, 02 ) 

IP* 

Tt(K, Di) 4 n(K, V 2 ), 

where C?[a] = {_P~^oip'\ and ^[a] = Of course, G and g ^ 

are isomorphisms, which implies that the index on the left equals 
the index on the right. By Theorem 11.17, we have |p“^(t>i)| = 
\P-\V2)\. I 

EXERCISE 

**11.27. Let p: ^ a: be a covering complex and suppose there are j 
points in p~^{v) for each vertex v of K. Prove there are exactly 
j sheets over every simplex of K. 

Let us now consider existence of covering complexes. Suppose first 
that we have a covering complex p : K ^ K with p(v^) = v^. Each vertex 
i; of X can be described by a path a in X having origin v^: choose a path 
a in X from v^ to v and define a = pot. Had we chosen a second path, say, 
P, from v^ to V, then the path P = pp is also a path in K from v^ to v \ 
moreover, = Pi^\dtp~^~\ e p#n(K, r^). This discussion motivates 

the next definition. 

Definition Let X be a complex with basepoint v^ and let tt be a sub¬ 
group of 7r(X, i?*). If a and P are paths in X with origin V:^, then 


a P if end a = end P and [aj5 e n. 
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It is easy to see that ol =n P defines an equivalence relation on the 
set of all paths in K having origin ; denote the equivalence class of 
such a path a by a, and denote the family of all a by We shall make 
into a complex. 

Let 5 be a simplex in K and let a be a path with origin and end in s, 
A continuation of a in .y is a path ccct\ where a' is a path lying wholly in s. 
Let 

[ 5 , a] = {p E Kj,: P is a, continuation of a in 

Define the simplexes in K,, to be all [ 5 , a], where 5 is a simplex in K 
and a e is such that end a is in 5 -. 

Theorem 11.19 Let K be a connected complex, a vertex of K, 
and n a subgroup of n{K, t?*). Then is a complex and the function 
V{Kf) V{K) given by ^ ^ end a defines a map p\ K. 

Proof Straightforward. | 

There is an obvious choice of a basepoint in : let = a, where 
a = (r*, i;*). 


Lemma 11.20 If K is a connected complex, then every path a in K 
with origin can be lifted to a path A in Kj, from v^ = (v^^T^ 
to a. 

Proof Let (v^, v^Xv^, 1 ^ 2 ) *' ‘ (^n-i ? O be a path in K from v^ to 
Vn — end a (which exists because K is connected). Define paths 
by = (v^, vf){v^, vf)" ‘ Observe that if 5 is the 

simplex {vi, then andboth lie in \^s, a^]; hence (a^, oCf+i) 

is an edge in Therefore A ~ (v,^, ai)(ai, 0 ^ 2 ) * * • (a„_i, a„) is a 

path in from v^ to a„ = a which lifts a. | 

Corollary 11.21 If K is a connected complex, then is connected. 
Proof There is a path in from v^ to every vertex a of . | 

Theorem 11.22 Let K be a connected complex and let n be a 
subgroup of n{K, v^. Then p: K is a covering complex and 

p^n(K„, v^) = n. 

Proof Let us first show that p: K is a covering complex; 

only condition (iii) of the definition remains to be checked. 





258 


FREE GROUPS AND FREE PRODUCTS 


CHAPTER 11 


We claim that a]: \_s, a] ^ is a one-to-one correspon¬ 
dence. Suppose ^ and y e [ 5 -, a] and p(^) = p(y). Then p = 
and 7 = avi, where y^ lie wholly in s. Moreover, Py~^ is defined 
and ^ 7 “^ — aPiy^^a~^ aa”^ 1, by Exercise 11.14, so = 

1 in n(K, v^). Since 1 e tt, jS 7 and /5 = 7 . Hence /?|[.y, a] is 
one-to-one. To see that p|[j, a] is onto, let z; be a vertex in .y. If a' 
is a path in s from end a to v, then aa' g [ 5 -, a] and /?(aa') = v. 

Let .y be a simplex in K and let w be a vertex in s. It is easy to 
check that = a], where the union ranges over all 

oce with end a = w. To prove that p: Kj, K is a, covering 
complex, it suffices to prove the sheets [.y, a] are pairwise disjoint. 
Assume 7 g [.y, a] n [ 5 *, /S]. Then 7 =„ aaj and 7 =„ where 
(Xi and P^ are paths lying wholly in s. The definition of equivalence 
gives end = end P^, so that is a path lying wholly in s; 

moreover, ^ is a closed path at w. Hence 

1 = [yy-i] = = [a^“^]e7t, 

by Exercise 11.14. It follows that ol=^P, i.e., a = /S, and so 
[ 5 , a] = is, /5]. 

We claim that n = p#n{Kj^, v^). Let [a] g 7t(K, v^:). Since 
p: Kis a covering complex, there is a unique lifting a of a with 

origin v^f.. But we constructed such a lifting A in Lemma 11.20; 
therefore A must be a and so end a = end A = a. The following 
statements are equivalent: [a] ep#n{Kj^, v^); [a] = [pA"], where 
[A'] G n(K„, v^); end A = orig A = v^; a = v^; [a(z;*, g n; 

[a] G 71. I 

We have enough information to prove the Nielsen-Schreier theorem. 

Theorem 11.23 (Nielsen-Schreier) Every subgroup H of a free 
group F is itself free. 

Proof Let F be free of rank |/|; let K be the bouquet of |/| circles 
constructed in Theorem 11.12, so that n{K, v^) may be identified 
with F. By Theorem 11.22, there is a covering complex p : Kjj K 
with p#n(Kfj, = H. Since p# is one-to-one, 7z(Kjj, V:^) ^ H. 
Since dim K — \^ Exercise 11.26 gives dim Kjj = \. Therefore H 
is free, by Theorem 11.11. | 

Theorem 11.24 Let F be free of finite rank n and let H be a sub¬ 
group of F having finite index j. Then H is free of rank jn — j + \. 
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Proof For a finite graph K, let no(K) be the number of vertices 
and n^{K) be the number of 1-simplexes. If T is a maximal tree in 
K, then Exercise 11.16 gives n^iT) = no(T) — 1. Therefore, the 
number of 1 -simplexes in A' — T is ni(K) — «i(T) = ni(K) — 
«o(T) + 1. Since Tis a maximal tree, Theorem 11.9 gives «o(^) = 
«o(A:). Conclusion: If is a finite graph, then n(K, r:,.)is free of rank 
n,(K) - no(K) + 1. 

Let AT be a bouquet of n circles: n^iK) — In \ and n^{K) = 

3n. Let p: A^^ ^ A^ be the covering complex corresponding to H, 

By Theorems 11.17 and 11.18, [F: /f] = j is the number of vertices 
lying over a vertex of K\ «o(^h) = Moreover, Exercise 

11.27 gives «i(Ajy) = jn^iK). We compute: 

«i(A„) - /Io(Ah) + 1 = jn,{K) - jn^iK) + 1 
= 3jn — j(2n + 1) + 1 
= jn - 7 + 1 . 

Therefore H is free of rank jn — j + I, | 

Suppose a finite group G has a presentation 

(-^1 5 * * * j I 1> ’ * J f)* 

If F is the free group on {jCj, • • •, x„} and R is the normal subgroup 
generated by {r^, • • •, r„}, then the formula above gives the rank of R. 
It is possible that rank R > m, for fewer elements may be needed to 
generate A as a normal subgroup than to generate A as a subgroup (in 
the former generation, one is allowed to include conjugates whenever 
desired). 

EXERCISES 

11.28. Let G be finite group that is not cyclic and let G ^ F/S, where 
F is free of finite rank. Prove that rank S > rank F. 

11.29. Let F be free of rank 2. Does F have a proper normal subgroup H 
that is finitely generated? 

11.30. A free group of rank > 1 is not solvable. 

11.31. Exhibit infinitely many free sets of generators of a free group of 
rank 2 . 

11.32. Let AT be a group such that, for every group G, each extension of 
G by Af is split. Prove that H is free (this is the converse of 
Exercise 11.7). 
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11.33. Let G be a finitely generated group containing a subgroup H of 
finite index. Prove that H is finitely generated. 

11.34. Let G be a group having n generators and k relations, where 
n > k; then G contains an element of infinite order. (Hint: Map 
a free group on n generators onto a free abelian group on n 
generators, and observe what happens to the relations; use 
Exercise 9.42.) 

The theory of complexes has given us a criterion for a group G to be 
free: Is G the edgepath group of a connected graph? If we do not use 
complexes, then the only way we now know to prove a given group is 
free is to exhibit a basis for it. Let us sketch another proof of the Nielsen- 
Schreier theorem in order to exhibit a basis for a subgroup of a free 
group F. Choose a transversal of H in /% i.e., one representative from 
each right coset Ha of H in F. Denote the chosen representative of Ha 
by Ha. For each x e X, both Hax and (H^x lie in the coset Hax\ therefore 

ta,x = (H^xiHaxY^ 

is an element of H. It is not difficult to prove that the elements just 
defined generate H. The next step is to further restrict the transversal. 

Definition Let F be free on X and let ^ be a subgroup of F. A Schreier 
transversal of in Fis a transversal S such that whenever a = • x^^ 

is a reduced word in S (where Xie X and Si = ±1), then every initial 
segment x\^ - xf,k < n, also is in S. 

One proves Schreier transversals exist, and then shows that H is 
free on all 4 ,^ ^ 1 arising from a Schreier transversal. Let us prove 
these assertions using complexes; we shall also see that Schreier trans¬ 
versals arise from maximal trees in a covering complex. 

Lemma 11.25 Let p: K K be a covering complex and let T be a 
maximal tree in K. If is a vertex of K, then each component of 
p~^{T) contains a vertex in p~^{v^. 

Proof Suppose, on the contrary, that there exists a component 
C of p~^(T) that does not meet Clearly p(C) is not all of 

V(K): v^ $ p{C). Since K is connected, it follows that there exists 
an edge (m, v) in K with u e p{C) and v ^ p(C). Since u e p(C), 
there is a vertex u e K with pu = u. By Lemma 11.13, the path 
a = (w, v) may be lifted to a path a = (w, v) in K. Visibly v e C, 




SECTION COVERING COMPLEXES AND THE NIELSEN-SCHREIER THEOREM 


261 


for we may connect v to u. Hence pv = v e p(C), a contra¬ 
diction. I 

Theorem 11.26 Let F be free and let H be a subgroup of F. T here is a 
basis X of F and a Schreier transversal {Ha e Ha: a e F) such 
that a basis for H consists of all t^^^ = {Ha)x{Ha:d ^ ihcit are 
distinct from 1, where x varies over X. 

Proof Identify F with n{K, r*), where A' is a bouquet of circles 
with n{K, v^) ^ F, Let p: K be the covering complex 

corresponding to H. Choosing a maximal tree T determines a basis 
of F (Theorem 11.11). Let v^ = (i?^, v^) be the “obvious” vertex 
lying over i?*, so that p^niKfj, v^) = H. Finally, let Tbe a maximal 
tree in Kji containing p~^{T) (that T exists is seen by using Exercises 
11.25 and 11.19). 

If V is any vertex in Kfj with p(v) = v^, let % be the unique 
reduced path in T from v^ to v; note that e 7 t(K, t;*). Given 

a coset ^[a], let a be the lifting of a having origin v^. If t; = end a, 
then V lies over v^ and [ayf e 7i(Kfj, v^). Applying p# gives 

so the set of Pi^\_yf\ is a transversal. 

To see the set of all Pi^\yf\ is a Schreier transversal, write 
% = * where each a,, contains exactly one edge not in 

p~^{T), For each / > 1, let = end a,- = origai+j. Now U; 
lies in some component of p~^{T), and there is a vertex Vi in Ci 
lying over v^, by Lemma 11.25. Since Q is a tree, there is a unique 
reduced path in Ci from M; to 0;. Consider the new path 

Observe that 6 iidc 2 * * * ^iPi for both are paths in T from i;* 

to Vi. Further, for each Si = Pf-\dtiPi we have pSi a closed path in 
K at i;* that contains only one edge not in T; thus Si determines a 
generator of n(K, v{). It follows that each initial segment ^2 ‘ ‘ 
i < n, determines a member of the transversal, for • * *5/] = 

Finally, a basis for n(Kff, v{) consists of all [^^(w, where 

(i7, v) is not in T. Since /7^ is one-to-one, the images of these 
elements comprise a basis for H, and each is of the form t^^x- I 

This last result can be used to contrast free groups with free abelian 
groups. 
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Theorem 11.27 Let F be free {on y}. Then F\ the commutator 
subgroup of F, is free of infinite rank. 

Proof By Exercise 11.8, FjF' is a free abelian group with basis F'x 
and F'y. Therefore every right coset of F' in F has a unique repre¬ 
sentative of the form x^y*. The assignment == x”*y is thus a 
well-defined function whose range is clearly a Schreier transversal 
of F' in F (write x^y^ as x' • * xy • • • y). 

_If « > 0, then F'y" = y” while F'yx ^ y”jc. Therefore 

(F'y)x(F'yxy^ ^ l, so there are infinitely many t distinct from 1. 
The theorem now follows from Theorem 11.26. | 

Thus, a subgroup of a finitely generated group need not be finitely 
generated. 

EXERCISES 

**11.35. Let F be free on {x, y}. Prove that F contains a subgroup 
that is free on [x, y~^xy, • • •, y~”xy", * * •}. 

11.36. If Fis free of rank > 1, then F' is free of infinite rank. 

11.37. Let F be free on [x, y}. Define cp: F by x (12) and 
y (123). Exhibit a basis for ker (p. 

11.38. Let F be free on {a, b, c, d). Prove that [a, Z>][c, is not a 
commutator. 

REMARK The following theorem does not seem to follow from the proofs 
given above: If F is a free group of finite rank n and if {xj, • • •, x„} 
generates F, then {xj, • • •, x„} is a basis. We refer the reader to the book 
of Lyndon and Schupp for a simple combinatorial proof; we refer the 
reader to Massey’s book for a topological proof of a stronger result due 
to Grusko. 


FREE PRODUCTS AND THE KURDS THEOREM 

We now generalize the notion of a free group to that of a free product. 
As with the definition of a free group, we shall define a free product as a 
group having a certain “universal mapping” property. Since it is not 
obvious that such a group exists, we shall then be obliged to construct 
one. If the reader does not like the fancy definition, he is urged to look 
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at the existence theorem (Theorem 11.28) for a more homely, down-to- 
earth description of free products in terms of words. 

Definition Let {^4^: / e 7} be a family of groups. A free product of the 
Alisa group P having the following properties: 

(i) P contains an isomorphic copy of each Ai (i.e., for each i, there is a 
one-to-one Ji'. Ai P); 

(ii) for every group G and every family of homomorphisms/^: Ai ^ G, 
there is a unique homomorphism xl/ : P G extending each/^. 

The diagram is 

P. 

t , A >/# 


The reader should think of the maps ji as inclusion maps and pretend 
that the Ai are actually subgroups of P. One should compare this definition 
with the analogous property of direct sums of abelian groups (Exercise 
9.9). 

Example 10 A free group Fisa free product of infinite cyclic groups: 
If F is free on X, then <x:> is infinite cyclic for each x e X; a family of 
homomorphisms f^\ <x> -► G determines a function (p: X G which 
extends to a unique homomorphism ij/: F ^ G with i/^Kx) = f^. 

Theorem 11.28 Given a family of groups {Ai'AsI}, then a free 
product of the Ai exists. 

Proof This proof is so similar to the construction of a free group that 
we only present its highlights and leave the details to the reader. 

Assume the groups Ai are pairwise disjoint; call [jAi the 
alphabet and its elements letters. Form words with these letters; a 
word w is reduced if w = 1 or if w = * • • a„, where each Of # 1 

and adjacent letters lie in distinct Ai. Then a free product of the Ai 
has all reduced words as elements and juxtaposition as multiplica¬ 
tion. To verify associativity, it is simplest to use the device of con¬ 
sidering all permutations on the set of all reduced words, as in 
Theorem 11 . 1 . | 

Let us describe the homomorphism xj/ in the special case of the 
free product P of two groups A and B. Suppose G is a group and/ : A G, 
g : B ^ G are homomorphisms. Then xj/ : P G is defined by 

• • • a„b„) = • • -fiaMK)- 
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Having proved the existence of free products, we now prove their 
uniqueness. 

Theorem 11.29 Let {Ai'.i e 1} be a family of groups. If P and Q 
are each free products of the Ai, then P ^ Q. 

Proof Let 7 ;: A^ ^ P and ki'. A^ ^ g be the imbeddings 



Since P is a free product of the Ai^ there is a homomorphism 
ij/ : P ^ Q with \l/ji = ki for all i e /. Similarly, there is a homo¬ 
morphism 6 : Q P with Oki = ji for all i e L 
Consider the new diagram 

P_£iL^P 

■>< 

Both 9\l/ and 1 p are homomorphisms P P making the diagram 
commute. Since, by hypothesis, there can be only one such arrow, 

Oij/ = Ip. Similarly, ij/O = Iq and P ^ Q. | 

Because of this theorem, we may speak of the free product of the Ai 
and there is no loss in generality in regarding it as consisting of reduced 
words under juxtaposition, as in Theorem 11.28. The free product of 
{Ail i 6 /} is denoted 


if there are only finitely many groups Ai, one usually writes ^Ai ~ 

AI ^ ^ Aj^, 

EXERCISES 

11.39. The operation of free product is commutative and associative: 
For any groups A, B, C, one has 

A * B ^ B * A and {A ^ B) ^ C ^ A ^ (B * C). 

11.40. If N is the normal subgroup of ^4 * P generated by A, then 
(A * B)/N ^ B (cf. Exercise 11.9). 

11.41. Show there is a homomorphism of Ai* — '*A„ onto 
AI X X A„ which acts as the identity on each Ai. 

11.42. If G' is the commutator subgroup of C = *A^, then G/G' ^ 
2 {AJA'f} (cf. Exercise 11.8). 
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11.43. If G and H have more than one element, then G ♦ // is an 
infinite centerless group. 

**11.44. If has a presentation {X^ | AJ, then has a presentation 

(Assume the sets and hence the sets A^, 
are pairwise disjoint.) 

11.45. If G has a presentation {x,y\x^ = 1, — 1), then G ^ 

(7(2) * (7(3). 

11.46. Let M = PSL{2, Z) be the modular group, i.e., the multi¬ 
plicative group of all 2x2 unimodular matrices over Z 
modulo the subgroup {±E}. Prove that M ^ <t(2) * (t( 3) 
(see Exercise 2.19). 

11.47. Prove that the modular group contains a free subgroup of 
infinite rank. 

11.48. Let ' ' be indecomposable (not a direct 

product of proper subgroups) groups with both chain con¬ 
ditions. If Ai * • ‘ * A„ ^ Bi * ' B^, then n = m and 

there is a permutation (7 of (1, • • •, w} with A^ ^ for all /. 
(The same conclusion holds if one assumes each factor is 
indecomposable in the sense that it is not a free product of 
proper subgroups.) 

Kuros has discovered the structure of the subgroups of a free product. 

We prove this theorem using covering complexes. 

Theorem 11.30 Let K be a connected complex with connected 
subcomplexes {Kp, i e I}. Assume \J Ki = K and that there is a 
tree T in K with n Kj = T, all i ^ j. Then 

n(K, v) ^ n(Ki, Vf) 
for vertices v in K and Vi in . 

Proof We claim there are maximal trees of Kf that contain T 
and such that T' = U Ti is a maximal tree of K. Consider first the 
special case when T is a single vertex {^}. Let be any maximal 
tree in K^, If r' = (J Ti is not a tree, then it contains a shortest 
circuit a. Not every edge lies in one Ki lest a be a circuit in the tree 
Ti . It follows easily that a must pass from one Ki to another, and 
the only such passage is through t. Hence, a contains a shorter 
circuit, which is a closed path at t, contradicting the minimality of a. 

To verify the claim when T is a tree, let K be the quotient complex 
obtained from K by identifying T to a point, and let v: K K be 
the natural map (cf. Exercise 11.18). Our initial remarks provide 
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maximal trees Ti of Ki with 7' = (J a maximal tree of K (where 
Ki = v(/rf)). Then T' = v“^(T') is the desired maximal tree 
ofK, 

By Lemma 11.10, there is a presentation (£,-1Af) of n{Ki, Vi), 
where Ei is the set of edges in and A,- is the set of relations of the 
form (a) (w, v){v, iv) = (w, w) when {w, v, w} is a simplex of Ki, and 
(b) (w, i;) = 1 for every edge in 7,. By Exercise 11.44, a presentation 
for *n(Ki, Vi) is ((J 7',|U A^). We claim that ((J T’fllJ A,) is also a 
presentation of n(K, v) : (J 7^ consists of all the edges in K; since 
7' = U ^ in 7' if and only if it lies in some 7, ; 

{w, V, w} lies in a simplex of K if and only if it lies in a simplex of 
some Ki, Therefore n(K, v) ^ *n(Ki, Vi), | 

Which groups arise as 7t(K, v) for some A^? 


Theorem 11.31 Given a group G, there exists a connected l-complex 
with n(K^, v) ^ G. 

Proof Let G have a presentation {X | A). We construct a complex 
in two stages. First of all, let A be a bouquet of \X\ circles: 
specifically, A has vertices w, u^, v^,, all x e X, and 1-simplexes 
{w, u^}, {u^, and w}. Second, we adjoin certain 2-simplexes 
to A as follows: For each word ^ e A, we have S = c, * • * where 
ei is an edge in A. Let |c;| denote the underlying set of (two) vertices 
in Ci, The vertices of A® are K(A) u {z^: <5 e A} (one new vertex for 
each word 5 e A) and the 2-simplexes are, for each ^ e A, {z^, \ei \: 
where ei is an edge in the factorization of S}; the 1 -simplexes in A® 
are the 1-simplexes of A and the subsets of the 2-simplexes just 
described. One readily sees that A^ is a connected 2 -complex and 
that A is a subcomplex of A^; let 7 : A ^ A^ be the inclusion map. 

The map /: A ^ A^ induces a homomorphism j #: 7 r(A, w) -> 
7 r(A®, w). We claim that j# is onto; to see this, it suffices to prove 
that every path a in A^ closed at w is equivalent to a path involving 
no z^’s. If a — e^ ' — e„, let ei be the first edge in which a z^ occurs. 
Then 

= («, b). 


There are two possibilities. If a, b e {w, then 

(a, z^)(z^, b) - (a, b). 


Assume a e {u^, v^} and b e {Uy, \f a = and b = Vy, then 

(W^, Z^)(Z^, Vy) - (l/^, Z^XZ^, W)(W, Zs)(Zs, Vy) 

(W^, W)(W, Vy). 
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The remaining cases are similar. Continuing in this way replaces all 
edges in a involving z^’s. 

Identify w) with the free group on X, and let TV be the 
normal subgroup generated by A. If we show that N = ker j #, 
then w) ^ n{Ky w)IN ^ G, Now A cz ker 7 ^, for the 2- 

simplexes we adjoined give relations in n{K^, w) making J#(S) = 1 
for all ^ G A. Hence, N a ker . To prove the reverse inclusion, 
let p: Kjsi ^ K be the covering complex corresponding to N; let 
p{w) = w. Suppose there are m points in lying over each vertex 
of K (of course, m may be infinite). We construct a complex by 
adding to Kj^ m new vertices for each ^ g A 





j 


and by defining 2-simplexes in the only reasonable way. This 
defines a covering complex q: with Kj^ K^. Suppose 

[a] G ker /j^, where [a] g w). Now 7 # [a] = [ 7 a], so we are 
merely considering a as a path in instead of in K. Let a be the lift¬ 
ing of a in Kff having origin w. By hypothesis, a I in K^; hence, 
a ^ 1 in by Lemma 11.14. (Note that the lifting a of a in is 
the same lifting of a in > by uniqueness of path lifting.) Therefore, 
a is a closed path at w, i.e., [a] g n(Kj^, w). It follows that 

M = /’#[«] ^P*MKn, w) = N. 

Hence N = ker 7 ^, as desired. | 

Theorem 11.32 (Kuros) If H is a subgroup of .^jGi^ then 
H = F * where F is free and each is isomorphic to a 

subgroup of some . 

Proof By Theorem 11.31, there exist connected complexes Ki with 
n{Ki, Vi) ^ Gi, where Vi is a vertex of AT,-. Define a new complex K 
by adding a new vertex to the disjoint union (J Ki and new 
1-simplexes all i el. If T is the tree in K consisting of 

these new 1-simplexes, then Theorem 11.30 gives 


n{K, v^) ^ *n(Ki u T, i;,). 

But Lemma 11.10 gives n(Ki kj T, vf ^ n(Ki, Vi) ^ Gi. Hence 

7t(K, i;*) ^ *Gi. 




268 


FREE GROUPS AND FREE PRODUCTS 


CHAPTER 11 


Let p: Kfi K hQ the covering complex corresponding to H 
and let v e p~^(v^) be such that p^n{Kf^, v) = H (we have identified 
*Gi with n(K, v^)). For each /, p~\Ki) is the disjoint union of its 
components Kiji choose a maximal tree in Kij. Let L be the 
1-subcomplex of : 


L=\j T,j^p-\n 

Finally, let TbQ a. maximal tree in L containing (J fij (which exists 
by Exercise 11.19). Observe that T contains no edges in Kij aside 
from those in T^j lest we violate the maximality of Tij in 

Consider the subcomplexes Land u T. Clearly is the 
union of these, while the intersection of any two of these is the tree 
T. Therefore, Theorem 11.30 gives 

n{KH, v) ^ 7r(L, v) * u f, v)). 

Now n( L, r) is free because dim L = 1. Since Tis a maximal tree in 
Kij u T, Lemma 11.10 gives niKij u T, r) ^ 7r(Xij, Vij) for 
some vertex Vu e K^j. But plKiji Ki is a covering complex, 

by Exercise 11.24. Hence, n(Kij, Vij) is isomorphic to a subgroup 
of n(Ki, Vi) ^ Gi. Therefore H = p^n{Kfj, v) is a free product as 
described since is one-to-one. | 

EXERCISES 

11 . 49 . In Theorem 11.32, we showed that a subgroup H of ♦G'f is 

isomorphic to F * where each is a subgroup of some 

Gi. Prove that H is equal to F* (^SJ, where each is a 
conjugate of a subgroup of some Gi (assume each Gi is imbedded 
in (Hint: Use Theorem 11.16.) 

11 . 50 . If G is a free product of finite groups G,-, then every finite 
subgroup of G is isomorphic to a subgroup of some G/. 

11 . 51 . If G — cr(2) * cr(4), then a(2) and <t( 4) are each maximal 
2-subgroups of G. Conclude that in an infinite group, sylow 
subgroups need not be isomorphic, let alone conjugate. 

11 . 52 . Prove that the only elements of finite order in the modular 
group have order 2 or 3. 

11 . 53 . Show that the modular group contains a free subgroup of 
index 6. (Hint: The kernel of cr(2) * cr(3) -► <7(2) x <t( 3) is 
torsion-free.) 
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11.54. Show that the commutator subgroup of the modular group is 
free. 

**11.55. If/: (7i -► G 2 and g: -► H 2 are homomorphisms, there is 

a unique homomorphism h: G 2 * H 2 such that 

h\G^ = /and = g (compare Exercise 4.6). 


FREE PRODUCT WITH AMALGAMATED SUBGROUP 

Suppose we wish to describe the union of two sets in terms of functions 
rather than in terms of their elements. If two sets and A 2 are disjoint, 
it is easy to see that their union A = A^ kj A2 is characterized as a set 
containing A^ and A 2 for which, given any set X and any pair of functions 
fi'. Ai ^ X, there exists a unique function F: A X with F\Ai = /, 
i = 1,2. The picture is 



fi 


where ji'. A ^ A is the given inclusion. We have seen this picture before. 
If, instead of sets and functions, we speak of abelian groups and homo¬ 
morphisms, then we have described the direct sum A^ @ A 2 ‘, if we 
speak of arbitrary groups and homomorphisms, then we have described 
the free product A^ * A 2 (each of these is a special case of “coproduct” 
as defined in category theory). 

Let us now describe A^ kj A 2 when some overlap is permitted. If 
B = Ai n A2, then a moment’s reflection shows that the diagrammatic 
characterization above remains valid if we restrict attention to those 
functions f-,: Ai X that agree on B. The picture is 



where the unlabeled arrows are inclusions. To say that and /2 agree 
on B is to say that the diagram commutes. 

A similar diagram can be used to describe a more general set-theoretic 
construction. Suppose we are given two disjoint sets A^ and A 2 with 
subsets Bi C 2 Ai and B 2 ^ A 2 ; suppose further that there is a one-one 
correspondence 6: Bj^ ^ B 2 . We wish to form the union of A^ and A 2 
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in which we identify and B 2 via 6 (form \j A 2 and identify a: with 
0 (a:) for each x e B^). The picture is 






-> A^ 


A—£-* X 



^2 


where the unlabeled arrows are inclusions. We now consider the an¬ 
alogous group-theoretic construction. 


Definition Let A^ and ^42 be groups containing isomorphic subgroups 
B^ a Ai and ^2 ^ ^2 j let 0: B 2 be an isomorphism. The free 

product of A^ and A 2 with amalgamated subgroup is a group U together 
with homomorphisms >^ 1,^2 such that for every group G and every pair 
of homomorphisms /j, /2 making the following diagram commute 

Bi Ai 

« u —G 

B2 ^ A 2 

there exists a unique homomorphism F: U ^ G with = /j and 
FA 2 =/2. 


The reader should regard the group U as a “union” of Ai and A 2 
in which the isomorphic subgroups and B 2 are amalgamated (or 
identified) via the given isomorphism 9. Note that we do not assume in 
the definition that the homomorphisms and A 2 are one-one, although 
this will turn out to be true. We remark that one may define a free product 
of an arbitrary set of groups {A^: i e 1} with amalgamated subgroup,"^ 
but the special case we have defined above is the most interesting. 

Theorem 11.33 A free product with amalgamated subgroup exists. 

Proof We maintain the notation of the definition. Define 
U = (A I * A2)IN, 

where N is the normal subgroup of * A 2 generated by all elements 

of the form b6(b~^), where b g B^. Define A;: .4^ ^ C/ as the com- 

See B. H. Neumann, An Essay on Free Products of Groups with Amalgamations., Phil. 
Trans. Royal Soc., London, 246 (1954), pp. 503-554. 
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posite Ai Ai * A 2 (y4j * A 2 )IN — U. The easy verification 
that U satisfies all the requirements is left to the reader. | 

EXERCISES 

11.56. If U and V are both free products of Ai and A 2 in which sub¬ 
groups Bi and B 2 are amalgamated via an isomorphism 6, then 
U ^ V, 

*11.57. Let Ai have a presentation Ai = (Xi \ A,), i = 1, 2. If O is the 
set of words on u X 2 of the form b6(b~% b e B^, then a 
presentation of the free product with amalgamated subgroup is 

(Xi u ^2 I Ai u A2 u <D). 

Notation The group U that is the free product of A^ and A 2 with sub¬ 
groups amalgamated via a given isomorphism 6 is denoted 

U = AI ^0 A 2 . 


It is clear that, in A ^ *0 A 2 , each b e Bi is identified with d(b); it is 
not clear whether other identifications are consequences of the amalgama¬ 
tion. For example, is it obvious whether [/is one-one? Is it 

even obvious whether Ai *0 A 2 ^ {1}? 

Exercise 11.57 gives an arrow-free description of A^ * 0 A 2 . Our 
next aim is to give a more concrete description in terms of certain types 
of words. For each i = 1,2, choose a left transversal of Bi in Ai subject 
only to the condition that the representative of the coset Bi is 1. LetU; 
denote the chosen representative of so that 

ai = Uibi for some bi e Bi. 

Observe that bi is uniquely determined by a,* (assuming the elements u,- 
comprising the transversals have been chosen). 

Definition A normal form is an element of A ^ of the form 

U 1 U 2 • • * a„b, 

where b e B^, n > 0, and adjacent a lie in distinct Ai. 

In the special case that (and hence B 2 ) is trivial, every reduced 
word in the free product is a normal form. 

Theorem 11.34 (Normal Form) Let Bi be a subgroup of Ai^ 
i = 1,2, and let 6 : B^ ^ B 2 be an isomorphism. Every element of 
f/ = A^ *0 A 2 has a unique expression as a normal form. 
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REMARK Just as onc may think of a free product as being comprised of 
reduced words, we may thus think of a free product with amalgamated 
subgroup as being comprised of normal forms. 

Proof Let N be the normal subgroup of Ai * A 2 generated by 
{bO(b~^): b e Bi}. Let ‘ x„y„ e A^ * A 2 , where XjgA^, 

yj e A 2 , and only Xj and y„ are allowed to be 1. We perform an 
induction on n that there is a normal form determining the same 
element as Xj • • • x„y„ in A^ * A 2 IN = U, 

Assume n = \. Now x, = a^b^, where b^ e so that 

= aiibiyi) = in U. 

Since e A 2 , we have 

0{bi)yi = ^ 2^2 5 where b 2 e B 2 ^ 

Conclusion: Xjj^j = aja 2^2 = the last element 

is a normal form. The inductive step is proved in the same way. 
(Observe that after the process ends, the last factor b lies in B^ or B 2 ; 
if b e Bi, we have a normal form; if b e B 2 , replace b by 0~^{b) 
and we have a normal form.) We have thus shown that every 
ue U is represented by a normal form. But we have done more: 
Given any reduced word x^y^''' x^yn * ^ 2 ? the inductive 

process above assigns a specific normal form to it (denote this 
normal form F{x^y^ • • • 

In order to prove the uniqueness of this normal form, we 
construct a homomorphism on U having distinct values on elements 
described by different normal forms. We use the device of Theorem 
ILL Let M be the set of all normal forms; observe that two normal 
forms are equal if and only if they have the same spelling. If a e Ai, 
define a function \a\: M ^ M by 

\a\(ai ■ ■ ■ a„b) = F{aai ■ ■ ■ a„b). 


Clearly, |1| is the identity function on M. Furthermore, con¬ 
sideration of the several cases (depending on possible cancellations) 
shows that for a, a' e Ai 

l«l o l«'l = 

Therefore \a~^\ = \a\~^, so each \a\ is a permutation of M. If 
is the group of all permutations of A/, then a \a\ is a homo¬ 
morphism Ai-^ Sj^. In particular, if ^ e <= A^, then \b\ \ M M 
is defined. 
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The defining property of free product allows us to assemble 
these homomorphisms into a homomorphism 

T: ^ A 2 Sm 

taking a normal form • • • ajy into la^l • * • la„| |Z7|. Now bO(b~^) e 
ker r for all b e so that F induces a homomorphism 

r: C/-> 

by 

r(a, • • • aM) = na, • * * a„b) = |a,| • • • |aj |fc|. 

Thus F' assigns distinct values in to distinct normal forms, for 
l«il * • * l«J 1^1(1) = Ui • • -uA 

and the spelling of normal forms is unique. Therefore, distinct 
normal forms describe distinct elements of U. | 

Theorem 11.35 Let U = A^ A2 be a free product with amal¬ 
gamated subgroup, where 6 : B2 is an isomorphism. 

(i) The homomorphisms \ A U are one-one. 

(ii) If A\ = then U = iA\, A'2} and A\ n A'2 ^ B^. 

Proof (i) If UieAj^, its normal form is d^b for some b e B^ \ 
moreover, a^ ^ 1 implies d^b # 1, by Theorem 11.34. Let 
F': 17 “> Sm be the homomorphism defined in Theorem 11.34. 
Then rx^{af) = r{a^N) = Tfd^bN) = \d^\ \b\. Since T'X^ is 
one-one, it follows that X^ is one-one. A similar argument shows 
that X2 is also one-one. 

(ii) Since U — A^ * A 2 /N, it is clear that U = (^A[, A 2 }, 
where A'^ = XfAi). If u e A[ n A 2 , then Xi(ai) = u = X 2 (a 2 ), 
where a^ e A^. Let have normal form d^b and let 02 have normal 
form d 2 b\ Then applying F' gives \di\ \b\ = \d 2 \ |^>'|. It follows 
from the uniqueness of normal form that = 1 = a 2 and that 
b = b'^ Conversely, it is easy to see that bN e A\ n A 2 for every 
bGB^. Therefore, A\ n A[ = {bN: b g B^} = X^iB^) ^ B^. | 

EXERCISES 

11.58. (van Kampen) Let and £2 be connected complexes with 
Li u L 2 and n £2 connected. If t; is a vertex in n £ 2 , 
then 7r(£i u £ 2 , is a free product of n(Lx, v) and 7r(£2, v) 
with amalgamated subgroup 7i(£i n £ 2 , v). 
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**11.59. Let £/ be a free product of groups and A 2 with amalgamated 
subgroup B = A^ n A 2 (make the identification Ai = Aj, 
1 = 1 , 2). Prove that if are elements of U not in B 

with jy e Ai. and ij ^ /y+i, then z — y^y 2 ' " yri B. Conclude 
that z 7 ^ 1 . 

We now apply this last construction to obtain some imbedding 
theorems. 

Theorem 11.36 (Higman, Neumann, and Neumann)^ Let G be a 

group that contains isomorphic subgroups A and B; let q)\ A ^ B 
be an isomorphism. There exists a group H containing G in which (p 
is induced by an inner automorphism, i.e., there is an element t e H 
with 

q>{a) = t~^at for all a e A. 

Proof Let <w> and be disjoint infinite cyclic groups; let 

K, = G^ <w>, 

K2 = G* <t;>, 

and let be the subgroup of generated by G and u~^Au. Now 

— G * u~^Au, 


for there can be no equation 

giU~^aiug2U~^a2U- ’g„u~^a„u = 1 

in A'l; a fortiori, there can be no such equation in . Similarly, the 
subgroup L2 of K2 generated by G and v^^Bv is a free product: 

L2 = G * v~^Bv. 

By Exercise 11.55, there is an isomorphism 6: L 2 such that 

6 \G is the identity and 0 (u~^au) = v~^(p(a)v. 

Let H — Ki *0 K2 be the free product of and K2 in which 
we amalgamate and L 2 via the isomorphism 6. By Theorem 
11.35, contains a subgroup isomorphic to (and contains G). 
Furthermore, for each a e A, 

u~^au = v~^(p{a)v. 

* See Exercise 12.18 for a simpler construction of such a group H. 
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If / — uv \ then t e and for a\\ a e A 

r^at = (p(a). I 

If G is a countable group, then G is a homomorphic image of a 
countable free group F of infinite rank: 

FjR ^ G, 

where is a normal subgroup of F. Now we know that F can be im¬ 
bedded in a free group F^ on two generators (Theorem 11.27); were R 
normal in the larger group F^, then G would be imbedded in FJR, a 
group on two generators. This proof is fictitious, but the theorem is 
true. 

Theorem 11.37 (Higman, Neumann, and Neumann) Every count¬ 
able group G can be imbedded in a group H that can be generated by 
two elements. 

REMARK In Exercise 3.40, we have already noted this result in the very 
special case when G is finite. 

Proof Let ^0 5 » ^2 j ‘ • he a list of all the elements of G 

with ^0 = L Let H = G * F, where F is free on {x, y}. Consider 
the subgroups of H 

^ = <^. ffiy~^xy, ■■■, gny~"xy', • • • > 

and 

B = <.y, x~^yx, • • •, x-yx", ■■■}. 

Now A and £ are isomorphic: indeed, by Exercise 11.35, each is 
free on the displayed set of generators. Define an isomorphism 
(p: A Bhy 

for all « > 0. 

By Theorem 11.36, there exists a group K containing H and an 
element t such that 

(p(a) = t~^at for all ae A. 

We claim that L = <a:, ty cz K contains G, which will complete 
the proof. First of all. 


y = (p(x) = / ^xt e <x, ty. 
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Next, if « > 1, then 

t~^{ 9 ny~''xy')t = vi 9 „y~''xy:) = e <x, ty. 

It follows that e ty, dX\ n > \. | 

EXERCISES 

11.60. Let G be a group in which every nonidentity element has infinite 
order. Show that G can be imbedded in a group Shaving exactly 
two conjugacy classes (compare Exercise 3.24). 

11.61. Prove that there exists a group G having two generators con¬ 
taining an isomorphic copy of every countable abelian group. 
(Hint: Use Exercise 9.46.) 

11.62. Prove that there exists a group G having two generators contain¬ 
ing an isomorphic copy of every finite group. 

11.63. Let G be a finitely generated group having a finite number of 
defining relations. Prove that G can be imbedded in a group H 
having two generators and only finitely many defining relations. 
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The Word Problem 


STATEMENT OF THE PROBLEM 

Novikov and Boone have proved that there exists a group G with 
an unsolvable word problem; there is thus a sequence of elementary 
questions about G that no one machine can answer. We shall prove this 
remarkable result in this chapter. 

Let us begin by defining the class of groups in which we shall be 
interested. 

Definition A group is finitely presented in case it has a presentation 
with only a finite number of generators and a finite number of relations. 

(B. H. Neumann first proved that there exist finitely generated groups 
that are not finitely presented. We shall explicitly exhibit such a group in 
Theorem 12.11.) 


EXERCISES 

12 . 1 . Every free group of finite rank is finitely presented. 

12 . 2 . Every finite group G is finitely presented. 

12 . 3 . Every finitely generated abelian group is finitely presented. 
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12 . 4 . If G has a presentation with a finite number of relations, then G is 
a free product of a finitely presented group and a free group. 

12 . 5 . A group G is finitely presented if and only if there is a finite con¬ 
nected complex K (i.e., V(JC) is finite) such that G = n{K, 
for some vertex r* of K. 

Let g be a set of questions; a decision process for g is a “uniform 
set of directions which, when applied to any of the questions in g, produces 
the correct answer after a finite number of steps, never at any stage of the 
process leaving the user in doubt as to what to do next.”^ 

Suppose G is a group having the presentation 

G = {Xii * * * > 1 Ij » 1)* 

By means of this presentation, every (not necessarily reduced) word in 
the X represents an element of G. We say that the word problem for G is 
solvable in case there exists a decision process for the set of all questions 
of the form: Does the word w in the x represent the identity element of G?^ 
If a word w is written w ~ x\^ • * ‘X®", where Si = ±1, then the 
length of w is defined to be w. This is in contrast to the usual definition of 
length which requires that w be reduced. Thus, according to our definition, 
the empty word has length 0, but x^x^^ has length 2. 

In order to illustrate these ideas, we show that a free group 

G = (Xi, • • •, x:J 0 ) 

has a solvable word problem. Here is a decision process: 

1. If the length of w is 0 or 1, proceed to step 3. If the length of w > 2, 
underline the first adjacent pair of letters (if there is any) of the form 

or xf^Xii if there is no such pair, underline the final two 
letters. Proceed to step 2. 

2. If the underlined pair has the form ^ or xf ^x,-, erase it, and 
proceed to step 1; otherwise, proceed to step 3. 

3. If the word is empty, write w = 1 and stop. If the word is not empty, 
write w ^ 1 and stop. 

The reader should experiment a bit with this program until he is 
convinced it is a decision process. 

^ W. W. Boone, “The Word Problem,” Annals of Math. (1959), pp, 207-265. 

2 As we have posed it, the word problem for G depends on a particular finite presenta¬ 
tion of G. It is true (though we shall not need the fact here) that if the word problem is 
solvable for some one finite presentation of G, then it is solvable for every finite presenta¬ 
tion of G. 
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EXERCISES 

12 . 6 . Sketch a proof that every finite group has a solvable word problem. 

12 . 7 . Sketch a proof that every finitely generated abelian group has a 
solvable word problem. 

12 . 8 . Sketch proofs that if each of G and H has a solvable word problem, 
then the same is true of their direct product G x H and their 
free product G * H, 

The proof of the Novikov-Boone theorem can be split in half. The 
initial portion is really mathematical logic, and is a theorem of Post^ 
that there exists a finitely presented semigroup having an unsolvable 
word problem. The more difficult portion consists of constructing a 
finitely presented group G and showing that solvability of the word prob¬ 
lem for G implies solvability of the word problem for Post’s semigroup. 
Nowhere in the reduction of the group problem to the semigroup problem 
is a technical definition of unsolvability used, so that the reader knowing 
only our intuitive description given above can follow this part of the proof. 
We do, however, include a technical definition below. There are several 
good reasons for doing this; The word problem can be properly stated; 
a proof of Post’s theorem can be given; the generators and relations of 
Post’s semigroup can be accounted for; a proof of a beautiful theorem of 
G. Higman characterizing those finitely generated groups that can be 
imbedded in a finitely presented group can be given. 


TURING MACHINES AND POST’S THEOREM 

Let us call a subset E of a. set X “enumerable” if there is a computer 
that can recognize every element of E and no others. Of course, the 
nature of such a well-behaved subset E should not depend on accidental 
physical constraints affecting a real computer, e.g., whether the number 
of memory cells may exceed the total number of atoms in the universe. 
We thus define an idealized computer, called a Turing machine (after 
A. Turing, 1912-1954), which abstracts the essential features of a real 
computer and which enumerates only those subsets E that, on intuitive 
grounds, “ought” to be enumerable. 

Informally, a Turing machine can be pictured as a box with a tape 
running through it. The tape consists of a serial collection of squares, 

^ This theorem was proved, independently, by Markov; we shall give Post’s proof. 
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which is as long to the right and to the left as desired. The box is capable 
of printing a finite number of symbols Sq, - and of being in a 

finite number of states j At any fixed moment, the box 

is in a state qi and is “scanning” a particular square of the tape that 
bears a single symbol Sj (we may agree that Sq means blank). The action 
of the machine is determined by its initial structure and by qi and Sj ; this 
action consists of either stopping or going into some state qi after obeying 
one of the following instructions: 

1. Erase the symbol Sj and print some symbol Sj,, 

2. Move one square to the right and scan this square. 

3. Move one square to the left and scan this square. 

The machine is now ready for its next move. 

The machine is started in the first place by being given a tape, which 
may have some nonblank symbols printed on it (one to a square), and by 
being set to scan some one square while in “starting” state q^. The 
machine may eventually stop or it may continue working indefinitely. 

We proceed to the formal definitions; after each definition is stated, 
we shall give an informal interpretation. Let us first choose, once for all, 
two infinite lists of letters: 

•^0.‘^1. *^2. • * * and ^0. ^1. ^2. * * • • 

Definition A quadruple is a 4-tuple of one of the following three types: 

qiSjRqi; 
qiSjLqi. 


Definition A Turing machine is a finite, nonempty set of quadruples 
no two of which have the same first two letters. 

The three types of quadruples correspond to the three types of moves 
in our informal description given above. For example, qiSjRqi may be 
interpreted as being the instruction: “When scanning symbol Sj in state 
qi, move right one square and enter state q/\ 

Definition A word on a given set of letters is positive if it has no negative 
exponents. We agree that the empty word is positive. 

Definition An instantaneous description a is a positive word on letters 
Sj and exactly one qi (which is not at the right end). i 
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As an example, the instantaneous description is to be 

interpreted, “The symbols on the tape are S 2 SqS^S 2 (with blanks everywhere 
else) and the machine in state scanning s^"\ 

Definition Let T be a Turing machine and let a, P be instantaneous 
descriptions. We write a -> if there are (possibly empty) positive words 
P and Q on ^-letters such that one of the following conditions holds: 


(>) 

a = PqiSjQ) 
fi = P^thQl 

where qiSjS^qi e T. 

(ii) 

a = PqiSjSi,Q\ 

P = Psjq,StQi 

where qtSjRqi e T. 

(iii) 

O 

II II 

where qiSjRqi e T. 

(iv) 

a = Ps^qtSjQ] 

P = PqiS^SjQj 

where qtSjLqi e T. 

(V) 

a = ^iSjQ ] 

P — ^i^ohQI 

where qiSjLqi e T. 


The reader should interpret a as a basic move of the machine. 
Some further explanation is now needed to interpret basic moves de¬ 
scribed by condition (iii) or (v). The tape is finite, but when the machine 
comes to an end of the tape, the tape is lengthened by adjoining a blank 
square. Since Sq means “blank”, the two rules (iii) and (v) thus correspond 
to the cases when the machine is scanning either the last symbol or the 
first symbol on the tape. 

The proviso in the definition of a Turing machine that no two quad¬ 
ruples have the same first two symbols may be interpreted to mean that 
there is never ambiguity about a machine’s next move. Formally, a ^ 
and (X y implies p = y. 

Definition A computation of a Turing machine is a finite sequence of 
instantaneous descriptions aj, a 2 , * • *, a,, where 

^ /— 1 ,’’’,^ 1 , 

and a, is terminal, i.e., there is no a with a, a. 

Definition If T is a Turing machine, its alphabet is the set {^-o, • • , ^jv#} 
of all .y-Ietters occurring in its quadruples. If w is a positive word on the 
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alphabet of T, we say that T{w) exists if there is a computation of T 
beginning with q^w. 

Informally, we regard the machine T as being in starting state 
and as having w printed on its tape. The running of T should be visualized 
as a perhaps infinite sequence of instantaneous descriptions q^w ^ 
a 2 -► aa . This sequence stops if T(w) exists; otherwise, T runs 
forever. 

Given a Turing machine T, let W be the set of all positive words on 
its alphabet. To the machine T, we associate the following subset of W: 

e{T) = {w 6 IT: T{w) exists}; 

we say that T enumerates e{T), 

Definition Let W be the set of positive words on letters {sq, * • •, 

A subset £' of IT is r.e. (recursively enumerable) if there is some Turing 
machine Tthat enumerates E, i.e., the alphabet of T contains {sq,‘ • *, s^} 
and E = e(T). 

This notion of r.e. subsets of words can be specialized to subsets of 
the natural numbers N by considering just the words of the form 
where > 0. Thus, a subset £" of N is an r.e. subset if there is a Turing 
machine Twith E = {« e N: exists). 

EXERCISES 

12-9. Prove that there exist subsets of N that are not r.e. (Hint: There 
are only countably many Turing machines.) 

12.10. Prove that the set of even natural numbers is r.e. 

12.11. Give an example of a Turing machine T with in its alphabet 
and such that T(.yi) does not exist. 

12.12. If IT is the set of all positive words on {^o, * * *, and if E^ 
and E 2 are r.e. subsets of IT, then E^ u E 2 and E^ n E 2 are r.e. 
subsets of IT. 

Every Turing machine T defines an r.e. subset E — e{T) a W, 
where IT is the set of all positive words on its alphabet. How do we tell 
whether or not a word w lies in £"? Feed q^w into T and wait (i.e., perform 
the basic moves specified by the quadruples of T), If w e E, then T will 
stop eventually. However, for a given w, there is no way of telling, a priori. 
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whether T will stop. Certainly this is unsatisfactory for an impatient man. 
But more: it leads to a surprising fact (Theorem 12.1). 

Definition Let W be the set of positive words on {sq, * • *, ^Af}- ^ subset 
E of W \s recursive if both E and its complement E are r.e. subsets. 

When E is recursive, there is never an “infinite wait” to decide 
whether a word w is in E. If J is a Turing machine enumerating E and 
if T is a Turing machine enumerating £, then, for each w e W, either 
r(w) or T(w) exists. Thus, it can be decided in a finite length of time 
whether or not a given word w lies in E, 

Our intuitive notion is that there is a decision process determining 
whether a word w lies in E if there is a uniform set of directions producing 
the correct answer (yes or no) after a finite number of steps, and never at 
any stage leaving the user in doubt as to what to do next. We propose 
that the recursive sets are precisely those subsets admitting a decision 
process. Of course, this proposition (called Church’s thesis) cannot be 
proved, for it is a question of translating an intuitive notion into precise 
terms. There have been other attempts to formalize this notion, avoiding 
Turing machines altogether. Every alternative definition that has been 
proposed which gives a decision process for recursive sets has been proved 
to give a decision process for only these sets. 

If £■ is a subset of N, then the usual definition of E being recursive 
is that both E'and N ~ are r.e. subsets of N. According to our definition, 
both E and IT are r.e. subsets of W, where W is the set of positive 
words on some alphabet. Using Exercise 12.12, the reader may show 
that these definitions are equivalent. 

EXERCISE 

**12.13, Let E^ and E 2 be recursive subsets of a set of positive words W. 

Prove that E^ ^ E 2 and E^ n E 2 are recursive. 

Theorem 12.1 There exists an r.e, subset of the natural numbers 
N that is not recursive. 

Proof Since Turing machines are finite sets of quadruples based 
on the letters R, L, • • ;sq, s^,' — , there are only countably 

many Turing machines. We now indicate how to enumerate them. 
Assign integer values to the letters in the following way: 

L ^ \ \ 2\ ^ q2<^ \ 

5'q *<-)■ 3j 5; ^2 7; • • •. 
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Let r be a Turing machine consisting of m quadruples. Juxtapose 
the quadruples in some order to form a word of length Am, If 
/7j < P 2 < * ‘ ■ is the list of all primes, define 

4m 

G(T) = n VV, 

i=l 

where is the integer associated above to the /th letter in our word 
of length Am {G{T) is called the Godel number of T). The funda¬ 
mental theorem of arithmetic implies that distinct Turing machines 
have distinct Gddel numbers. If we now list these integers G{T) in 
order of magnitude, we have effectively listed all Turing machines: 
To, Tj, T;,- *- Define 

E = {n 6 N: exists}. 

We claim that E is an r.e. set. Consider the following diagram 
reminiscent of the proof that the set of rational numbers is 
countable. 

To 

i 

ai2 

^13 

i 

ai4 

The nth column consists of the sequence of basic moves of the 
Turing machine beginning with It is intuitively clear that 

there is an enumeration of the integers n lying in E: Follow the 
arrows in the diagram; if an instantaneous description in column 
n is the end of a computation, then n e E. A Turing machine can, 
in fact, be constructed to carry out these instructions. (Moreover, 
for later use, there is a specific Turing machine T* which enumerates 
E and which satisfies the additional condition that terminal in¬ 
stantaneous descriptions, and only these, involve the letter ^q.) 
Thus, the set E is an r.e. subset of N. 

To show that E is not recursive, it suffices to prove that 

E = {n eN: n 4 E} = {n gN: does not exist} 

is not an r.e. subset of N. Suppose there were a Turing machine T 
enumerating E. Since all Turing machines occur in the list at the 
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beginning of our proof, we have T = for some e N. If 
n^eE, then Hq e e{T) ~ hence, exists and 

Wo e £, a contradiction. If Hq ^ E, then n^eE and 
exists (definition of E)\ hence Wo ^ K^/io) — E, sl contradiction. 
Therefore E is not an r.e. subset and E is not recursive. | 

Let us link these ideas to algebra. If G is a group with generators 
jCj, • • *, then we may regard the set W of all (not necessarily positive) 
words on jcj, • • •, as the set of all positive words on 

Xi,Xi\ • • •, x-K 

We say that the word problem for the group G is solvable {w e W: w — 

1 in G} is recursive. 

There is a similar definition for semigroups. If // is a semigroup 
with generators jCj, • *, and if IT is the set of positive words on 
‘Ihen the word problem for the semigroup H is solvable if 
there is a decision process to determine, for an arbitrary pair of words 
w,, ^2 in IT whether Wj = W 2 in H. This gives a criterion for unsolvability 
suitable for our purposes: The word problem for the semigroup H is 
unsolvable if there is a word Wq such that {w e W: w = Wq in H} is not 
recursive. 

Definition If U and V are (not necessarily reduced) words on some set 
of letters X, then 

U= V 

means that U and V have exactly the same spelling. 

Suppose a semigroup G has a presentation 
G = (X\Aj = BjJeJ). 

The elements of G corresponding to words U and T on A" are equal if and 
only if there is a finite sequence of elementary operations 

G = ITi IT 2 IT, = T 

transforming U into T, where IT; Wi + i consists of replacing one of 
the words PAjQ and PBjQ by the other (where P, Q are positive words 
on X). 

We now associate a semigroup y{T) to a Turing machine T. Assume 
the letters in the quadruples of T diVQ - Sq, - , and let q, h 
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be new letters. Define y{T) as the semigroup having the following 
presentation: 


generators: q, h, qo, , q^j, So, • • •, 

relations: q.Sj = qiS^, if qiSjSj^qi e T; 

for all Z? = 0, 1, • • •, M: 


qiSjSb = SjqisA 
q^Sjh = SjqiS^h] 

SbQiSj = 

hqtSj = hqiSoSjj 


Stqoh = qoK 


hqoh = q. 


if qtSjRq, e T, 
if qiSjLq, e T, 


Let us denote the set of all these relations by R(T). 

The first five types of relations are just the obvious ones suggested by 
the basic moves of the Turing machine T; the new letter h enables one to 
distinguish basic move (ii) from basic move (iii), and also (iv) from (v). 
One may thus interpret h as marking ends of the tape. 

Call a word A-special if it is of the form hah for some instantaneous 
description a. Since h marks ends of the tape, it is quite natural to consider 
/i-special words. 


Lemma 12.2 Let T be a Turing machine with associated semigroup 

y(T). 

(i) If U, V are words in y(T), if U ^ q and V ^ q, and if U V 
is an elementary operation^ then U is h-special if and only if V is 
h-special. 

(ii) If U = hah^ if V ^ q, and if U ^ V is an elementary operation 
of one of the first five types^ then V = h^h, where either a P 
or P ^ oi is a basic move of T, 

Proof (i) This is true because the only relation that creates or 
destroys h is hq^h = q. 

(ii) By the first part, we know that V is /i-special, say, V = hph. 
Now an elementary move is a substitution using an equation in a 
defining relation; such a relation here corresponds to a basic move of 
T arising from a quadruple, i.e., an elementary operation of one of 
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the first five types. Thus, either cc ^ p or P cc, since there is 
never ambiguity about a Turing machine’s next move. | 

Let us say that qQ is a stopping state for a Turing machine T if an 
instantaneous description a on its alphabet is terminal if and only if a 
involves q^. The Turing machine T* described in Theorem 12,1 has q^ 
as a stopping state. 

EXERCISE 

**12.14. Let T be a Turing machine enumerating a set E, Prove there 
is a Turing machine T' with the same alphabet and with 
stopping state q^ that also enumerates E. 

Lemma 12.3 Let T be a Turing machine with stopping state qQ, let 
IV be the set of positive words on the alphabet of T, and let E be the 
subset of W enumerated by T. For a word w e JV, we have 

w e E if and only if hq^wh = q in y{T). 

Proof If w e E, there are instantaneous descriptions , • * •, a, 
with q^w = aj a2 ^ ^ a, basic moves of T and with a, 

involving qQ. Using those relations in y{T) arising from these basic 
moves, one sees that hq^wh = hoifi in y(T). Now a, = Fq^^G^ where 
F and G are positive words on s^, s^,' -, s^. The relations 
^0*^6 = ^0 give 

hoL^h = hEq^Gh = hFqoh; 
the relations Si,qQh = qQh now give 

hFqoh = hqoh = q, 

as desired. 

Assume that hq^wh = q \n y{T). There are thus words 
» ’ “ > (on {h, qo, q^,' " , qf^, Sq, s^," •, Sj^}) and elemen¬ 
tary operations 


hq^wh = W2 ^ ^n — hqoh -► q. 

By part (i) of Lemma 12.2, each word Wi is /i-special, so Wi = hoifi 
for some instantaneous description a^. Let m be the first / for 
which involves qg. Note that m > 2 since involves q^, not ^o- 
The proof is an induction on m. (The reason this proof differs from 
that of the first half is that equality in y(T) is, of course, a symmetric 
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relation, but a P being a basic move does not impJy ^ a is a 
basic move.) 

By part (ii) of Lemma 12.2, for each / = 1, • • •, m — 1, we 
have either ^ or af+j -> a,-. Also we must have a^_i 
since involves go, and g^ is a stopping state for T. If m = 2, then 
g^w = a 2 is a computation of T, so that T(w) exists and w e E. 
Assume m > 2. If all the arrows go to the right, i.e., if a.+ j 
for all /, then giW = ol 2 ^ ^ is a computation of T, 

and so w E E. Otherwise there is an / with 

a,_i <- a,- -> 

Since 7" is a Turing machine, there is never ambiguity about its next 
move, and so hai_^h = hoci+ih. We may thus eliminate thereby 
reducing m. The proof is now completed by induction. | 

Theorem 12.4 (Post) There is a finitely presented semigroup 

y{T^) = (^, /?, ^ 0 , • • *, *s‘o» • • •, •5 ’m I R(T^)) 

with an unsolvable word problem. There is no decision process to 
determine, for an arbitrary h-special word hah, whether hah = g 
in y{T^). 

Proof If ris a Turing machine with stopping state g^, let A denote 
the alphabet of T, let W denote the set of positive words on A, and 
let £■ c: W be the subset enumerated by T. Let IT be the set of all 
positive words on A kj {g, h, g^, — ‘where go,' ", g^ are 
the ^-letters occurring in the quadruples of T, and let 

E = {w e W\ w = g in y(r)}. 

Identify W with the following subset of W\ 

IFj = {hg^wh: we W}; 

under this identification, the subset E of W corresponds to 
El = {hgiwh: w e E}. 

In this notation, Lemma 12.3 reads: 

El = E n 

Assume now that T = T*, a Turing machine as described in 
Theorem 12,1. Were E recursive, then E^ would also be recursive, 
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being an intersection of recursive sets (Exercise 12.13). This con¬ 
tradiction shows that y(r*) has an unsolvable word problem. 

To prove the final statement, let 

F — {/z-special words hah: hah — q m y(T*)}. 

If f is a recursive set, then so is £*1 = F n fEj, a contradiction. | 

Corollary 12.5 There is a finitely presented semigroup 

r = (^, , • • •, *^1. * * *. I = Hiqi^Ki, i e 1) 

{where Fi, G,-, Hi, Ki are {possibly empty) positive words on S = 
{j*!, • • •, Sm) and , • * •, ^^y}) with an unsolvable 

word problem. There is no decision process to determine, for arbitrary 
positive words X and Y on S and for qj, I < j < N, whether 
XqjY = q in T. 

Proof Relabel the generators of the semigroup y{T^) so that they 
are now , * * *, ‘ > ‘5 'm (l^e ^’s with subscripts are re¬ 

indexed so they begin with q^ instead oi q^^h is now called s^, and 
the subscripts are relabeled so that the ^-letters now begin with s^ 
instead of ^-o). Were the set of all Xqj Y = q recursive, then, in the 
old notation, so would the set of all /z-special words hah such that 
hah = q (for it would be an intersection of recursive sets). | 


BRITTON’S LEMMA 

The history of the word problem for groups is rather involved. It was 
first considered by M. Dehn (1912) and A. Thue (1914). The solution 
was given by P. Novikov (1955) and, independently, by W. W. Boone 
(1954-1957). In 1959, Boone exhibited a much simpler group than any 
of those previously given, and he proved it has an unsolvable word prob¬ 
lem. In 1963, J. L. Britton discovered a theorem about free products with 
amalgamated subgroup which shortens Boone’s proof considerably. A 
further shortening was made in 1970 by C. F. Miller, III, and still further 
improvements were made by W. W. Boone and D. Collins; it is this 
shortest proof we present here. 

In order to state Britton’s result, we need the following notation. 

Definition Let IF be a word on a^, ‘ , a„. We say that T is a subword 

of IF if fF = XYZ (where X or Y may be empty); a word IF involves 
if either a^ or aj~ ^ is a subword of IF. 
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\^ E = (SI/)) is a presentation of a group, we shall also denote 
that group by E. A word W on S determines an element of E, and that 
element is also denoted by W, Finally, we write 

X = Y \n E 

if the words X and Y determine the same element of E. 

Definition Let E = (S \ D) and E'^ = (S'^ | Z)*) be group presentations; 
we write 

E < E^ 

if 5 c: 5* , Z) c: D*, and for every word W on S, we have W — \ in E 
if and only if IF = 1 in Z"*. 

EXERCISE 

**12.15. Let Z - (51 D) and Z* = (5* | Z)*), where S c: 5* and 
Z) c Z)*. There is a homomorphism cp : E E* that takes 
any word on S into “itself”; cp is an imbedding if and only if 
Z < Z*. 

Lemma 12.6 Let E = (S \ D) and 

Z* = (S,t\ A t~^Xit = Xi, i e I) 

be presentations, where the Xi are words on S; let W be a word on 
{S, t} that involves t. If W = I in Z*, then W contains a subword 
of the form t^Ct"^, where ^ = ± 1 and 

(i) C is a word on S; 

(ii) the group element of E determined by C lies in the subgroup 
of Egenerated by the Xi. 

Proof Let G be the subgroup of Z generated by the X^ and let G' 
be another group isomorphic to G, say, by an isomorphism 
ij/: G ^ G'. We claim that Z* is a free product with amalgamated 
subgroup and that E < E^, 

There is a presentation 

G' = {Xi, iel \ rj ^ 1, j e J), 

where Xi = il/(Xi) and rj is a word in the Let </> denote an 
infinite cyclic group with generator t, and set T = G' x <0 
(direct product). Finally, let A be the free product of Z and Y in 
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which we amalgamate G and G' via the isomorphism xj/. By Exercise 
11.57, one presentation of A is 

A = (S, /, Xi, i e I \ D, rj = \, j e J, 

= Xi, Xi = Xi, /€/). 

But a second presentation is 

A = {S,t\D, Rj =1, je J, t~^Xit = Xi, i e I), 

where ij/iRj) = rj. Now each Rj = 1 in G and hence is 1 in E. 

By Exercise 12.15, we have Rj = \ in A. The relations Rj = 1 are 
thus superfluous in the second presentation of A, so that >4 ^ 

By Theorem 11.35, the homomorphism E E * Y is 

one-to-one. Since this is the map (p : E E"^ of Exercise 12.15, we 
have E < E^. 

We now prove the lemma. If W contains a subword or 
we are done. Therefore, we may assume 

W= 

where n > \, each ej is a nonzero integer, and the Wj are words on 
S of which only Wq and are allowed to be empty. 

If« = 1, then W = . Since = 1 in 

eE(^Y = X, 

by Theorem 11.35. This is a contradiction, for X contains no non¬ 
trivial power of r as a consequence of the amalgamation. The case 
« = 1 is thus impossible, as the lemma predicts. 

For the inductive step, we use Exercise 11.59, a consequence of 
the normal form theorem. Applying this exercise to the word W 
(which is 1 in £'*), we see that Wj lies in G for some 7 , where 
1 < 7 < n — 1 . If Cj and have opposite sign, we are finished. 
Suppose Cj and have the same sign. In £*, 

The second word has one fewer occurrence of a power of t, and it 
satisfies all the inductive hypotheses. Therefore, it, and hence W, 
has a subword of the desired kind. | 

Definition Let E ^ (S \ D) be a presentation. A second presentation 
E* has basis E and stable letters {p ^: u e F} if 

E^ = {S, veV\D, p-^Ajp,^ = Bj, J e J), 

where Aj and Bj are words on S'. 
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For example, in Lemma 12.6, the presentation £■* has basis E and a 
single stable letter t. 

It is possible that some Aj = 1 (hence Bj = 1). In particular, if F 
is free on {p ^: v e V}, then the free product E * F has basis E and stable 
letters : v g V}. 

For each v e V, let J(v) denote the following subset of the index 
set J: 

Jip) = {j ^ J- Pv is involved in new relation j} 

= {j e J: V = Vj and p;^Ajp„ = Bj}. 

Given a presentation E^ with basis E, there are several subgroups of E 
that we must consider: 

A = <Aj:jejy <Bj:jGjy 

A(v) = <Aj:Je /(r)> B(v) = < 5 ^: 7 e J(v)y. 

For each v, A{v) is a subgroup of A and B{v) is a subgroup of B. We shall 
keep to this notation for the remainder of the chapter so that all apparently 
wandering A^ B{v), etc., really have a home. 

Definition The isomorphism condition is that for each v e V, there is an 
isomorphism : A{v) B(v) under which cpX^j) — Bj for all j e J(v). 

Observe that the isomorphism condition holds if there is an iso¬ 
morphism (j£?: A 5 with (p(Aj) = Bj, all j e J, for then (p\A(v): A(v) 
B(v) is an isomorphism for all v. In particular, the isomorphism con¬ 
dition holds in Lemma 12.6 where (p is the identity. 

Here is another example: Let E^ have the presentation 

= (w, X, y, z\y'~^xy = w, y~^w~^xwy = xw~^, z~^wxz = w). 

Now E* has basis {w, x> (which is free on these generators) and stable 
letters y, z. The subgroups in the definition of the isomorphism condition 
are: 

Ay) = <^> W^'^xw'y, B{y) = <w, 

A{z) = <wx>; B{z) = <H'>. 

Each of these subgroups is free on the displayed generating sets, so that 
the isomorphism condition holds. 

EXERCISES 

** 12 . 16 . Let F be free on {x^, • * • , and let /^: C7 ^ F be a homo¬ 
morphism. If there are elements p^," ' ,p^gG with h{pi^ = , 
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/ = 1, • • •, m, then </?i, * * *, Pm^ is a free subgroup of G on 
the displayed generating set. 

**12,17. Let £■* have basis E and stable letters {pi : i e /}. Prove that 
</?£; i e /> is a free subgroup of £'* that is free on {pi : i e /}. 
(Hint: Use Exercise 12.16.) 

Lemma 12.7 Let £** have basis E = {S\D) and stable letters 
{p^ : vs V}. If the isomorphism condition holds ^ then E < E"^, 

Proof Since the isomorphism condition holds, there are iso¬ 
morphisms A(v) B(v), for each v, such that (pX^f) = Bj for 
all j 6 J{v). By iterated applications of the imbedding theorem of 
Higman, Neumann, and Neumann (Theorem 11.36), there exists a 
group Eq containing E and elements p^.v e V, such that p~ ^Ajp^ = 

Bj whenever v e V and j e J(v), If we relabel, this amounts to saying 
that pf/Ajp^. = Bj for all j e J, Clearly, we may assume that Eq is 
generated by E and p„, v eV. A presentation of Eq can thus be 
obtained from that of £** by adding (a possibly empty set of) further 
defining relations. Therefore, Eq is a homomorphic image of £■*. 

It follows that if IT is a word on S and IT = 1 in £’*, we must 
have IT = 1 in and hence IT = 1 in Efs subgroup E. Con¬ 
versely, if IT = 1 in £■, it is trivial that IT = 1 in £*. We have 
shown that E < E^, | 

Definition A group jE* is a Britton extension"^ of E with stable letters 
{Pv'.veV} if 

(i) £** has basis E and stable letters {p^,, v e V} (so presentations of 
E* and E are given) and 

(ii) the isomorphism condition holds. 

With the hypothesis of Lemma 12.6, the group E* is a Britton exten¬ 
sion of E. If T is a free group, then the free product £ * F is a Britton 
extension of E. 

The next theorem generalizes Lemma 12.6. Note that it says some¬ 
thing about the spelling of a (not necessarily reduced) word as well as 
the location of a group element corresponding to it. 

Theorem 12.8 (Britton’s Lemma) Let E"^ be a Britton extension of 
E* = (51 D) with stable letters {p^: v e V}. If W is a word involving 

^ Britton extensions are often called HNN extensions, for they were introduced by 
Higman, Neumann, and Neumann. 
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at least one stable letter and if W — \ in , then W contains a 
subword of the form where e — ±, \ and C is a word on S. 

Moreover, if e = —1, then C is equal in E to a word on 
{Aj : j e y(i;)} {i.e,, C is equal in E to an element of A(v) c: A); if 
^ = +1, then C is equal in E to a word in {Bj : j e J{v)} (i.e., C is 
equal in E to an element of B{v) cz B). 

REMARK A word of the form p%Cp~^ is called a pinch if e — ± 1, C is a 
word on 5, and the “Moreover” paragraph above holds for C. The 
conclusion of Britton’s lemma is that the word JV in the hypothesis must 
contain a pinch as a subword. 

Proof We first prove the special case of only one stable letter 
p^ = p. In this case, J{v) = J and the subgroups A{v) and B{v) 
coincide with A and B, respectively. Thus, the presentation we deal 
with is 

E* = (5, y? I D, p~^Ajp = Bj, j e J). 

We are done if W contains a subword of the form p~^p orpp~^, so 
that we may assume 

W= WoP^^Wr-p^'^W^, 

where « > 1, each ai is a nonzero integer, and the are words on 
S of which only Wq and W„ may be empty. 

We wish to use Lemma 12.6, but it does not apply because Aj 
and Bj may be distinct. Since the isomorphism condition holds, 
Lemma 12.7 gives E < E"^, If is the group with presentation 

H = (S,q\D, q~^Ajq = Bj, j e J), 

then clearly H = E*, Consider now 

H* = {{S, q}, t\ {D, q~^Ajq = Bj, j € J}, t~^Bjt = Bj, j e J) 
and the word 

Wo{qtrW,^^^{qtr^W,. 

First of all, we claim that 1/ = 1 in //*. To see this, add the new 
generator p and the defining relation p = qt to to obtain a group 
AT, where 

K = (5, q,t,p\ D, q~^Ajq = Bj, p = qt, p~^Ajp = Bj, j e /). 
Now K ^ //* and K contains all the generators and relations of . 
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Therefore, W = \ 'm implies t/ = 1 in *. Applying Lemma 
12.6 to the groups and and the word U, we see that U contains 
a subword t^Ct~\e = ±1), where C belongs to the subgroup B 
generated by the Bj, If c = 1, then C ^ for some k {\ < k < 

n — 1), and we are done. If ^ = — 1, then C = q some 

k\ therefore, q~^Wi^q g B and so e qBq~^ = A. 

We now consider the general case. Denote the elements of the 
index set Kby 1, 2, • • •. Let D(v) consist of the relations p~.^AjP^. = 

Bj in such that j e J(v). Since W = 1 in , we have IF = 1 in 
Ey for some r, where 

E, = A D(l), • • •, D(r)). 

It is straightforward to show that E < E^ < E 2 < '. Choose s 

maximal such that W involves p ^; the chain of inequalities implies 
that W = 1 in A- Since E^ has a basis A-i stable letter p^, 
it follows from the first portion of our proof that W contains a sub¬ 
word plCp~^, where, for example, e = 1 and C belongs to B(sX 
the subgroup of A-i hence of E) generated by all Bj,J e J(s). 

(A similar conclusion holds if ^ = — 1.) If the word C is a word 
on S, we are done. If, on the other hand, the word C involves some 
of Pi, * • *, Ps - 1 , then there is a word C' on S (namely, a product 
of Bf^, j G Jis)) such that C — C' in A-i • Thus, CC'~^ = 1 in 
and an induction on s implies that the word CC'“^, hence 
C, hence fF, contains a subword of the desired type. | 

Definition Given £** with basis E and stable letters P = {p^ \ v e F}, 
then a word IF is p^-reduced (for some fixed pj if IF contains no pinch 
plCp~^ as a subword. We say that IF is P-reduced if IF is p^-reduced for 
all p^ G P. 

It is easy to see that an arbitrary word W is equal in E'^ to a P-reduced 
word; the relations of P* allow us to replace each pinch by a subword 
involving two fewer occurrences of a stable letter. 

Corollary 12.9 Let E^ be a Britton extension of E with stable 
letters P = {p^: v e V}. Assume U = RqPVRi ’ * 'pV"P m 
W = Lqp{^Li • •' pI^L„ are P~reduced words, where each e,f = ±1, 
and none of the {possibly empty) words R or L involve p^. 

If U W in E^, then m = n and (e^ej = (f^ , /„); 

moreover, the word Py'”PwL„“ ^ pinch. 
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Proof Since UW~^ = 1 in Britton’s lemma asserts that it 
contains a pinch; since U and W (hence W~^) are p^-reduced, the 
pinch must occur at the interface: the subword is a 

pinch. In particular, and —/„ must have opposite sign, so that 

~ fn' 

The remainder of the corollary is proved by induction on 
max{m, n]. In the pinch plR^L~^p~^ displayed above, we know 
from Britton’s lemma that 

1 ^ if^ = -1 

ife=+l, 

where = ±1, AiS A(v), and Bi e B(v). In the first case, 

Pv ^Pv = P7 

= (p^^^VPoXPv^ ■ ■■ p^XPv'^aTPv) 

= • • • B?'. 

We have eliminated one p^ from U and one from W, so the re¬ 
mainder follows from the inductive hypothesis. The proof for the 
case e = +1 is similar. | 

We shall now give a nice application of Britton’s lemma. First, we 
need an easy remark. 

Lemma 12.10 Suppose G is a group having a presentation 

<Ji = (Oi, • • • , I /•„ = 1, « e N) 


as well as a finite presentation 

Gj = = 1). 

Then all but a finite number of the relations r„ = I in the first 
presentation are superfluous. 

Proof Let cp : G 2 he an isomorphism with inverse ij/ : G 2 ^ G^. 

For each /, 1 /^( 5 ',) = 1 in G,, and hence is a word on conjugates of 
various r „. Since words have finite length and since there are only 
finitely many Si, only a finite number of r„ are needed to prove 
il/(Si) = 1 in Gj for all /. For notational convenience, let us denote 
these A*!, r 2 , ■ • •, ryy. 
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For each w, (p(r„) = 1 in G 2 so that 

(P(r„) = , • ■ •, s,), 

a word on conjugates of ' , s^. Therefore 

fn = sj) = w„iil/(Si), ■■■, 

This equation says that r„ lies in the normal subgroup of generated 
by ^* 1 , /“z? * * * j '’iv» which is what was to be proved. | 

As we mentioned at the beginning of this chapter, the following 
theorem was first proved by B. H. Neumann, who observed that there 
are uncountably many nonisomorphic finitely generated groups but 
(obviously) only countably many finitely presented groups. The following 
explicit example is due to W. W. Boone. 

Theorem 12.11 There exists a finitely generated group that is not 
finitely presented. 

Proof Let <a, 6> be a free group of rank 2. By Theorem 11.27, 

<a, by contains a free subgroup of infinite rank, say, with free 
generating set Wz? *' ‘ • • • }. Define a group G by the 

presentation 

(a, b, p I p~^w„p = w„, « = ], 2, • • • )■ 

This presentation exhibits G as a Britton extension of <a, b}, as in 
Lemma 12.6. 

Suppose G were finitely presented. By Lemma 12.10, we may 
delete all but a finite number of the relations. For notational con¬ 
venience, we may assume 

G = (a, b,p\p~^w„p = w„, n = M - ]). 

Now p~^WmP = Wj^ in G, so that Britton’s lemma provides a word 
Tin with 

Wm = Y in <a, b}. 

This contradicts the fact that {w ^, >^2 > * ’ * ? freely generates 
its subgroup. | 

EXERCISE 

12.18. Use Britton’s lemma to give a sharper form of Theorem 11.36; 
If A and B are subgroups of G and (p: A -► ^ is an isomorphism. 
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then G < (5, t \ D, t ^at ~ <(>{a), a g A), where G == (S ( Z>) is a 
presentation of G. 


THE NOVIKOV-BOONE THEOREM 

This section contains the proof of the following result. 

Theorem 12.12 (Novikov-Boone) There exists a finitely presented 
group G having an unsolvable word problem. 

We assure the reader that all the mathematical logic required in the 
proof has already been used; we need only Corollary 12.5, a paraphrase 
of Post’s theorem, that exhibits a particular finitely presented semigroup 
r with an unsolvable word problem. Recall that T has a presentation 

r = (9, , • • •, , • • •, I i e I), 

where F-,, (7,, Hi, Ki are positive words on S = {si, : b = 1, ■ • •, M}, 
and e { 9 , • • •, qf^}. 

The following notation is convenient. If A" = .y®* • • • s^ is a (not 
necessarily positive) word on S, then X = • • • s~^^. If X and V are 

words on 5, then 

(XgjVr ^ XqjY, 

where qje{q,qi,-- -,qf^}. 

Definition A word 2 is special if Z = where X and Y are 

positive words on S, and qj g {( 7 , , • • •, < 7 ^}. 

We now present a group G that will be seen to have an unsolvable 
word problem. It has generators 

/•,(/€ /), X, t, k, 

and relations, for all ie I and b = 1, • • •, A/, 

xSi = StX^ ”1 ■] ]Ai 

fi^b = s^xr^x 

= Hiqi^Ki Ja2 

tri = r^t, tx ^ xt JA 3 

kri = rfi, kx = xk 

k{q~^tq) = (q~'tq)k. 
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The subsets Aj <= A 2 c: A 3 of the relations are labelled for future 
reference. 

The reduction to Post’s theorem is accomplished by the following 
lemma. 

Lemma 12.13 (Boone) //Z is a special word, then 
(1) in G 

if and only if X* = q in T. 

There is an immediate proof of the Novikov-Boone theorem from 
Boone’s lemma: If there were a decision process to determine whether 
two words are equal in G, then there would be a decision process to 
determine, for an arbitrary special word X, whether I* = ^ in T. But 
Corollary 12.5 asserts that no such decision process for T exists. 

Proof of Sufficiency in Boone^s Lemma Assume that X* = XqjY = 
q in r, where X and Y are positive words on 5 = {st,:b — 1 , • • •, M} 
and I < j < N, 

First, we claim that if V is a positive word on S, then 
r^V = VR in G, 

where R is a. positive word on and x. We prove this by induction 
on m, where V = Sf,^' — St,^, The claim is certainly true when 
AW = 0. If > 0, then V = where = Sf^^' ’ By 

induction, = V^R^Sf,^, where R^ is a positive word in r^ and x, 

(A similar argument shows that rr^V = VR' in G.) Using the rela¬ 
tions xsi, = SfjX^ and riSf, — s^^xr^x, we see that R^s^,^ = s^^^R for 
some positive word R in r^ and jc. 

It follows easily that if G is a positive word on S, then 

Urfi = lU in G, 

where L is a word on and x:lf U = s^,' ’ ’ Sf,^, set F = 5-5^ • • s^,^ 

(so that U = then = VR (as above) and 

Urf^ := F’Vfi = (r^F)-^ = {VRy^ = R-^V‘^ = R-^U, 

A similar argument shows that Vr^ = L'G, where L' is a word on 

Assume now that X is a special word with X* = ^ in T. There 
is a sequence of elementary operations in T 

j:* = ^ IV„ = q 
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such that, for each v, one of the words has the form 

UFiqi^GiV, the other UH^qi^KiV, where V and V are positive words 
on 5'. Now, in G we have equations 

U(H,q,^KdV= G{rrFiqifi,rdV 
= LU{F,q,fi,)VR\ 

where L and K are words in and x, (In a similar manner, one 
sees that ^ UV{H,q,^K^VK^ in 

G.) Since in F implies IF* = IF*+i in (7, it follows 

that, for each v, 

W* = in G, 

where and R^ are words in x and Setting L = LjL 2 * * L„_^ 
and R = R„_ ^ • i?2^i > see that 

IF* = LIV*R in G. 

But W* = (E*)* = land W* = q^ = q. Therefore, if E is a special 
word with E* = ^ in F, then 

E = LqR in G, 

where L and R are words in x and various . 

Let us now prove equation (1). We have just seen that Z = LqR 
in G, where L and R both commute with t and k (since x and all 
commute with t and k). Thus, 

(E"VS))t = R-^q-\L-^tL)qiRk) 

= R~Xiq~Hq)k']R 
= {R-^k)q-UqR 
= kR-^q-'^L-^LqR 

= I 

Proof of Necessity of Boone's Lemma The proof of necessity of 
Boone’s lemma will be in several steps. First of all, we show that the 
group G is the end result of a chain of Britton extensions. Define 
groups Gq, Gj , G 2 , and G 3 as follows: 

the free group on x\ 

Gx = (Go ; Sh, b = 1 , • •, A/ I relations Aj indicated above) 
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(this notation means we are adjoining the displayed generators and 
relations to the given presentation of Gq); 

^2 = (^ 1 ; '‘i, ^ e A < 7 , I relations A 2 ); 

^3 = (^2 j ^ I relations A 3 ). 

Lemma 12.14 G is a Britton extension of with stable letter k; 
G 3 is a Britton extension of G 2 with stable letter t. 

Proof First note that G has basis G^ and stable letter k: 

G — (_, k I k'^^rjc — r,., k~^xk = jc, k~\q~^tg)k = q~^tq); 

also, G 3 has basis G 2 and stable letter t: 

Gi = ?| _ , /"Vj/ = /•(, t~^xt = x). 

Each of these presentations is of the type occurring in Lemma 12.6, 
so that each is a Britton extension, i.e., the isomorphism condition 
holds. I 

Lemma 12.15 G 2 is a Britton extension of • * *, qjf) 

with stable letters {r,-, / e/}; G^ is a Britton extension of Gq with 
stable letters { 55 , 6 = 1, • * •, M}. 

Proof Note that G 2 has basis G^ * , • * *, ^jv) and stable 

letters {r,*: / e /}: 

G 2 = (_ , {rr.iel} I rf\F,q,fi^r, 

= rr^{stx)ri = 

To verify the isomorphism condition, first observe that for each 
index /, the subgroup A(i) = <JFStpc, b ^ I, --, Af> and 
the subgroup B(i) = s^~^, b = 1, * • •, Af>. It is easy 

to check that ^(0 and B{i) are each free on the displayed generating 
sets (for example, map A(i) onto the free group with free basis 
‘5'i ? " *, by setting x equal to 1 and using Exercise 12.16). 
There is thus an isomorphism cpi : A(i) B(i) with (pfFiqifi^ = 
and (piis^x) = b = 1 , • • •, M 

The presentation 

Gi = (a:, Ji, • • •, % I = x^, b ], ■ ■ ■, M) 

shows that G^ has basis <x:> and stable letters -Jj, ■ * *, ^a# • Since x 
has infinite order, <jc> = <^x^y, so that the isomorphism condition 
holds. I 
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We remark that the fact that {s^x, • • •, s^x} freely generates its 
subgroup (just proved above) will be used several times in the sequel. 


EXERCISE 

**12.19. There is an automorphism ij/ of Gi sending xio and fixing 
each Sf ,. 

Lemma 12.16 Let Y^be a fixed special word satisfying the hypothesis 
of Boone^s lemma: 

k(L-Ul) = {Y-UY)k in G. 

Then there are words and L 2 on x and various ri such that 
LfLL^ ~ q in G^ 2 - 

Proof By hypothesis, 

k~^Y-UYkY‘h-^Y = 1 in G. 

Since G is a Britton extension of G 3 with stable letter k^ we have by 
Britton’s lemma (actually, by the simpler Lemma 12.6) 

Y-HY = a in G3, 

where C' is a word in various x, and q~^tq. Therefore 

W^Y-UYR^{q-h^fi)R,{q-h^-q)R2--q~U^-qR„=^ \ in G3, 

where the Rj are (possibly empty) words on x and various and the 
exponents Cj = ±1. We assume this equation is chosen so that n 
is minimal. 

By Britton’s lemma (really, by Lemma 12.6 again), W contains 
a pinch t^Ct~^, where 

C = R in G 2 

for some word R in the r^ and x. Note that C = R in G 3 since 
G2 < G3. 

If the initial letter t^ is, in fact, the first t occurring in W, then 
e = 1 and t^Ct~^ = tYR^q'^t^^ for Cdoes not involve t. Hence 

YRQq~^ ~ C = R in G 2 

or, equivalently, 

R~^YRq = q in G 2 , 
which is of the desired form. 
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If the initial in is for some j > 1, then we have 

for C does not involve t. Thus, ej = e and — —e. Hence, 
since t commutes with x and the r^, we have in G 3 : 

q~^t^^qRjq~^t^^^^q = q~^t^Ct~^q 

= q~^t^Rt~^q 

= q~'Cq 

= = Rj- 

Therefore, W has a factorization in G 3 of shorter length, thus 
contradicting the choice of minimal n. | 

If we recall that E = XqjY, then we have just shown that 
LyXqjYL 2 — q in G 2 

for some words and L 2 on jc and various r^. We rewrite this last 
equation 

LjCqj = qL 2 ^Y-^ in G 2 . 

Definition A word w on letters A is freely reduced if it contains no 
subwords of the form aa~^ or where a e A. 

Clearly we may assume the words L, and L 2 above are freely reduced 
(if there were such a subword, cancel it, and the equation still holds). 

Lemma 12.17 If and L 2 are freely reduced, then each of the 
words L^Xqj and qL^ ^Y~^ are r^-reduced for all i. 

Proof Let us show that L^Xqj contains no pinch of the form r^firf^ 
(the proof for the other word is similar). In view of the spelling of 
L^Xqj, any such pinch is a subword of L^, so that C = x"* for 
some m ^ 0 (since Lj is freely reduced). We must show that x"* is 
not equal in Gj * , * * *, q^} to a word on 

or on {Higi^Ki, SiX~\ - ■ ■, SuX~^}. 

Suppose x"* = F in Gj * <^, , • * •, where 

V = 
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and each ej = ±1, Wj is a word on {siX, • • •, Sj^x}, and V is reduced 
as an element in a free product. Since x"^ e one of the free 
factors, the word V cannot involve , hence has no occurrence of 
Fiqifii. Therefore 

x"* = Wq in Gj. 

Write Wo = {Sb^xY^ " - where each = ±\, Since 

= 1 in Gj, which is a Britton extension of <x>, the word 
x“ "‘wq must contain a pinch s{x^s^^, where e = ±1. Britton’s lemma 
says further that if / = +1, then x® e <x^>, which is impossible. 
Thus the pinch is s^^x\. Inspection of the spelling of Wq, how¬ 
ever, shows that it can contain no such subword. Therefore Wq — 1 
and x"* = 1. Since x has infinite order, m = 0, contradicting our 
earlier hypothesis that m ^ 0. 

A similar argument shows that x"* is not equal in 

to a word on {Hiqi^Ki, • • •, SmX~^}. | 

We now know that L^Xqj = qL 2 ^Y~^ in G 2 and that each word is 
rj-reduced for each /. As no r^-letters occur outside of or L 2 , Corollary 
12.9 says that the number T of various r^-letters in is the same as in L 2 . 

The following lemma completes the proof of Boone’s lemma and, 
with it, the Novikov-Boone theorem. In view of a further application in 
the next section, we prove slightly more than we need now. 

Lemma 12.18 Let and L 2 be words on various r^ and x that are 
ri-reduced, each ri. If X and Y are freely reduced words on S = 

{*^1 9 * • •, ‘yAf} cind if 

LiXqjYL 2 = q in G 2 , 
then both X and Y are positive words and 

iXq^YY = q in T. 

REMARK The hypothesis that X and Y be freely reduced words on S is 
automatically true in our case, for we have X and Y positive at the outset. 

Proof The proof is by induction on the number T of r-letters 
occurring in (which is the same as for L 2 , by our remarks above). 

If T = 0, the equation L^XqjYL 2 = ^ in G 2 is just 

x"^XqjYx^ = q in G 2 . 
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Since no appears and since , • * •, ^ G 2 , we have 

x^XqjYx^' = q in Gj * <i/, , • • •, q^}^ 

Such an equation can hold in a free product only if qj = q and 
x”*X = 1 = Yx” in Gi. A glance at the presentation of Gj shows 
m = n = 0 and X and Y are empty. Thus, we surely have X and Y 
positive and XqjY = q in T. 

Assume now that T > 0. By Corollary 12.9, we may write 

L,XqjYL 2 = = q in G^, 

where the word in brackets is a pinch. By Britton’s lemma, the 
element x'^XqjYx'' lies in the subgroup 

Ai) = (Pi^hGi, SiX, ■■■, SmX) if e = -\, 

and in the subgroup 

Bii) = • • •, SMX~^y if e = +\. 

In the first case, 7 — , i.e., 

(2) qj = qi, ; 

in the second case, j = ^ Qj = (because, for example, 

x'^XqjYxf' 6 A{i) is valid in the free product Gj * , * * *, qs})- 

Let us focus on the case e = —I, the case e = +l being similar. 
We have 


W ^ x^XqjYx^Uo(F,q,fi,ru, • • • 

= 1 in Gi * ^q, q^r - , qN>r 
where aj ~ +1 and the Uj are (possibly empty) words on 


{s^x, • • •, Sj^x}. 


Assume that t is minimal and each Uj is reduced as a word on the 
free generators {s^x, • • •, s^x}. Since Gj * <^, ^ 1 , • * •, q^} is a 
Britton extension of Gj and W involves a stable letter (one of the 
^’s), Britton’s lemma asserts that IV contains a pinch. If a pinch 
involves the first occurrence of then a 1 = — 1 and yx"woGf ^ = 1 
in Gi. We claim that a pinch cannot occur elsewhere in W. Suppose 
a pinch occurs as a subword of (F, 4 r^ jG7^Wy(F,^,^G;)“-^^ ^ If ay = + 1, 
then ay +1 = —1 andG^WyG,"^ = 1 in G^; if ay = — l,thenay+i = 
+1 and F^^UjFi = 1 in Gj. In either case, we have Uj = 1 in G^. 
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But Uj is a reduced word on the free generators • • •, a:} ; 

therefore Uj = 1, which violates the minimality of t. We conclude 
that t = 1, = —1 and 

W ^ x-XgjYx^UoGr^gr^Fr^u, = 1 in G,^<g,g,r-, ^iv>. 
We have already seen that 

Yx^UoGr^ = \ in G^. 

It follows from W being a word in a free product that 
Fr^u.x^X = I in G^. 

We recast these equations into more convenient form (by conjugat- 
ing): 

x"uoGr^Y=l in G, 

and 

XFr^UiX^ = 1 in Oj. 

Since Wq words on free generators {s^x, • • •, %x} (proof 

of Lemma 12.15) we may assume they are reduced; it follows that we 
may assume Uq and contain no subwords of the form or 

We now claim that after cancelling all subwords (if any) of the 
form ^ or the first surviving letter in ^ L is positive (in 

particular, the whole of G^"^ disappears). Otherwise, the word 
G r ^ y begins with ^ for some d. Since 

x'^UoGr^Y=l in Gj 

is a word involving 5 ^,, Britton’s lemma provides a pinch s^Csf^. As 
Wo is written as a reduced word in the free group on {s^x, • ■ • , Sj^x}, 
the pinch is not a subword of x”uq . It follows that the pinch slCs^^ 
must have, as its last letter, the first surviving letter in Gf^Y, If 
this letter is not positive, as we are assuming, then e = 1 and 
slCs^^ = (for Cis a word on x). But we may further conclude 

from Britton’s lemma that x e {x^}, and this is a contradiction. 

In a similar manner, one sees that after cancellation of all 
subwords of the form or (if any) in XFf ^ the last 

surviving letter is “negative” (in particular, the whole of 
disappears). The proof is just as above, inverting the original 
equation AFf'^WiX'" = 1 in G^. 

We have proved that 


w-i = (Griy)x” in Gi, 
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where = 7^ is a positive word on S and, by definition, Mq ^ 

is a word on s^x, • • •, Sj^^x. Define Vq^ = r f ^ w o • Since r f ^Si,xri — 
SijX~ \ all b, the element Ms a word in SiX~^, • • •, SmX~^, But we 
may also regard Uq^ and t;o ^ elements of G^ = <x, , • • •, 

By Exercise 12.19, there is an automorphism il/ of Gj taking x to 
jc"^ and fixing all Sf ,; thus, iA(wo follows that 

v~^ r= in Gj, 

where is a positive word on S. A similar argument gives 

in Gj, 

where= XFr Ms a “negative” word on 5, and r," Mi*^ 

Let us return to the induction. We have in G 2 , 

q = L,XqjYL 2 ^ L 2 rr(x^X)qj(Yxy,L^ 

= L3rr\u;^Fi)qj(GiUo')riL4. 

= ^-3Vi'rr\FiqjGi)riVo^L4 

= L3v;\rr^Fiqi^Giri)vo^L^ 

= (L,x-'"X,)H,q,^UY,x-’’L^). 

We have verified that 

L 2 X’^(X,H,q,^K,Y,)x-^L^ = g in G^. 

Now L 2 X~"' and x“''L 4 are words in x and various having at 
most T — \ occurrences of various r,-. In order to apply the in¬ 
ductive hypothesis, we must check that XiHi and KiYi are freely 
reduced, i.e., contain no subwords of form Sj,s^^ or s^^Sf,. Now AT,- 
is positive, hence contains no “forbidden” subwords; further, 
Yi = Gf^y is just a subword of Y (since Gf ^ disappears), and 
hence has no forbidden subwords, by hypothesis. The only place 
where a forbidden subword can occur in KiY^ is at the interface; 
this is impossible, for we have seen that Y^ begins with a positive 
letter. A similar argument shows that X^Hi is freely reduced. 

By induction, both X^Hi and KiY^ are positive; hence their 
subwords X^ and Y^ are also positive. Therefore X = X^F^ and 
Y = KiY^ are also positive. Induction also gives 

(X,H,q,^K,Y,r = q in r. 
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Therefore, sincQ X^Hi = X^Hi, we have 

(3) = q m T 

(it is here we see why the bar operation is used; had we tried in¬ 
version instead, we would now only have HiX^qi^KiY^ = q in F). 
Thus, using (2), 

XqjY ^ X,F,qp,Yi 

^ X,F,qp,Y, = X,H,q,p,Y, in F. 

Combining this with equation (3) gives 

XqjY = ^ in F, 

as desired. | 

There are other proofs of the unsolvability of the word problem for 
groups, one due to P. Novikov, another due to G. Higman. Higman’s 
proof is a corollary of his imbedding theorem, which we prove in the 
next section. The proof we shall give uses our development so far, whereas 
Higman’s original proof of his imbedding theorem is independent of the 
material in this chapter. 

There are other group-theoretical properties which yield unsolvable 
problems; the reader may find details in the book of C. F. Miller, IIL 
On the positive side, we must mention a theorem (1932) of W. Magnus 
proving that every finitely generated group having a single defining relation 
does have a solvable word problem. 


AN IMBEDDING THEOREM OF G. HIGMAN 

When can a finitely generated group be imbedded in a finitely 
presented group? The answer to this purely group-theoretical question, 
discovered by G. Higman in 1961, reveals a harmonic interplay of group 
theory with mathematical logic. The proof we present here is due to 
S. Aanderaa and was found in 1970. 

We need an elementary technical observation before we can state 
Higman’s theorem. 

Lemma 12.19 Every finitely generated group G has a presentation 
G = (a,, • ■ •, = 1, iel) 

in which each Rg is a positive word on a^, - a„. 
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Proof If , • • •, I Jy = 1, 7 e 7) is a presentation of G, then 
a new presentation is 

G — ,' * *, , * * * 5 I Dj =1, j G ~ i)j 

where Dj is obtained from dj by replacing each occurrence of bf ^ 

bycjfc. I 

Definition A group R is recursively presented if it has a presentation 
7^ = (wi,---, w^l w = 1, we EX 
where each w is a positive word on , • • ■, and E is an r.e. set. 

We insist that the defining relations be positive words, for, according 
to our exposition, only sets of positive words are allowed to be r.e. sets. 
Lemma 12.19 shows that this is really no restriction. 


EXERCISES 

12.20. If a finitely generated group G has a presentation whose relations 
form an r.e. set of positive words, then G has a presentation 
whose relations form a recursive set of positive words. (Hint; 
Assume the given presentation is 

G = (wi, • • •, I Wf = 1, / = 1, 2, • • •); 
define a new presentation 

G - (wj,---, = 1, ywi = 1, / = 1,2, •••)•) 

*12.21. Every finitely generated subgroup of a finitely presented group 
is recursively presented. (Hint: Consider all words that can be 
obtained from 1 by a finite number of elementary operations.) 

Theorem 12.20 (G. Higman) Every recursively presented group R 
can be imbedded in a finitely presented group. 

(A characterization of finitely generated subgroups of finitely 
presented groups is thus provided by Higman’s theorem and Exercise 
12 . 21 .) 
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Proof Assume R has a presentation 

7^ = (wi,-*-, w = 1, weE\ 

where E is an r.e. set of positive words on , • • *, w^. There is thus 
a Turing machine T enumerating E whose alphabet {‘S'o, * * •, ‘5'jy^} 
contains moreover. Exercise 12.14 allows us to 

assume Thas stopping state q^. By Lemma 12.3, there is a finitely 
presented semigroup y = y{T) for which 

w e E if and only if hq^wh = q in y. 

From the semigroup y, we constructed a semigroup T (essentially by 
relabelling the letter h so that it became Sjf). From F, we constructed 
a group G with generators 

t, k 

and relations A 2 of the last section and 

tfi = fit, tx = xt 

IcKi = Vik, kx = xk 

k(q~^tq) = {q~^tq)k. 

It is now more convenient to return to the original notation, i.e., 
from r back to y. Let us first see what we need. 

Boone’s lemma (Lemma 12.13) says that if E is a special word, 

then 

E* = ^ in r if and only if k(L~^t'L) = (E“^tE)/: in G. 

In particular, E = h~^q^wh is a special word. Therefore the follow¬ 
ing are equivalent for a positive word w on Sq, ‘ : 

w e E; 

E* = hq^wh = q in T; 

/c(E"VE) = (E“^rE)A: in G; 

(4) k(h~^w~^ql^hth~^q^wh) = (h~^w~^q^^hth~^q^wh)k in G. 

In order to simplify equation (4), we introduce a new presenta¬ 
tion G' of G using the defining equations 

Icq = hkh~^ and /q = qi^hth~^q^. 

Recall that G 2 has generators (in the notation of y) 

^5 ^0? * * ' > *^0 9 * * * ’ 9 ^19 ^ 
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and relations A2: 

xsij = xh = hx^ 

riSf, = Sf^xrpc, rji — hxr^x^ 

Define 

G'^ = (Gj; to I to\qVhrih~'qi)to = qi'hrih~^qi, 

toKqi^ltxh~^qi)to = qi^hxh~^qi). 

Note that 6*3 is another presentation of the group G'^ ; this is quickly 
seen by replacing /q by its definition. Similarly, we define another 
presentation of G : 

G- = (G^; ko\ko\hrih-')ko = hr.h-^ ko\hxh-^)ko = hxh-\ 

ko\hq~^h~^qitoqi^hqh~^)ko = hq~^h~^qitoqr^ hqh~^). | 

Lemma 12.21 G'^ is a Britton extension of G2 with stable letter 
to ; G' is a Britton extension of G^ with stable letter ko . 

Proof Exactly as the proof of Lemma 12.14. | 

Lemma 12.22 Let w be a positive word on Sq^ '' • , Sj^. Then 

weE if and only if ko{w~how) = {w~hQw)ko in G'. 

Proof Equation (4) above has this simpler form when we change t 
and k to to and ko . | 

Define a new group that is the free product: 

G4 = G' * R. 

We consider the presentation of G4 given by the union of the generators 
and relations of G' and of R. Since this union must be disjoint, let us 
consider letters . a^] a {so,-', with a^ ^ u^. We thus 

consider the set E as positive words on , • • •, a^}. 

Define groups G5, G^, and G7 as follows: 

G5 = (G4; hj, • • •, b,„ I br^Ujbi = Uj, bf^ajbi = Oj, 

bf^kobi = koUf\ slU ij = 1, • • •, m) 

^^6 === (f^s; I d~^kod = ko, d~^af)^d = a^, / = I, • • • , m) 

= {G^\ a\a~Uo(r = tod, cr^^koCT = ko. 


I = I,-*-, m). 
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We prove Higman’s theorem by showing first that each of these 
groups is a Britton extension of its predecessor. Lemma 12.7 then will 
give 

R G 4 . < < G'j. 

The proof is completed by showing Gj has a finite presentation. 

Lemma 12.23 The subgroups * * *» ^ 0)4 

of G 4 are free on the displayed generating sets. 

REMARK The subscript 4 indicates that the subgroups are computed in 
G 4 , i.e., only the relations of G^ are used. 

Proof Recall our analysis of the group G *; it is the end result of a 
chain of Britton extensions 

^ 0 . *' * ? < G 2 < G’^, < G', 

where G^ has basis <x> and stable letters /?, .Soj * * ’ > %• Exercise 
12.17 gives <//, *^05 *' *»‘^M>i t^^se generators, so that 

Lemma 12.7 gives </z, ^ 0 »*' * ^‘S'm >4 free on these generators. 
Since • • •, c: * * * , we have • • • , a ^>4 free on 

> 5 • 

Let us prove <^ 1 , • • •, A:o >4 is free on , * • •, /To ^ ^ 

similar argument works for , • • •, /o> 4 - Suppose 

W = Co/cS^Ci/cS"-*-C„-iicS” = 1 in G 4 , 

where e^ = ±\ and are (possibly empty) reduced words on 
a^y - - , a^l suppose further that n is minimal (as we range over all 
words W of this form with IT = 1 in G 4 ). Now G 4 = G' * R and 
W involves only letters in G', so that 

IT = 1 in G'. 

Since G' is a Britton extension of G 3 with stable letter IcQy Britton’s 
lemma says that if IT involves Jcq , i.e., if IT # Cq , then W contains a 
pinch koC^ko^ where the group element corresponding to Cy is a 
word on hrih~\ hxh~^y and hq~^h~^q^tQq^^hqh~^. The relations 
of G' say that ko commutes with these words. Therefore, we may 
replace k^Cyk^^ in IT by , violating the minimality of n. It follows 
that IT does not involve Atq, and therefore is a reduced word Cq on 
a^y''' y a^. We have already seen that , * * *, is free; hence 
IT = 1. I 

Lemma 12.24 G 5 is a Britton extension of G 4 . 
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Proof Clearly G 5 has basis G 4 and stable letters To 

verify the isomorphism condition, we must show there are iso¬ 
morphisms (Pi: A(i) B(i), where 

^(0 = <Wi, * • •, , * • •, ^0>4 

and 

5(0 = kour^y^., 

and for which (Pi{uj) = Uj, <Pi(aj) = Cj, and (pi{ko) = koU['. 
Note that the subgroups A{i) and B{i) are equal. 

Visibly 

-^(0 » * * * 9 9***9 ^W9 ^0^4 

= /co>49 

for G 4 = /? * G'. Since <^ 1 , * * •, A:o >4 is free on the displayed 

generators, the map cpi: A(i) ^ B{i) = A{i) described above is a 
well-defined homomorphism. Similarly, the map ij/i: A(i) -► A(i) 
given by 

ij/iiOj) = and i/^X^o) = 

is also well defined. Since \l/i is the inverse of (pi, we have cp^ an 
isomorphism. | 

Lemma 12.25 G^ w a Britton extension of G 5 . 

Proof Clearly G^ has basis G 5 and stable letter d. To verify the 
isomorphism condition, we must show that there is an isomorphism 
(p:iK, <^09 9 * • *, Os with (p(ko) = ko 

and = a^. 

In G 5 , kQ^biko = biUi. Thus, the function G 5 -► G 4 , defined 
by setting each bi = 1 and each = 1 and sending the other 
generators to themselves, is a well defined homomorphism, for all 
the relations of G 5 are preserved {b^ = 1 implies 1 = k^^bji^ — 
biUi = Wi). This map takes each of </:o 9 , * * *, Om >5 and 

<A:o, Os onto the subgroup </:o, , * • •, O 4 of G 4 , 

which is free on the displayed generators (Lemma 12.23). By 
Exercise 12.16, each of the two subgroups of G 5 is free on the dis¬ 
played generators. Therefore ko ko and affi -► defines an 
isomorphism. | 

The next lemma will be needed in verifying that G 7 is a Britton 
extension of G 6 . 





314 


THE WORD PROBLEM 


CHAPTER 12 


Lemma 12,26 The subgroup A of G' generated by 
has the presentation 

^ = (^0. ,a„\kZ^w~UoWko = W'/oW, w e E). 

REMARK Recall our change in notation: Although E originally was a 
set of positive words on , • • •, w^, we are now assuming E is comprised 
of positive words on a^,' • ‘, a^. 

Proof The relations kQ^w~^tQwkQ = w~^tQW, for all w e E, do 
hold in G\ by Lemma 12.22, and hence they hold in the subgroup 
A of G\ To see that no other relations are needed, we shall show if 
f/ is a word on »* ’'» for which 

U = \ in A, 

then U can be transformed into 1 via elementary operations using 
only these relations. 

It is easy to see that for every w e E and e = ±1, rj = ±1, 
the given relations imply 

towk^ = wkSw~foW. 

If U contains a subword of the form t^wk^, then 

U = Uitowk^U2 UiwkSw~UowU2 

is an elementary operation. Now cancel all subwords (if any) of the 
form yy~^ or y~^y, where y = ko, t^, or some Oi. With each 
such operation, the total number of occurrences of /q that precede 
kl"s goes down. We may therefore assume that U contains no 
subword of the form t^wkl, where w e E, and that U is freely 
reduced. 

If U does not involve kQ, then f/ is a reduced word on 
‘ But, by Lemma 12.23, the subgroup ’' * »^m >4 

is free on these generators. Hence t/ = 1, and the desired conclusion 
holds. Similarly, we are done if U does not involve tg, for 
<A:o, aj, • • •, is free on these generators. Therefore, we may 
assume U involves both ko and /q. 

We are in a situation calling for Britton’s lemma, for {/ = 1 
in G\ U involves kQ, and G' is a Britton extension of (7 3 with stable 
letter Atq (Lemma 12.21). Therefore, U contains a pinch k^Vk^^, 
where 


V = D in G’2 
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and Z) is a word on ^^hxh ^ and/z^ ^qitQq^^hqh We 
assume that D is chosen with the minimal number of occurrences 
of tQ. 

Recall that 6^3 is a Britton extension of G2 with stable letter Iq. 
We claim that both D and V are /o-reduced. For notation, define 
A = hq~^h~^qi , so that D is a word on /zx/z”^ and 

If D is not /o-reduced, it contains a pinch, and so 

D = DiA/{A"^D2A/o^A"^D3, 

where Z>2 does not involve /q • By Britton’s lemma, we have 

A-'Z)2A = in G2, 

where is a word on ;'^/zr,/z“^^i and q^^hxh~^q^ (look at the 
presentation of G3); hence N commutes with /q in G3. Therefore, 
in G^, 

D = D^AtlNto^A-^Ds = DiANA-^D^, 

contradicting our choice of D having the minimum number of 
occurrences of /q- ft follows that D is /o-reduced. 

We now show that V is /o-reduced. If not, V contains a pinch 
t^CtQ^ as a subword, where 

C = N in G2 

for some word N (as in the paragraph above) that commutes with 
/o in G3. Now C is a subword of V not involving /o, while K is a 
subword of U not involving ko. Since G is a word on ko, /o, 

? * *' 5 see that C is a word on a,, * • *, a„. Since G3 < G4 

and <to» ‘» ^»i>4 is free on the displayed generators, by 
Lemma 12 . 23 , the element C commutes with /o in G3 (hence in G4) 
if and only if C = 1 . The pinch in V is thus \ since V 

is a subword of G, we have contradicted the assumption that G is 
freely reduced. 

We claim next that D must involve /q. As K = D in G3 and 
both V and D are /o-reduced. Corollary 12.9 applies to show that 

V and D have the same number of occurrences of /q. If we assume 
that D does not involve /q, then V does not involve /q. Therefore, 

V is a word on , • • •, a^, and D is a word on hrih~ ^ and hxh~ ^ 

(we assume D is chosen with the minimal total number of occurrences 
of all z*;). The equation V — D thus holds in G2, which is a Britton 
extension of Gj * ‘ with stable letters r,-. Visibly V 
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is ri-reduced, all /, for it is a word on , • • •, and hence does not 
even involve any r,-. To see that D is r^-reduced for all /, assume 
otherwise. As Z) is a word on hrih~ ^ and hxh~^ containing a pinch, 

D = Dj^hr\h~^D 2 hrr^h'^D^, 

where D2 involves no r/s. Thus, D2 = hx”'h~^, and we have 
D = Dihr\h-^x”*rr^hD2 in 

The pinch in D is thus r\x”*rf\ and Britton’s lemma asserts that 
x"*is equal in ‘to a word ons^x, • • • ,Sf^x 

or a word on Higi^Ki, SiX~^, • • •, But neither possibility can 

occur unless m = 0 , as we have seen in the proof of Lemma 12 . 17 . 
Therefore, we have m = 0 and we may erase from D, con¬ 
tradicting our assumption that the total number of occurrences of all 
Tj in D is minimal. We conclude that both V and D are r^-reduced 
for all 1, so that Corollary 12.9 says that V and D have the same 
number of occurrences of each r^. Therefore D involves no and 
is thus a word on hxh~^, i.e., we have D — hx"h~^. The equation 
V = D thus holds in Gj and is 

V = hx’'h~^ in Gj. 

Suppose V involves Uj. Since G^ is a Britton extension of <x> with 
stable letters h, md since ,a^} c= {sq,-', Sm}, 

Britton’s lemma asserts that Vhx~^h~^ contains a pinch ajCaJ^, 
where C is a word on x. Since h $ {Sq, - — , h is not so that 
this pinch must be a subword of V. But V does not involve x, so 
that C = 1, contradicting the fact that V is freely reduced. As L is a 
word on , • •, we must have K = 1 . This is another con¬ 
tradiction, for is a subword of U, and U is freely 

reduced. 

We have proved that D involves /q, so that D involves 
hg~^h~^g^tQg^^hgh^^. Let us write 

D = Dj{hq~^h^^qitlqi'hqh~^)T, 

where a = ± 1, the word in parentheses is the final occurrence of 
the long conjugate of to occurring in D, and T is a word on hrih~^ 
and hxh~^. Since D involves to, we know that V also involves to, 
so we may write 

V= VotV'-Vr-inV,, 



SECTION 


AN IMBEDDING THEOREM OF G. HIGMAN 


317 


where each Vj is a word on aj, • • •, We noted earlier that V and 
D are each /‘o^i'^duced, so we may apply Corollary 12.9 to the 
equation V = D in G'^, It follows that 

is a pinch, so that 

V,T-^hq'^h~^q^ = K in G2, 

where is a word on qj^hrih'^q^ and qi^hxh~^qi. Since 7 " is a 
word on hrih~^ and hxh~^, we may write 

T~^ = hL^h~^ in G2, 

where is a word on r,- and x. We may write 

K — q^^hL2h~^qi in G2, 

where L2 is also a word on and x. Therefore, we have 

V^hL^h~^hq~^h~^qi = qi^hL2h~^qi in G2, 

which we may rewrite as 

L2^h'~^q^VJiLi = q in G2. 

Note that V^h is freely reduced, for is a freely reduced word 
on {^1, • •, a^} and ^ {aj , • • •, Lemma 12.18 applies to 
give V^h, hence its subword positive, and 

hq^V^h = q in y. 

Since is a positive word on S, Lemma 12.3 says that V^eE. 
Let us return to the birthplace of : the word is a subword of 
K, and is a subword of U. Thus is a subword of G, 

and, since e E, we have contradicted the condition that U 
contains no such subword. | 

Lemma 12.27 is a Britton extension of G^. 

Proof Clearly G7 has basis G^ and stable letter a. To verify the 
isomorphism condition, we must show there is an isomorphism 

(p: </:o, tQ.Qy,’- , -> ik^, tod, ^i, • • •, a^>6 

with (p{ko) = ko, cpGo) = tod, and (p{a^ = a^. Since G' < G5 < 
G5, we have (/tq, /q. . * * ’» Oe = iko, to, a^,-- , = A, 
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the subgroup whose presentation was just determined in Lemma 
12 . 26 . Let us denote the subgroup , • • •, by B, To 

show that the map cp: A B is homomorphism, we must check 
whether it preserves the relations of ^: If w e LJ, then is 

kQ^w~^tQdwkQ = w~^tQdw in B 1 

We shall show this equation holds in (which implies that it holds 
in B). 

Let us introduce notation. If w is a word on , • * •, <2^, then 
Wh is the word obtained from w by replacing each ai by bi ; is the 
word obtained from w by replacing each a,- by w,-. If w e E, then 
= 1 , for is one of the original defining relations of R. For 
w G E, each of the following equations holds in . 

kQ^w~^todwkQ = kQ^w~^tQ(dwd~^)dkQ 

= K^w~^tf,ww„dko 

(because daid~^ = a,-6; in G^ and a,-, bj commute in G^ < G^). 
Since ko and d commute in G ^, we have 

kQ^w~^tQWWijdkQ = /cq 

= kQ^w~^ t^wk^ik^ ^ 

= kQ^w~^tQwkQW^wJ 

(because bi and Uj commute and k^^bJ^Q = biU^ 

= kQ^w~^tQwkQWt,d 

(since = 1 ). We have shown that 

k^^w'^t^dwk^ = {kQ^w~^tQwk^w^d 

= w'^^tQWWiyd, 

On the other hand, 


w ^t^dw = w ^toidwd ^)d 

~ w ~^ tQWWf , d , 


as we saw above. Therefore 

kQ^w~^tQdwko = w^^t^dw in G^ 
and (p : A ^ ^ is a well-defined homomorphism onto B. 




SECTION 


AN IMBEDDING THEOREM OF G. HIGMAN 


319 


To see that cp is an isomorphism, we construct a homomorphism 
: ^ whose restriction \j/\B is the inverse of cp. Define by 

setting 

W) = '/'(*.■) = ^(w.) = 1 


and \I/\G' = 1 ^'. Inspection of the various presentations shows 
that (^6 is a well defined homomorphism. Since il/(ko) = 

^(^i) = we see that il/\B is the inverse 

of (p. I 

We have now verified that c; G4 < G5 < < G7, so that R is 

imbedded in G7. Note that G7 is finitely generated, but the presentation 
we have been working with has infinitely many relations. 


Lemma 12.28 G7 is finitely presented. 

Proof If we delete those relations in G7 of the form = 1, 
where w e E, only a finite number of relations remain (recall that 
means replace each Oi in w by Ui); we claim that = 1 is a 
consequence of remaining relations. 

If w e E, then Icq ^tQwko = w ^IqW. Therefore, 

(T~^(kQ^w~^tQwkQ)a = (x~^w'^tQW(x. 

Since a commutes with ko and all a,-, this gives 

kQ^w~^a~^tQ(7wkQ = w~^a~^tQGW. 

Therefore 


kQW~^tQdwkQ — w~^tQdw. 

Inserting wkQk^^w'^ and ww~^ gives 

{koW~^tQwkQ)kQ^w~^dwkQ = {w~^tQw)w~^dw 
The terms in parentheses are equal, so that cancelling gives 
( 5 ) kQ^w~^dwkQ = w~^dw. 


Now the relations d ^apid = Oi and Oibj = bjOi give 


or 


dwd ^ = wwf, 


w ^dw = w ^dd ^wWijd = Wi,d. 


(6) 
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Substituting equation (6) into equation (5) gives — w^^d. 

Since /tq and d commute, cancellation of d gives 

(7) kQ^wJcQ = Wf,, 

But the relations k^^bik^ = biUi and b^Uj = Ujb^ give 

ko^wjco = 

This last equation, together with (7), gives 

n = 

so that = 1, as desired. | 

We have thus imbedded the given recursively presented group 
R into G'^ , a finitely presented group. This completes the proof of 
G. Higman’s imbedding theorem. | 

The next corollary may allow us to drop the hypothesis that R be 
finitely generated. If G is a countable group, let G" denote the group on 2 
generators containing G that was constructed in Theorem 11.37. 

Corollary 12.29 If G is a countable group for which G" is re¬ 
cursively presented, then G can be imbedded in a finitely presented 
group. 

Proof Higman’s theorem asserts that G** can be imbedded in a 
finitely presented group. | 

At this point, we omit some details which essentially require accurate 
bookkeeping in order to give a presentation for G" from a given presenta¬ 
tion of G. We assert there is a presentation of the abelian group 

G = Z (Q ® Q/2) 

Ko 

for which G** is recursively presented. 

Corollary 12.30 There exists a finitely presented group that 
contains an isomorphic copy of every countable abelian group as a 
subgroup. 

Proof By Exercise 9.46, every countable abelian group may be 
imbedded in 

G = z (Q © Q/Z). 

No 
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Our assertion above is that G** is recursively presented, so that the 
result follows from Corollary 12.29. | 

There are only countably many finitely presented groups, and their 
free product is a countable group G having a presentation for which G** 
is recursively presented. 

Corollary 12.31 There exists a finitely presented group containing 
an isomorphic copy of every finitely presented group as a subgroup. 

Proof The result follows from Corollary 12.29 and the assertion 
above about the free product G. | 

Let us now indicate how the Boone-Novikov theorem may be 
derived from the Higman theorem. It is not difficult to construct a 
recursively presented group G having an unsolvable word problem (there 
is such a construction that is a variant of the group exhibited in Theorem 
12.11). By Higman’s theorem, there is a finitely presented group H 
containing G. Since every subgroup of a group having a solvable word 
problem also has a solvable word problem, it follows that the word 
problem for H is unsolvable. 
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Some Major Algebraic Systems 


Semigroup 



Group 

Abelian group 


/^-module 

I 

Vector space 


A ring (which we always assume to contain a unit 1 0) is a set 

with two binary operations: addition and multiplication. It is an abelian 
group under addition, a semigroup under multiplication, and the two 
operations are linked by the distributive laws. 

A commutative ring is a ring in which multiplication is commutative. 
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A domain (or integral domain) is a commutative ring having no zero 
divisors, i.e., nonzero elements a, b with ab = 0. 

A field is a commutative ring in which every nonzero element has a 
multiplicative inverse. 

A division ring (or skew field) is a ring in which every nonzero element 
has a multiplicative inverse. Thus, a commutative division ring is a field. 
The nonzero elements of a division ring form a multiplicative group. 

If is a ring, an abelian group M is an R-module if there is a scalar 
multiplication defined, i.e., if there is a function R x M M (whose 
value on (r, m) is denoted rm), which has the properties: 

(rr')m = r(r'm); 

r(m + m') = rm -h rm'; 

(r H- r')m = rm r'm; 

\m = m 

for all r, r\ I e R and m, m! e M. 

A vector space is an /^-module where is a field. 
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Equivalence Relations and 
Equivalence Classes 


If X is a nonempty set, a binary relation on A" is a subset of A" x X. 
If {x, y) e X X X, one writes xRy instead of (x, y) e R. For example, 
the binary relation < on the reals consists of all points in the plane lying 
above the line y = x. Ordinarily, one writes 2 < 3 instead of (2, 3) e <. 

A binary relation on A" is an equivalence relation in case, for all 
X, j, z G X: 

(i) X - x; 

(ii) X y implies y ^ x\ 

(iii) X y and y z implies x ^ z. 

If X e A", we let [x] denote the family of all g A' such that y x; 
we call [x] the equivalence class containing x. 

Let A" be a nonempty set. A partition of A" is a family of nonempty 
subsets {Si: i e 1} of X such that: 

Si n Sj = 0 if i ^ j {pairwise disjointness); 
X = Us,. 

Proposition A If is an equivalence relation on X, then the family 
of all equivalence classes is a partition of X. 
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Proof By (i), if x e X, then x g [x]; thus, the equivalence classes 
are nonempty. Moreover, 

^ = u 

xeX 

since every x e X lies in its own equivalence class. 

Suppose [x] n [j] ^ 0, so that there is an element 
z G [x] n \_y]. Then z ^ x and z ^ j. By (ii), x z; therefore, 

X ~ by (iii), and [x] = [y]. | 

Proposition B If {Si:iel} is a partition of X^ then there is an 
equivalence relation on X whose equivalence classes are the Si . 

Proof Define x if there is an Si containing x and y. It is 
immediate that (i) and (ii) hold. To prove (iii), suppose x, y e Si 
and z e Sj. Then y g Si n Sj, so that Si = Sj (pairwise dis¬ 
jointness) and X z. Therefore we have defined an equivalence 
relation. If x g 5,-, it follows easily that [x] = Si. | 

The importance of equivalence relations is just this: Let be an 
equivalence relation on X and let Y be the set of equivalence classes. If 
one treats the elements of Y merely as elements (and not as classes), then 
he has effectively identified equivalent elements of X. 

For example, one does not wish to distinguish between the fractions 
^ and i, and so he decrees that two fractions ajb and cjd are “equal” if 
ad = be. In reality, he is considering the set X of all ordered pairs of 
integers (a, b) for which b ^ 0, under the equivalence relation given by 

{a, b) - (c, d) 

The rational ^ is thus the class of (1, 2) and of (2, 4). 


if ad = be. 
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If X and y are sets, a relation from A" to y is a subset of A" x Y. 
A function f: X y is a relation from A" to y such that: 

(i) For each xe X, there is some y e Y with (x, y) ef; 

(ii) For each x e X, the y above is unique. 

If (x, y) e /, the element y is the image of x under / and is ordinarily 
written f(x). With this notation, a function / is the subset of A" x y 
consisting of all pairs (x,f(x)). In other words, a function is defined by 
its domain X, its target Y, and its graph. 

In practice, one thinks of a function as something dynamic; it 
assigns elements of Y to elements of X, Indeed, most elementary texts 
define a function as a "‘rule of correspondence”. Even at a naive level, 
though, this can be misleading. For example, are (x + 1)^ and x^ + 
2x + 1 different rules? The reader may prove, using the definition above, 
that if / and g: X ^ Y, then f = g if and only if f(x) = g(x) for each 
xeX 

Part (ii) of the definition of function deserves a bit more comment; 
it says that a function is “single-valued”, or, as we prefer to say, that a 
function is well defined. When attempting to define a function, one must 
prove that (ii) holds, lest he define only a relation. 

The function f: X X defined by /(x) = x for all x e A" is called 
the identity function on X, and / is denoted 1;^. If y is a subset of X, the 
function i: Y X defined by i{y) = y for all j e Y is called the inclusion. 
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If y is a proper subset of X, then 1 y is distinct from the inclusion i, for 
ly: Y Y while i: Y X. Thus, in order that two functions be the 
same, it is not enough that they have the same graph; they must also 
have the same domains and same target sets. 

If /: y X is an inclusion and /: X Z is a function, then the 
restriction of/ to y, denoted/| y, is the composite/o /. Thus,/| y: y Z, 
and, for all j; e y, we have {f\Y){y) = f{y). 

A function f: X ^ y is one-to-one if distinct elements of X have 
distinct images, i.e., if f{x) — f{x'\ then x = x'. This definition may 
profitably be compared with that of / being well defined, which is the 
converse: If x = x', then /(x) = /(x'). A function f: X Y is onto if 
each y e Y is the image of something in X; i.e., if e y, there exists an 
X E A" with /(x) = y. A function f: X ^ y is a one-to-one correspondence 
if it is both one-to-one and onto; such a function always has an inverse^ 
i.e., a function g: Y ^ X such that f g = ly and g ^ f = One 
must consider both composites, for f o g = ly implies only that/is onto 
and g is one-to-one. 

Two sets X and Y (possibly infinite) have the same number of elements 
if there is a one-to-one correspondence f: X Y. Let N be the set of 
positive integers; a set X is countable if it is finite or if it has the same 
number of elements as N. An infinite set X is countable, therefore, if 
and only if there is a list of its elements Xj, X2, ■ • *, x„, • • • (define 
= /W» where/: A -> X is a one-to-one correspondence). The set Z 
of all integers (positive, negative, and zero) is countable as is the set Q 
of all rational numbers. The set R of real numbers and the set C of 
complex numbers are uncountable. 

If X and y are sets, we write \X\ < | y| in case X has the same number 
of elements as a subset of Y\ i.e., there is a function f \ X Y that is 
one-to-one (but not necessarily onto). The Cantor-Bernstein theorem 
states that if \X\ < |y| and |y| < \Xl then \X\ = |y|; i.e., X and Y 
have the same number of elements. 
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Zorns Lemma 


Let A' be a nonempty set. A binary relation < on A" is a partial order 
in case, for x, y, z e X\ 

X < y\ 

X < y and y < x implies x = y\ 

X < y and y < z implies jc < z. • 

The best example of a partially ordered set is a collection of subsets of a 
set V, where < means cz. 

A partial order is a simple order (or total order) if, for each x, y e X, 
either 

X < y or y < X. 

If A" is a partially ordered set, a chain is a simply ordered subset. 
For example, the rational numbers form a chain in the real numbers. 

If 5 is a nonempty subset of X, an upper bound of S is an element 
XqG X (not necessarily in S) such that 

s < Xq for all s e S, 

Finally, a maximal element in X is an element y^ which is smaller 
than no other element in X\ i.e., 

if Jo ^ X, then Jq = x. 
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There are partially ordered sets having many maximal elements, and 
there are partially ordered sets having no maximal elements. 

Zorn^s Lemma Let X be a partially ordered set in which every chain 
has an upper bound. Then there exists a maximal element in X. 

Zorn’s lemma is equivalent to a much more intuitive statement, the 
axiom of choice, which says that the cartesian product of nonempty 
sets is itself nonempty. We regard either of these statements as an axiom 
of mathematics, and we shall not be ashamed to use either when necessary. 
There is another statement equivalent to the axiom of choice which is 
often useful. A partially ordered set X is called well-ordered if every 
nonempty subset of X contains a smallest element. (Well-ordered sets 
must be simply ordered.) The positive integers N is well-ordered, but the 
set Z of all integers is not well-ordered. 

Well-ordering Principle. Given a nonempty set X, there is a partial 
order on X for which X is well-ordered. 

For example, though Z is not well-ordered under the usual definition 
of <, a new ordering can be defined on it so that it is well-ordered 
{0, 1, —1,2, — 2, • • •}. Here is an example of a well-ordered set in which 
an element may have infinitely many predecessors: Let X be the following 
subset of R with the usual definition of < : 

= jl - i: n > oj u j2 


1 


: n > 0 
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Principal Ideal Domains 


We shall let R denote a commutative ring with unit throughout this 
appendix. 

If , * • •, Xfc are elements of R, let , • • •, jcJ denote the set of all 
linear combinations of the x with coefficients in R \ 

== {YriX^: riER}. 

It is easy to check that (xj, • • •, x^ is an ideal in R. 

If a and b are in R, one says that a divides b in case ac = b for some 
c E R, If Xi, •••, in R, a common divisor of atj , • • •, is an 

element c e R that divides each Xi ; a greatest common divisor (gcd) is a 
common divisor that is divisible by every common divisor. 

A principal ideal domain {PID) is a domain in which every ideal is 
principal. For each ideal 7 in a PID R, therefore, there is an element Tq e / 
with 

f = (''o) = {'*'*0 ’rER}. 

Theorem A If R is a PID and if Xi, ' • •, X/^ are elements of R, then 
R contains a gcd of x^, ^, Xj^, and this gcd is a linear combination 

of the X. 

Proof Since 7? is a PID, there is an element d e R with 

(•^1 > * * * 5 ~ (^) 5 

as any element of , • • •, Xjf, is a linear combination of the x. 
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It follows that any common divisor of the x divides d. But is a 
common divisor of the x, for each Xj e {d), so that x^ = rid for some 
Ti e R. Therefore, is a gcd. | 

A unit in R is an element ue R that has a multiplicative inverse in R\ 
i,e., there is an element v g R with uv = \. Two elements a and b in R 
are associates if there is a unit ue R with a = ub. 

Theorem B Let R be a Pit), and Jet e R, Any two gcd 

of Xi, Xj, are associates. 

Proof If a and b are gcd’s, then each divides the other. Therefore, 
a = ub and b = va, where u, v e R. Hence, a = uva, so that 
1 = uv, since i? is a domain. Therefore, w is a unit and a and b are 
associates. | 

An element p e R is irreducible in case p is not a unit, and in every 
factorization p — ab, either a or Z? is a unit. 

A domain i? is a unique factorization domain {UFD) in case: 

(i) Every nonzero ae R that is not a unit is a product of irreducible 
elements; 

(ii) If Pi' Pm ~ where the p and q are irreducibles, then 

there is a one-to-one correspondence between the factors (i.e., 
m — n) such that corresponding factors are associates. 

In short, 7? is a UFD if the fundamental theorem of arithmetic holds 
in R. 

We wish to prove that if i? is a PJD, then i? is a UFD; our first task 
is to show that every nonzero a e R that is not a unit is a product of 
irreducibles. 


Lemma C If R is a PID, there is no infinite sequence of ideals 


Proof It is easy to check that 

00 

I = [J h 

«= 1 

is an ideal. Since is a PID, I = (d) for some d e R. Now d got 
into / by being in /„ for some n. Hence, 

/ = W c: ^ 4^, c= /, 


a contradiction. | 
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Lemma D If R is a PID and a e R is nonzero and not a unit, then a 
is a product of irreducibles. 

Proof a = be, where neither b nor c is a unit, then we say that b 
is a proper factor of a. It is easy to check that if Z) is a proper factor 
of a, then (a) a (b). 

Call a ‘‘good” if it is a product of irreducibles; otherwise, a is 
“bad”. If b and c are good, so is their product be. Thus, if a is bad, 
a is not irreducible and it has a proper bad factor. Suppose a = Oq 
is bad. Assume inductively that there exist ‘ ‘ such that 

each ^ 1^+1 is a bad, proper factor of a,-. Since is bad, it has a proper, 
bad factor 1 . By induction, there is an infinite sequence Aq? ‘. 
in which each + ^ is a proper factor of a^. There is thus an infinite 
sequence of ideals (aq) (af) <= • • *, and this is a contradiction. 

Therefore, every nonzero nonunit is good. | 

Theorem E (Euclid) Let R be a PID and let p be an irreducible 
element in R. If p divides ab, then p divides a or p divides b. 

Proof If p does not divide a, then the ged of p and a is 1, for /? is 
irreducible. By Theorem A, there are elements s, t e R with 1 = 
sa + tp. Therefore, b — sab + tpb. Since p divides ab, we see 
that p divides each of the terms on the right; hence p divides b. | 

Theorem ^ (Fundamental Theorem of Arithmetic) Every principal 
ideal domain R is a unique factorization domain. 

Proof By Lemma D, every nonzero ae R that is not a unit is a 
product of irreducibles. 

If Pi' " Pm = where the p and q are irreducibles, 

then p^ divides qi''' q„- By iterated applications of Theorem E, 
Pi divides some qj. Since both Pi and qj are irreducibles, they 
must be associates: PiU — qj for some unit u. Since Ris a. domain, 

(«P2)P3---Pm = n 

i^J 

and the proof is completed by an induction on max {m, n}. | 
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NOTATION 


I. ALGEBRA 


E 


identity matrix 

GF(,q) 


finite field with exactly q elements {q must be a prime power) 

p* 


when is a field, the multiplicative group of its nonzero 
elements 



when is a ring, the ring of all polynomials in x with 
coefficients in R 



the integers modulo n 



n. ELEMENTARY GROUP THEORY 

{ai,---.. 

. On) 

set with elements , • • •, 

<«i. • • • 

, «»> 

subgroup generated by , • • *, 

ST 


{st: s e S and t g T} 

S V T 


subgroup generated by S and T 

[G:5] 


index of 5 in G 

\G\ 


order of G 

H <\G 


H is 3, normal subgroup of G 

[«,6] 


a~^b~^ab 

VS, r] 


subgroup generated by all commutators \_s, /], where 
s G S and t g T 
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NOTATION 


III. SUBGROUPS 


General Groups 

G' commutator subgroup of G 

Z{G) center of G 

Cq(x) centralizer of x in G 

Cq{H) centralizer of the subgroup H in G 

Nq{H) normalizer of subgroup HinG 


Abelian Groups 


nG 

GM 

tG 

dG 


p-primary component of G 
{nx: a: € G} 

{x G G: nx — 0} 

torsion subgroup of G 

maximal divisible subgroup of G. 


IV. NAMES OF SPECIAL GROUPS 


An 

^00 

c 

Dn 

GL(m, K) 
GL(m, q) 
5L(m, K) 
Zo 

PSL(m, K) 

Q 

Q 

Qn 


R 

(T(n) 


T 

T 

V 

z 


alternating group of n letters 

infinite alternating group 

complex numbers 

dihedral group of order In 

nonsingular m x m matrices over K 

nonsingular m x m matrices over GF{q) 

all m X m matrices over K with determinant 1 

center of SL{m, K) 

projective unimodular group = SLjZ^ 

rational numbers 

quaternions 

generalized quaternions of order T 
real numbers 

symmetric group on n letters 

all permutations of a set X 

cyclic group of order n 

all />”th roots of unity, n = 1, 2, • • • 

circle group 

nonabelian group of order 12, not not 

Klein 4-group 

integers 



Index 


A„ = alternating group on n letters, 
32 

— infinite alternating group, 41 
Aanderaa, 308 
Abelian group, 9 

ACC (ascending chain condition), 

76 

Adjan-Novikov-Britton theorem, 66 
Alphabet (of Turing machine), 281 
Alternating group, 32 
Ascending central series, 117 
Automorphism 
of a field, 98 
of a group, 75 
group, 129 
inner, 129 

Baer and Levi, 243 
Baer sum, 228 

Basic moves (of Turing machine), 

281 

Basic subgroup, 197 
Basis 

free abelian group, 188 
free group, 238 
vector space, 180 
Basis and stable letters, 291 
Basis theorem 
finite, 54 

finitely generated, 193 
Boone, 297 
Boone’s lemma, 299 
Both chain conditions, 77 
Bouquet of circles, 251 
Britton extension, 293 
Britton’s lemma, 293 
Burnside basis theorem, 126 
Burnside theorem, 116 


C = complex numbers 
Cancellation law, 5 
Cancellation semigroup, 9 
Canonical decomposition 
group, 56 
module, 67 
Canonical form 
Jordan, 71 
rational, 69 
Carmichael, 38 
Cauchy theorem, 83 
Cayley theorem, 42 
Cayley-Hamilton theorem: 

If/(x) is the characteristic poly¬ 
nomial of a matrix /f, then 
f{A) is the zero matrix 
Center, 34 
higher, 117 
Centerless, 41 
Central series, 120 
Centralizes, 116 
Centralizer 
of element, 35 
of subgroup, 116 
Chain conditions, 76, 77 
Character group, 216 
Characteristic 
of element, 201 
of field, 153 

Characteristic polynomial of A : 

det(xE — A) 

Characteristic root of A : 
a scalar c with Aoc = ca 

for some nonzero vector a 
Characteristic subgroup, 111 
Characteristic vector of A: 
a nonzero vector a with 

Aix = COL for some scalar c 
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Church’s thesis, 283 
Circle group T, 8 
Circuit, 247 
Class equation, 84 
Class of nilpotency, 118 
Coboundary, 146, 218 
Cocycle, 144n 
Cohomology group, 146 
Commute 
diagram, 174 
elements, 9 
Commutator, 22 
subgroup, 22 
higher. 111 

Companion matrix, 68 
Complete group, 132 
Complex, 243 
connected, 245 
covering, 252 
Component 
complex, 245 
/7-primary, 53 
Composition factors, 107 
Composition series, 104 
Computation, 281 
Conjugacy class, 34 
Conjugate 
of element, 19 
of subgroup, 85 
Conjugation, 8 
Connected complex, 245 
Connecting homomorphism, 230 
Contra variant functor, 212 
Correspondence theorem, 25 
Coset, 14 
double, 17 

Covariant functor, 211 
Covering complex, 252 
Crossed homomorphism, 149n 
Cycle, 28 
Cyclic group, 12 
module, 65 

D„ = dihedral group of order In, 89 
DCC (descending chain condition), 
77 

Dedekind law, 23 
Derivative, 155 
Derived series, 111 
Descending central series, 117 


Dicyclic group Q„ - generalized 
quaternions, 94 
Dihedral group /)„, 89 
Dilatation, 165 
Dimension 
complex, 244 
vector space, 182 
Direct product 
finite, 49, 51 
infinite, 176 
Direct sum 
finite, 52 
infinite, 177 
matrices, 69 
modules, 65 
Direct summand, 53 
Dirichlet, 151 
Disjoint 

permutations, 29 
. subcomplexes, 244 
Divisible by n, 178 
Divisible group, 179 
Division algorithm: 

If a,b are integers with a 0, 
there are unique integers q,r 
with b — qa + r and 
0 < r < |a| 

Domain (= integral domain), 61 
Double coset, 17 
Doubly transitive, 46 
Dual diagram, 192 
Dyadic rationals, 201 

Edge, 244 

Edgepath group, 247 
Elementary abelian group, 57 
Elementary divisors, 69 
Elementary operations, 285 
Empty word, 239 
Endomorphism, 75 
nilpotent, 78 
normal, 76 
Enumerates, 282 
Equivalent 
characteristics, 202 
extensions, 146 
normal series, 104 
paths, 245 

Euler (j!7-function, 17 
Euler theorem, 18 
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Euler-Poincare characteristic, 248n 
Even permutation, 32 
Exact sequence, 175 
short, 213 

Exponent (of group), 57 
Ext, 218 
Extension, 127 
split, 136 

Factor groups, 102 
Factor set, 144, 217 
Feit-Thompson theorem. 111 
Fermat theorem, 18 
Finitely generated module, 65 
Finitely presented, 277 
Fitting’s lemma, 78, 82 
Five lemma, 220 
Fixes, 28, 98 
4-group V, 38 
Frattini argument, 88, 89 
Frattini subgroup, 125 
Free abelian group, 187 
Free group, 238 
Free product, 263 
with amalgamated subgroup, 270 
Freely reduced word, 303 
Full subcomplex, 244 
Fully invariant subgroup, 111 
Functional: 

a linear transformation V K, 
where F is a vector space 
over a field K 
Functor 

contravariant, 212 
covariant, 211 
left exact, 213 
Fundamental theorem 
arithmetic, 332 
finite abelian groups, 59 
finitely generated abelian groups, 
193 

modules, 72 

Galois field GF(q), 156 
Galois group, 99 
gcd, 61, 330 

General linear group GL(m, K), 156 
Generalized quaternions Q„ = 
dicyclic group, 94 


Generators and relations, 236, 240 
Golod-Safarevic theorem, 66 
Graph, 247 

Grothendieck group, 205, 207 
Group, 3 

Group of units, 130 

Hall subgroup, 115 
P. Hall’s theorem, 113 
Hamel basis, 181 
Hamiltonian group, 92 
Height, 202n 

G, Higman’s theorem, 309 
Higman-Neumann-Neumann 
theorems, 274, 275 
HNN extension, 293n 
Holomorph, 139 
Horn, 212 
Homomorphism 
group, 6 
module, 72 
crossed, 149n 
Hyperplane, 165 

Ideal, 60 
maximal, 63 
order, 66 
prime, 63 
principal, 60 
Image, 12 
Inclusion, 326 
Indecomposable group, 75 
Independence 
in group, 196 
in vector space, 180 
Index, 15 

Injective property, 183 
Inner automorphism, 129 
Instantaneous description, 

280 

Invariant subspace, 65 
Isomorphism 
group, 6 
module, 72 

Isomorphism condition, 292 
Isomorphism theorem 
first, 21 
second, 24 
third, 24 
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Jordan block, 70 
Jordan canonical form, 71 
Jordan-Holder theorem, 107 

Kaplansky, 10, 200 
Kernel, 12 
Klein 4-group V, 38 
Kulikov theorem, 197 
Kuros theorem, 267 

Lagrange theorem, 16 
Left exact functor, 213 
Length 
cycle, 28 

normal series, 102 
path, 245 
word, 278 
Lifting 

of element, 142 
of path, 253 

Linear fractional transformation, 
161 

Magnus, 308 
Mal’cev, 10 
Mann, 18 

Map (of complexes), 251 
Markov, 279n 
Maximal ideal, 63 
Maximal normal subgroup, 26 
Maximal tree, 247 
Metabelian group, 118 
Minimal normal subgroup, 112 
Minimum polynomial, 69 
Module, 64 
Modular group, 265 
Modular law, 23 
Multiplication table, 6 

Natural map, 22 
Navel, Maurice {see Ombellico, 
Mario) 

Neumann, 111 

Nielsen-Schreier theorem, 258 
Nilpotent endomorphism, 78 
Nilpotent group, 118 
class of nilpotency, 118 
Nongenerator, 126 
Normal endomorphism, 76 
Normal form, 271 


Normal series, 102 
Normal subgroup, 18 
generated by 19 
maximal, 26 
minimal, 112 
Normalizer, 85 
Normalizes, 116 
Novikov-Boone theorem, 298 
Nunke, 234 

Obstruction, 232 
Odd permutation, 32 
Ombellico, Mario {see Pippik, 
Moishe) 

Orbit, 30, 45 
Order 
element, 16 
group, 15 
Order ideal, 66 


Parity, 34 
Partial order, 328 
Path, 245 
closed, 245 
reduced, 247 
^-complement, 115 
/7-group, 53, 83 
Penguin, 244 
Permutation, 27 
disjoint, 29 
even, 32 

group = subgroup of Sx 
matrix, 33 
odd, 32 
regular, 29 
Pinch, 294 

Pippik, Moishe {see Navel, Maurice) 
Poincare, 44 
Polya, 47 

Positive word, 280 
Post’s theorem, 288 
Presentation 
group, 240 
semigroup, 241 
Primary component, 53 
decomposition, 53 
group, 53 
Prime field, 152 
Prime ideal, 63 
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Primitive element, 156 
Principal ideal, 60 
domain, 61, 330 
Product formula, 14 
Projection, 75, 176, 253 
Projective property, 189, 242 
Projective space, 161 
Projective unimodular group 
PSL{m, K\ 160 
Proper subgroup, 12 
Prufer’s theorem, 197 
Pull-back, 223 

Pure-independent subset, 196 
Pure subgroup, 194 
Push-out, 225 

Q = rational numbers 
Qn = generalized quaternions of 
order 2", 94 
Quadruple, 280 
Quaternions Q of order 8, 91 
Quotient complex, 252 
Quotient group, 19 
Quotient module, 65 
Quotient ring, 62 

R = real numbers 
Rank 

free abelian group, 188 
free group, 243 

torsion-free abelian group, 200 
Rational canonical form, 69 
Realizes 6, 137, 143 
Recursive, 283 

Recursively enumerable (r,e,), 282 
Recursively presented, 309 
Reduced group, 185 
freely reduced word, 303 
reduced path, 247 
reduced word, 239 
p-reduced word, 295 
Refinement, 103 
Regular permutation, 29 
regular representation, 42 
Remak-Krull-Schmidt theorem, 80 
Representative (of coset), 14 
Retract, 241 
Retraction, *241 
Root field, 97 


Sx — all permutations on a set A", 

27 

= symmetric group on n letters, 

28 

Schreier refinement theorem, 106 
Schreier transversal, 260 
Schur, 38 

Schur-Zassenhaus lemma, 149 
Semidirect product, 136 
Semigroup, 3 
cancellation, 9 
Series 

ascending central, 117 
central, 120 
composition, 104 
derived. 111 
descending central, 117 
normal, 102 
solvable, 108 
Sheet, 253 

Short exact sequence, 213 
Similar: 

Two matrices A and B over a 
field F are similar if there is 
a nonsingular matrix P with 
A = PBP~^. Two matrices 
A and B over a field F are 
similar if and only if they 
represent the same linear 
transformation T: V ^ K of 
a vector space V over F 
relative to (possibly) different 
ordered bases of V. 

Simple group, 38 
Simplex, 243, 244 
Simultaneous bases, 193 
Skeleton, 244 
Solvable 
group, 102, 108 
by radicals, 98 
series, 108 

word problem, 278, 285 
Special linear group SL(jn, K\ 157 
Special word, 286, 298 
Split extension, 136 
Stabilizer, 45 
Stable letters, 291 
Stopping state, 287 
Subcomplex, 244 
full, 244 
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Subgroup, 11 
basic, 197 
characteristic. 111 
commutator, 22 
Frattini, 125 
fully invariant. 111 
generated by A", 13 
Hall, 115 
normal, 18 
proper, 12 
pure, 194 
subnormal, 104 
sylow, 85 
torsion, 175 
Submodule, 65 
Subnormal subgroup, 104 
Sylow subgroup, 85 
Sylow theorems, 87, 88 
Symmetric group S„, 28 
cr(«) = cyclic group of order n, 50 

T = circle group, 8 
T — nonabelian group of order 12, 
not .^ 4 , not Dq, 93, 138 
Torsion-free group, 175 
Torsion group, 175 
Torsion subgroup, 175 
Transitive permutation group, 46 
doubly, 46 
Translation, 5 
Transposition, 31 
Transvection 
matrix, 158 
transformation, 165 
Transversal, 143 
Schreier, 260 


Tree, 247 
maximal, 247 
Turing machine, 280 
Type, 202, 203 

U(n, G), 58 
U{n, G}, 198 
Unimodular matrix, 157 
Unique factorization domain, 331 
Unit, 61 

group of units, 130 

V = Klein 4-group, 38 
van Kampen, 273 
Vertex set, 243 

Well-defined function, 326 
Well-ordered set, 329 
Wielandt, 125, 135 
Wilson’s theorem, 10 
Word, 238 
empty, 239 
freely reduced, 303 
positive, 280 
reduced, 239 
special, 286, 298 
Word problem 
group, 278, 285 
semigroup, 285 
Wreath product, 140 

Z = integers 

Z„ = integers modulo n, 20 
Zassenhaus, 26 
Zassenhaus lemma, 105 
Zorn’s lemma, 329 
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